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This  final  report  was  prepared  by  Dikewood  industries,  Inc.,  Albuquerque, 

New  Mexico,  under  Contract  F29601 -76-C-01 49 ,  Job  Order  37630132  with  the  Air 
Force  Weapons  Laboratory,  Kirtland  Air  Force  Base,  New  Mexico.  J.  Philip 
Castillo  (NTMT)  was  the  Laboratory  Project  Officer-in-Charge. 

When  US  Government  drawings,  specifications,  or  other  data  are  used  for  any 
purpose  other  than  a  definitely  related  Government  procurement  operation,  the 
Government  thereby  incurs  no  responsibility  nor  any  obligation  whatsoever,  and 
the  fact  that  the  Government  may  have  formulated,  furnished,  or  in  any  way 
supplied  the  said  drawings,  specifications,  or  other  data,  is  not  to  be  regarded 
by  implication  or  otherwise,  as  in  any  manner  licensing  the  holder  or  any  other 
person  or  corporation,  or  conveying  any  rights  or  permission  to  manufacture,  use, 
or  sell  any  patented  invention  that  may  in  any  way  be  related  thereto. 

This  report  has  been  authored  by  a  contractor  of  the  United  States 
Government.  Accordingly,  the  United  States  Government  retains  a  nonexclusive, 
royalty-free  license  to  publish  or  reproduce  the  material  contained  herein,  or 
allow  others  to  do  so,  for  the  United  States  Government  purposes. 

This  report  has  been  reviewed  by  the  Public  Affairs  Office  and  is  releasable 
to  the  National  Technical  Information  Service  (NTIS).  At  NTIS,  it  will  be 
available  to  the  general  pufclic,  including  foreign  nations. 

This  technical  report  has  been  reviewed  and  is  approved  for  publication. 
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FOREWORD 


A.  Background 

It  has  been  some  years  now  since  the  publication  of  something  comparable 
to  the  present  work  concerning  the  interaction  of  the  nuclear  electromagnetic 
pulse  (EMP)  with  complex  systems.  The  most  recent  document  of  this  kind  is 
Electromagnetic  Pulse  Handbook  for  Missiles  and  Aircraft  in  Flight,  EMP 
Interaction  1-1,  September  1972;  it  was  several  years  in  the  making,  and  the 
present  document  likewise  was  a  lengthy  undertaking. 

Recent  years  have  witnessed  some  considerable  effort  and  associated 
advances  in  the  state  of  the  art  of  EMP  interaction  modeling.  This  develop¬ 
ment  has  been  spurred  by  experimental  observations  of  the  EMP  response 
characteristics  of  complex  systems  and  by  analytical  and  computational 
advances  concerning  the  solution  of  appropriate  types  of  electromagnetic 
boundary-value  problems.  Related  to  these  advances,  but  extending  beyond 
them  in  significance,  are  the  fundamental  insights  which  have  been  developed 
concerning  the  general  properties  of  the  EMP  response  of  complex  systems; 
these  insights  have  led  to  ways  of  reducing  somewhat  the  complexity  of  the 
interaction  problem  by  decomposing  it  in  certain  "natural"  ways  into  smaller 
subproblems  and  subresponses,  each  of  these  smaller  entities  being  somewhat 
simpler  than  the  total  interaction  problem  and  associated  complex  response. 

There  has  also  been  a  significant  increase  in  the  number  of  researchers, 
engineers  and  system  designers  involved  in  applying  EMP  interaction  models 
developed  mainly  by  theorists  to  military  systems.  These  models  are  usually 
only  applicable  to  highly  idealized  problems  and/or  may  be  described  by  very 
complicated  mathematics  not  easily  used  to  solve  day-to-day  practical  problems. 
Consequently,  a  gap  has  appeared  between  the  theoretical  models  and  the  practical 
applications.  This  document  is  meant  to  help  bridge  this  gap. 

B.  Applicability 

In  organizing  and  compiling  a  work  of  this  nature  it  is  necessary  to 
determine  for  whom  this  work  is  constructed  and  how  such  persons  are  to  use  it. 
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This  c-'ment  is  intended  to  be  used  by  engineers  responsible  for  EMP 
hardening  and  testing  of  real  military  systems.  Such  is  the  fundamental 
purpose  of  all  the  EMP  interaction  research:  to  develop  better  information 
and  techniques  for  ultimate  use  in  making  better  (EMP  hard)  systems. 

The  rationale  for  studying  the  problem  of  EMP  interaction  with  a  system 
is  to  try  to  understand  and  quantify  the  characteristics  of  the  penetrating 
EMP  at  the  subsystem  levels.  This  information  when  coupled  with  test  data 
results  in  an  insight  into  how  much  the  EMP  energy  may  have  to  be  reduced  so 
as  to  preclude  functional  upset  or  damage.  The  application  of  data,  formulas, 
etc.  from  this  document  to  a  system  can  aid  the  analyst  in  making  preliminary 
order-of-magnitude  estimates  of  responses  at  a  point  in  a  system  but  does  not 
in  itself  result  in  predictions  for  use  in  determining  system  hardening 
requirements.  However,  when  used  with  high-quality  data  resulting  from  EMP 
testing  a  measure  of  the  degree  of  hardening  and  hardening  approaches 
necessary  can  be  obtained.  It  is  important  to  stress  at  this  point  that  in 
designing  and/or  assessing  the  EMP  hardness  of  a  system  high-quality  system- 
level  test  data  are  absolutely  indispensable,  which  are  not  contained  in  this 
document.  It  is  also  important  to  point  out  that  this  volume  does  not  address 
the  reliability/conf idence  error  intervals  (which  are  usually  quite  large,  for 
example,  a  factor  of  20  for  90/90  interval  [1])  that  one  encounters  in  making 
an  assessment  of  aircraft  survivability  to  EMP.  The  error  estimates  presented 
in  Chap.  1.6  and  Sec.  3.2.5  of  Chap.  3.2  are  those  that  arise  from  physical 
modeling,  mathematical  approximation  and  laboratory  scale-model  measurements. 

They  are  generally  small  in  comparison  with  the  reliability/confidence  error 
intervals. 

The  reader  may  ask:  "How  can  something  as  complicated  as  electromagnetic 
theory  ever  be  used  by  a  multitude  of  engineers  to  design  anything?"  To 
answer  this  question  one  must  first  observe  that  there  is  not  much  choice  in 
the  matter.  Design  means  to  take  some  body  of  knowledge  and  apply  it  to 
making  something  with  desired  performance  characteristics.  EMP  implies  electro¬ 
magnetics,  and  the  distilled  statement  of  electromagnetic  phenomena,  as  we  best 
understand  it,  ijs  electromagnetic  theory.  One  can  always  question  whether  a 
particular  form  of  the  description  of  an  electromagnetic  phenomenon  is  the  best 
possible  description  or  is  optimally  communicable  to  neophytes  in  electromagnetic 


theory.  Nevertheless,  any  description  adopted  must  be  at  least  approximately 
correct  (i.e.,  in  agreement  with  experimental  fact).  This  rules  out  attempts 
at  oversimplification;  there  are  some  concepts  which  will  have  to  be  learned 
in  order  to  be  able  to  effectively  apply  electromagnetic  theory  to  EMP  system 
interaction  problems. 

A  secondary  use  of  the  document  is  for  the  electromagnetic  theory  community. 
In  the  process  of ' organizing  and  writing  such  a  work  one  gets  a  better  picture 
of  the  state  of  the  art  and  deficiences  become  more  apparent.  This  in  turn 
can  serve  as  a  partial  guide  for  future  research.  It  must  be  emphasized, 
however,  that  even  though  the  electromagnetic  theory  research  community  is 
of  necessity  the  group  providing  the  basic  information  for  this  volume,  this 
work  is  not  intended  primarily  for  their  use;  its  intended  use  is  for  the 
applicators.  This  does  not  necessarily  mean  the  applicators  at  their  current 
state  of  skills  and  knowledge,  but  the  applicators  raised  to  some  basic  level 
of  required  electromagnetic  knowledge  for  the  applications  problem. 

C.  Technical  Concept 

In  constructing  this  kind  of  work  summarizing  the  state  of  the  art  of 
EMP  interaction  modeling,  one  might  just  list  all  the  physical  quantities 
and  topics  and  have  brief  sections  concerning  each.  However,  these  things 
are  not  unrelated  to  each  other;  one  can  make  use  of  these  relations  in 
order  to  create  a  more  coherent  whole.  This  document  is  thus  organized  in 
some  sense  from  the  top  down  instead  of  from  the  bottom  up.  A  consistent 
overall  structure  and  notation  has  been  created  and  the  various  pieces  have 
been  selected  to  fit  into  the  overall  concept. 

This  work  is  divided  into  three  parts.  The  first  part.  Principles 
arid  Techniques,  concerns  general  concepts  and  calculational  procedures  from 
electromagnetic  theory  relevant  to  EMP  interaction.  This  qontains  a  discussion 
of  the  concept  of  electromagnetic  topology  which  is  used  to  divide  complex 
systems  into  somewhat  natural  smaller  parts  in  an  ordered  way.  This  concept 
is  fundamental  to  the  organization  and  understanding  of  this  work  and  is 
expected  to  lead  to  further  insights  and  computational  techniques  [2-8]. 

Of  course  there  are  many  other  concepts  and  techniques  which  play  important 


roles  and  which  are  discussed  in  this  part.  The  reader  might  consult  a  recent 
review  paper  [9]  to  put  these  in  perspective  including  some  concepts  of  potential 
future  significance. 

The  second  part.  Formulas  and  Data,  considers  the  information  concerning 
the  pieces  of  the  system.  The  organization  of  this  part  is  based  on  the  system 
topology,  specifically  the  hierarchical  topology  which  divides  the  system  into 
layers.  Each  layer  is  further  divided  into  three  ordered  parts:  coupling, 
propagation,  and  penetration.  Within  each  category  the  various  individual 
(or  canonical)  types  of  boundary-value  problems  are  considered.  As  one  might 
expect,  the  bulk  of  the  material  is  contained  in  this  section. 

Having  considered,  first,  the  general  concepts  and  techniques  for  EMP 
interaction  and,  second,  the  specific  information  concerning  the  pieces,  we 
come  to  the  third  part,  System  Applications.  This  part  attempts  to  illustrate 
the  use  of  the  previous  parts  in  analyzing  the  EMP  interaction  with  complex 
systems.  Hypothetical  system  examples  are  chosen  to  illustrate  the  topological 
decomposition  of  the  problem  for  selected  signal  paths,  and  the  subsequent 
approximate  calculation  of  the  internal  signals. 

As  appropriate  to  any  large  task  this  was  a  cooperative  one  involving 
many  individuals  and  organizations.  AFWL  personnel  were  concerned  with  the 
overall  technical  organization  and  contractual  adminstration  of  the  effort. 

This  was  accomplished  by  a  set  of  memos  termed  E1H  (EMP  Interaction  Handbook) 
memos  in  three  parts  [10-12]  which  addressed  outlines,  notations,  summaries  of 
particular  problems,  etc.  Particular  thanks  are  given  to  MSgt.  Harris  Goodwin 
of  AFWL  for  his  efficient  administration  of  this  effort. 

D.  Future  Evolution 

While  In  our  opinion  some  significant  advances  are  reflected  in  this  EMP 
interaction  document,  the  present  work  should  not  be  regarded  as  definitive. 

As  was  expected,  the  process  of  producing  this  document  revealed  various  defi¬ 
ciencies  to  the  participants.  We  believe  that  with  time  additional  improvements 
will  become  apparent  to  us  and  to  you,  the  user.  With  proper  aging,  as  in  the 
case  of  good  wine,  we  will  be  able  to  form  mature  judgments  concerning  an 


Improved  version  of  this  volume.  Presumably  such  an  improved  version  will 
involve  generalizations  and  simplifications  of  the  basic  concepts  and 
techniques  as  well  as  more  specific  data  and  examples.  When  the  technology 
allows  for  significant  such  Improvements,  a  new  version  of  this  work  is 
called  for. 


Air  Force  Weapons  Laboratory 
Albuquerque,  New  Mexico 

September,  1979 
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A  NOTE  FROM  THE  EDITOR 

This  document  is  the  product  of  a  project  undertaken  by  the  Air  Force 
Weapons  Laboratory  to  compile  a  comprehensive,  up-to-date,  standard  reference 
on  EMP  interaction.  While  this  documentation  should  be  useful  to  the  entire 
community  of  EMP  research  workers ,  it  is  specifically  aimed  at  providing  in 
one  volume  the  best  cur rent ly-available  technical  data  to  engineers  who  are 
engaged  in  hardening  military  aircraft,  missiles,  and  satellite  communications 
systems  against  EMP  penetration.  To  ensure  accurate  and  expert  coverage  of 
every  topic  in  EMP  interaction,  the  contributors  to  this  volume  have  been 
selected  from  among  the  nation's  foremost  EMP  specialists  who  have  been 
actively  participating  in  EMP  interaction  analysis  and  experiment. 

The  body  of  technical  data  collected  in  this  document  is  largely  drawn 
from  results  obtained  under  AFWL-sponsored  EMP  research  efforts  directed  by 
John  Darrah,  Carl  Baum  and  Phil  Castillo.  These  results  have  appeared  in 
the  AFWL  EMP  note  series  and  in  various  AFWL  technical  reports.  However, 
many  of  the  results  presented  here  were  worked  out  during  the  making  of  this 
document  and  have  never  before  appeared  elsewhere. 

During  the  last  three  yea^s  I  worked  very  closely  with  Phil  Castillo 
and  H.A.  Goodwin  of  AFWL  on  every  aspect  of  the  project.  They  had  given  me 
continued  encouragement  and  advice,  and  helped  overcome  all  the  difficult 
problems  that  stood  in  the  way.  Their  unstinting  assistance  and  unabated 
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Symbol  Modifiers 


In  this  handbook  certain  standard  modifiers  are  used  in  conjunction 
with  the  symbols  representing  various  quantities.  These  modifiers  and 
their  functions  are  listed  below. 


Modifying  Function 

per  unit  length 

surface  (from  volume  quantity) 

source 

incident 

diffracted 

radiated 

scattered 

reflected 

open  circuit 

short  circuit 

complex  frequency  domain 

three-space  vector 

three-space  dyad 

total 

transfer 

electric 

magnetic 

equivalent 

effective 


Symbol  Modifier 

'  (prime  as  superscript) 

s  (subscript) 

(s)  (superscript) 

(i)  (superscript) 

(d)  (superscript) 

(r)  (superscript) 

(sc)  (superscript) 

(re)  (superscript) 

oc  (subscript) 

sc  (subscript) 

-  (directly  above  in  highest 

position) 

-»•  (directly  above) 

or  +*■  (directly  above) 
t  (subscript) 

T  (subscript) 

e  (or  absent)  (subscript) 

m  (subscript) 

eq  (subscript) 

ef  (subscript) 


Superscripts  may  also  be  enclosed  in  parentheses  if  there  exists  the  possi¬ 
bility  of  confusion  with  an  exponent.  It  should  also  be  noted  that  the  tilde 
(-)  denoting  a  quantity  in  the  frequency  domain  may  be  omitted  if  the  quantity 
is  expressed  explicitly  as  a  function  of  frequency. 


List  of  Symbols 

In  the  following  list  of  symbols  are  given  the  complete  forms  of  the  symbols 
used,  their  meanings,  and  abbreviated  or  alternate  forms  of  these  symbols. 
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i-fold  rise  time 
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PART  1 


PRINCIPLES  AND  TECHNIQUES 


CHAPTER  1.1 
INTRODUCTION 


The  interaction  of  the  nuclear  electromagnetic  pulse  (EMP)  with  a 
large  aeronautical  or  communication  system  is  not  limited  to  coupling 
with  the  system's  external  structure.  EMP  energy  can  penetrate  through 
the  system's  outer  surface,  propagate  in  its  interior  or  along  cables, 
and  finally  appear  as  electric  currents  and  voltages  at  the  sensitive 
components  of  electronic  subsystems.  The  goal  of  EMP  hardness  engineering 
is  to  suppress  these  currents  and  voltages  to  levels  below  the  components' 
damage  and  upset  thresholds.  The  primary  objective  of  this  document  is 
to  provide  quant  1 u1  l tve  data,  both  analytical  and  experimental,  on  EMP 
interaction  (which  comprises  coupling,  propagation  and  penetration)  for 
typical  system  geometries,  for  use  in  system  hardness  design  and  imple¬ 
mentation. 

The  material  of  this  document  is  organized  in  three  parts.  Part  1 
presents  the  fundamental  concepts  of  EMP  interaction  and  the  methods  of 
its  formulation  and  analysis.  The  general  process  of  EMP  penetration  into 
a  large  system  is  generically  viewed  as  one  of  EMP  energy  transfer  across 
successive  substrata  (intersurfaces) of  a  layered  topological  model.  The 
outermost  surface  of  the  model  is  the  system's  external  skin;  the  Innermost 
surface  consists  of  the  shields  of  internal  electrical  cables.  The  crossing 
of  each  surface  can  be  quantified  by  a  transfer  function.  Each  transfer 
function  is  to  a  large  extent  dependent  on  the  local  surface  geometry  and 
can  be  determined  by  solving  an  appropriate  boundary-value  problem  in 
electromagnetic  theory.  The  analytical  methods  for  formulating  and  solving 
these  electromagnetic  boundary-value  problems  are  described  in  detail. 

Part  2  presents  the  analytical  formulas  as  well  as  numerical  and 
experimental  data  on  EMP  coupling,  propagation  and  penetration.  These 
formulas  and  data  are  organized  according  to  the  surfaces  of  the  topo¬ 
logical  model  to  which  they  apply.  Those  pertaining  to  the  outermost 
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surface  of  the  model  describe  the  EMP  interaction  with  the  external 
structures  of  aeronautical  and  communication  systems.  Those  pertaining 
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to  the  intermediate  surfaces  describe  the  excitation  of  wire-like 
conductors  and  cavities  lying  behind  these  surfaces.  Those  pertaining 
to  the  innermost  surface  describe  the  penetration  of  cable  shields  and 
the  excitation  of  shielded  or  unshielded  wires. 

Part  3  presents  a  number  of  system  examples  to  demonstrate  the 
application  of  the  formulas  and  data  in  Part  2.  These  examples  are 
designed  to  illustrate  typical  EMP  interactions  with  aircraft,  missiles, 
satellites  and  ground  communication  facilities.  Engineering  techniques 
for  hardening  these  systems  are  discussed.  Finally,  the  errors  in  the 
calculations  of  the  system  examples  are  described. 

1.1.1  HISTORY  OF  EMP 

There  are  a  number  of  reasons  that  make  it  difficult  to  compile 
even  a  brief  history  of  EMP.  Among  these  are  the  following:  (1)  much 
of  the  early  work  was  never  written  down  or  documented  in  readily  available 
sources;  (2)  EMP  studies  were  carried  out  independently  by  persons  and 
organizations  (AEC,  AFWL,  DASA,  etc.)  in  a  number  of  locations  both  within 
the  U.S.  and  overseas  (e.g. ,  U.K.,  U.S.S.R.);  (3)  much  of  the  work  was 
classified,  making  open  literature  surveys  somewhat  incomplete  and 
possibly  misleading;  and  (4)  scientists  and  engineers  were  busy  trying 
to  solve  technical  problems  rather  than  recording  historical  details. 

Thus,  the  brief  history  presented  here  may  contain  errors  or  have  omitted 
important  contributions  by  certain  groups  or  individuals,  but  all  in  all 
is  factual. 

A  partial  list  of  events  important  to  the  history  of  EMP  is  given 
in  table  1.  The  list  includes  nuclear  test  information  and  the  first 
interests  in  system  vulnerability  and  EMP  simulation  issues.  The  events 
are  listed  in  chronological  order  to  show  the  historical  (although  not 
necessarily  the  most  logical)  development. 

1.1. 1.1  Discovery  of  EMP 

It  is  reported  that  Fermi  realized  that  any  nuclear  explosion  would 
create  electromagnetic  fields.  The  exact  mechanisms  that  he  had  in  mind 
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TABLE  1.  IMPORTANT  EVENTS  IN  THE  HISTORY  OF  EMP 

TRINITY  EVENT;  electronic  equipment  shielded  reportedly 
because  of  Fermi's  expectations  of  EM  signals  from  a 
nuclear  burst 

First  deliberate  EMP  observations  made  by  Shuster,  Cowan 
and  Reines 

First  British  atomic  tests;  instrumentation  failures 
attributed  to  "radioflash" 

Garwin  of  LASL  proposes  prompt  gamma-produced  Compton 
currents  as  primary  sources  of  EMP 

Bethe  makes  estimate  of  high-altitude  EMP  signals  using 
electric  dipole  model  (early-time  peak  incorrect) 

Haas  makes  magnetic  field  measurements  for  PLUMBBOB 
test  series  (interest  in  EMP  possibly  setting  off 
magnetic  mines) 

Joint  Brltish/U.S.  meeting  begins  discussions  of  system 
EMP  vulnerability  and  hardness  issues 

Kompaneets  (USSR)  publishes  open  literature  paper  on 
EMP  from  atomic  explosion 

Pomham  and  Taylor  of  the  U.K.  present  a  theory  of 
"radioflash" 

First  interest  in  EMP  coupling  to  underground  cables  of 
Minuteman  missile 

FISHBOWL  high-altitude  tests;  EMP  measurements  driven  off 
scale;  first  indications  of  the  magnitude  of  the  high- 
altitude  EMP  signal 

SMALL  BOY  ground  burst  EMP  test 

Karzas  and  Latter  publish  two  open  literature  papers  on 
using  EMP  signals  for  detections  of  nuclear  tests;  bomb 
case  EMP  and  hydromagnetic  EMP  considered 
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TABLE  1.  IMPORTANT  EVENTS  IN  THE  HISTORY  OF  EMP  (Cont'd) 

1963  Open  literature  calls  for  EMP  hardening  of  military  systems 
begin  to  appear 

1963-  First  EMP  system  tests  carried  out  by  Air  Force  Weapons 

1964  Laboratory  (AFWL) 

1963-  Longmire  gives  a  series  of  EMP  lectures  at  AFWL;  presents 

1964  detailed  theory  of  ground  burst  EMP  and  shows  that  the 

peak  of  the  high-altitude  EMP  signals  is  explained  by 
magnetic  field  turning  (magnetic  dipolp  signal) 

1964  First  note  in  the  LASL/AFWL  EMP  notes  series  published 

1965  Karzas  and  Latter  publish  first  open  literature  paper 
giving  high-frequency  approximation  for  the  high- 
altitude  magnetic  dipole  signal 

1967  Construction  of  ALECS  as  the  first  guided-wave  simulator 
is  completed  for  EMP  simulation  on  missiles 

1967  AJAX  underground  nuclear  test 

1969  Close-in  EMP  mechanisms  recognized  and  evaluated  by 

Graham  and  Schaefer 

1970  EMP  underground  test  feasibility  recognized  and  preliminary 
design  presented  by  Schaefer 

1973  First  joint  nuc]ear  EMP  meeting  at  AFWL 

1974  MING  BLADE  underground  EMP  test  for  confirmation  of  near 
surface  burst  EMP  models 

1975  DINING  CAR  underground  EMP  test  as  the  first  system 
hardware  EMP  test 

1975  MIGHTY  EPIC  underground  EMP  test 

1978  Special  joint  issue  on  the  nuclear  EMP  in  IEEE  Trans¬ 
actions  on  Antennas  and  Propagation  and  also  on 
Electromagnetic  Compatibility 


1978  Nuclear  EMP  meeting  in  Albuquerque  under  IEEE  sponsorship 


were  apparently  not  recorded,  but  electromagnetic  shielding  techniques 
were  applied  to  the  various  instruments  used  on  the  TRINITY  event  in  1945. 

The  first  deliberate  EM?  measurements  were  apparently  made  in  1951  through 
1952.  The  goal  was  to  obtain  diagnostic  information  describing  weapon 
output.  Early  U.S.  tests  also  reportedly  often  used  the  EMP  signal  to 
trigger  oscilloscopes  and  other  recording  equipment. 

Standard  shielding  practices  used  by  U.S.  experimenters  apparently 
kept  EMP  signals  from  interfering  with  diagnostics  on  the  early  nuclear 
tests.  The  British  were  less  fortunate,  however.  In  the  first  British 
atomic  tests  in  1952  through  1953,  a  number  of  instrumentation  failures 
occurred,  apparently  due  to  EMP  and  the  absence  of  any  shielding.  Thus, 
the  British  developed  an  early  interest  in  "radioflash"  (the  British  label 
for  EMP).  * 

1.1. 1.2  Early  Activities 

The  fact  that  nuclear  explosions  generate  electromagnetic  signals  was 
experimentally  well  known  by  the  mid -1950's  when  theoretical  explanations 
of  the  effect  began  to  appear.  In  1954  Garwin  of  Los  Alamos  correctly 
proposed  that  the  Compton  current  produced  by  prompt  gamma  radiation  was 
a  major  source  term  for  Maxwell’s  equations,  while  in  1958  Kompaneets  [1] 
of  the  U.S.S.R.  published  one  of  the  first  papers  in  open  literature  on  EMP. 
Also,  in  1959  Pomham  and  Taylor  of  the  U.K.  presented  a  paper  entitled  "A 
Theory  of  Radioflash"  [2], 

The  early  theories  were  often  Incomplete  and  sometimes  incorrect. 
Emphasis  was  placed  on  ground  bursts  or  low-altitude  explosions.  Much  of 
the  interest  was  in  nearby  (but  outside  the  source  region)  diagnostic 
measurements  or  long-range  detection  and  observation  of  foreign  tests. 

VLF  and  other  low-frequency  effects  were  of  particular  interest,  since  good 
quality  high-frequency  EMP  measurements  had  not  been  made  in  the  early  tests. 

The  first  glimmerings  of  the  strategic  and  tactical  importance  of  EMP 
effects  began  to  appear  about  1957  when  Haas  made  a  series  of  magnetic  field 
measurements  during  the  PLUMBBOB  test  series.  One  goal  of  these  measurements 
was  to  determine  if  EMP  could  set  off  nearby  buried  magnetic  mines.  In  1958 
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discussions  between  the  U.K.  and  the  U.S.  took  place  regarding  the  EMP 
vulnerability  and  hardening  of  military  systems  (perhaps  motivated  by 
British  test  instrumentation  problems) ,  and  in  1959  people  began  to 
worry  about  EMP  coupling  to  the  silos  and  buried  cables  of  the  Minute- 
man  system. 

Both  experimental  and  theoretical  work  continued  to  be  carried  out 
at  Los  Alamos  during  this  period,  notably  by  Partridge,  Suydam  [3,4]  and 
Malik.  Some  interest  in  high-altitude  EMP  began  to  appear  in  1957  when 
Bathe  made  some  estimates  of  the  high-altitude  signal  using  an  electric 
dipole  model.  Unfortunately,  this  model  is  incorrect  for  the  large, 
early-time  peak  and,  as  a  result,  a  number  of  measurements  attempted 
during  the  1962  high-altitude  test  series  were  driven  off-scale. 

In  1962  a  number  of  EMP  measurements  were  attempted  at  the  SMALL  BOY 
nuclear  test  in  Nevada.  The  goal  was  to  obtain  data  on  the  close-in  EMP 
environment  of  a  ground  burst.  Unfortunately,  many  of  the  attempted 
measurements  were  unsuccessful  due  to  instrumentation  and  other  problems. 

The  somewhat  surprising  results  of  the  high-altitude  test  series, 
combined  with  an  atmospheric  test  ban,  created  a  great  deal  of  Interest 
in  EMP  in  the  early  1960's.  Karzas  and  Latter  published  two  papers  [5,6] 
on  EMP  theory  in  the  open  literature  in  1962,  their  investigations  being 
at  least  partially  aimed  at  detection  of  nuclear  test  ban  violations.  In 
1963  through  1964  Longmire  gave  a  series  of  lectures  at  AFWL  which  presented 
a  fairly  detailed  theory  of  source  region  surface-burst  EMP  and  showed  that 
electron  turning  effects  due  to  the  earth's  magnetic  field  would  produce 
the  large  early-time  signals  from  high-altitude  EMP  seen  in  the  1962  test 
series.  This  "high-frequency  approximation"  was  first  presented  in  the 
open  literature  by  Karzas  and  Latter  in  1965  [7].  Significant  theoretical 
work  and  computer  code  development  were  also  carried  out  during  this  period 
at  AFWL  and  in  the  U.K.  Also,  1963  through  1964  apparently  marked  the 
beginning  of  EMP  testing  of  military  systems  when  Henderson,  Graham,  and 
Cikotas  of  AFWL  first  used  a  distribution  of  loops,  a  fast  switch,  and  a 
large  capacitor  bank  to  carry  out  EMP  tests. 
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Since  the  mid -1960's,  both  interest  In  and  knowledge  of  EKP  phenomena 
have  greatly  expanded*  and  an  adequate  history  of  this  period  la  beyond 
the  scope  of  this  brief  discussion.  As  a  result  of  numerous  efforts  over 
this  time  period,  there  now  exist  a  wide  variety  of  simple  analytical 
models  and  very  complex  computer  codes  used  for  calculating  EMP  environ¬ 
ment.  A  number  of  EMP  simulators  have  been  built  and  simulation  tests 
carried  out.  Interests  in  system  vulnerabilities  have  also  expanded 
from  missiles  to  aircraft,  satellites,  and  communication  systems. 

A  good  idea  of  present  EMP  interests  can  be  gained  by  examining 
the  recent  special  joint  issue  of  two  IEEE  journals  on  the  Nuclear 
Electromagnetic  Pulse  [8]. 

1.1. 1.3  Sensor  Development 

After  the  SMALL  BOY  test  in  1962  it  was  apparent  that  instrumentation 
for  measuring  the  EMP  physical  parameters  was  Inadequate,  especially  in 
the  nuclear  source  region.  The  conventional  sensors,  which  convert 
electric  fields,  magnetic  fields,  current  densities,  etc.  to  analog 
electrical  signals  on  data  cables  and  circuit  elements,  had  fundamental 
physics  problems  in  that  their  response  in  EMP  source  regions  was  unknown, 
and  hence  they  were  not  designed  to  operate  with  acceptable  and  known 
accuracy.  Problems  associated  with  Comptom  (source)  current  density, 
nonlinear  and  time-changing  air/soil  conductivity,  and  other  nuclear 
radiation  effects  were  not  familiar  to  antenna  designers.  These  problems 
had  to  be  solved  if  any  experimental  progress  was  to  be  made  concerning 
the  EMP  source  as  well  as  the  EMP  interaction  with  objects  in  such  source 
regions . 

As  a  part  of  the  nuclear  test  readiness  program  AFWL,  with  DASA 
funding,  initiated  a  sensor  development  effort  for  source-region  applica¬ 
tions.  Design  concepts  were  developed  based  on  the  physical  processes 
in  EMP  source  regions  (described  by  Baum  in  the  early  Sensor  and  Simula¬ 
tion  Notes)  and  prototype  sensors  were  built  primarily  by  EG  &  G  with  the 
early  E-field  sensors  being  built  by  SRI.  These  first  models  were  fielded 
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on  the  AJAX  underground  nuclear  test  in  1967  and  several  subsequent 
EMP  experiments.  Also  during  this  period  some  air  conductivity 
measurements  were  made  on  underground  nuclear  tests  (by  Baran,  Baum 
and  Ekman)  using  X-band  double-interferometer  techniques  on  irradiated 
air  in  a  rectangular  waveguide. 

With  the  growth  of  EMP  testing  and  the  concomitant  design  of  EMP 
simulators,  accurate  broadband  sensors  were  needed  for  measuring  both 
simulator  performance  and  various  response  parameters  of  the  system 
under  test.  For  this  application  several  designs  have  evolved  which 
have  found  widespread  use  in  both  American  and  European  agencies. 

Both  the  source-region  and  source-free-region  sensors  are  reviewed 
in  a  recent  paper  in  the  special  joint  issue  on  the  Nuclear  Electromagnetic 
Pulse  authored  by  the  principal  contributors  to  this  technology  [9] . 

1.1. 1.4  Simulator  Development 

From  an  EMP  interaction  viewpoint  a  military  system  such  as  a 
missile,  aircraft,  communication  center,  etc.  is  extremely  complex, 
implying  a  low  confidence  in  the  results  of  an  EMP  interaction  analysis 
as  it  affects  the  many  possible  electronic  vulnerabilities.  It  was 
therefore  apparent  that  a  test  capability  was  required.  To  perform 
these  tests  on  any  extensive  basis  required  special  test  facilities 
producing  EMP-like  environments.  This  led  to  the  need  for  what  are 
referred  to  as  EMP  simulators. 

There  are  two  fundamental  points  to  be  considered  in  deciding  if 
something  is  an  EMP  simulator  (in  the  strict  sense)  or  not:  the  accuracy 
of  the  form  of  the  fields  in  the  absence  of  the  test  object  (spatial, 
temporal,  frequency  content,  etc.),  and  an  acceptably  small  interaction 
of  the  simulator  itself  with  the  test  object  (thereby  changing  the  response 
characteristics  of  the  test  object  [10]).  The  beginning  of  EMP  simulation 
is  related  to  the  quantification  of  both  of  these  points  with  designs 
accounting  for  them. 

While  some  preliminary  tests  of  military  equipment  were  begun  in 
1963  through  1964  on  some  computer  equipment  and  later  on  missiles,  the 


first  EMP  simulator  In  the  strict  sense  was  ALECS.  This  was  first  proposed 
by  Partridge  [11]  as  a  three-plate  parallel-plate  transmission  line  for 
testing  EMP  instrumentation.  This  facility  was  changed  (after  construction 
as  a  three-plate  facility)  into  a  two-plate  facility  for  testing  missiles. 

The  latter  was  completed  in  1967  using  calculations  of  Baum  [12,13]  and 
was  Intended  to  simulate  a  threat-like  plane-wave  EMP  environment  appropriate 
to  in-flight  systems  (away  from  the  earth's  surface  but  below  the  atmospheric 
source  region  from  a  high-altitude  (exoatmospheric)  nuclear  detonation). 

Given  its  12.75  meter  plate  spacing  ALECS  is  strictly  an  EMP  simulator  with 
respect  to  "in-flight"  test  objects  of  somewhat  smaller  dimensions  in  order 
that  simulator/object  interaction  not  be  too  severe. 

Another  important  early  development  in  EMP  simulation  concerns  the 
source  region  of  a  near-surface  burst.  After  some  preliminary  tests  of 
missile  silo  systems  subjected  to  somewhat  arbitrary  EM  excitation,  a 
simulator  known  as  SIEGE  was  developed  to  simulate  the  magnetic  field 
distribution  produced  near  the  ground  surface  by  a  near-surface  burst. 

This  simulator  incorporated  two  concepts:  the  buried  transmission  line 
[14]  and  the  surface  transmission  line  [15],  In  1968  low-level  testing  '  \ 
was  begun  with  the  SIEGE  simulator. 

By  now  EMP  simulation  has  evolved  into  an  extensive  field  in  its  own 
right,  with  various  simulator  types  available  for  various  EMP  environments. 
AFWL  has  pioneered  in  the  development  of  EMP  simulator  concepts  and  has 
contracted  the  construction  of  the  largest  number  of  these.  However,  various 
other  American  agencies  including  DNA,  Naval  Surface  Weapons  Center,  and 
Harry  Diamond  Laboratories  have  built  some  as  well.  Various  European 
agencies  have  also  built  some  EMP  simulators,  generally  somewhat  smaller 
than  those  in  the  U.S.  For  a  review  of  the  various  EMP  simulators,  including 
both  existing  simulators  and  those  that  as  yet  exist  only  conceptually,  the 
reader  is  referred  to  [10]. 

1.1. 1.5  Notes  on  EMP  and  Related  Subjects 

An  important  stimulus  for  the  development  of  EMP  technology  was  begun 
in  1964  by  Partridge  of  LASL.  This  was  the  Sensor  and  Simulation  Note 


series  begun  by  Partridge  to  stimulate  thinking  about  EMP  sensor  and 
simulation  design  problems.  In  1966  the  editorship  was  turned  over  to 
Baum  at  AFWL  who  was  by  that  time  the  major  contributor.  Various  indivi¬ 
duals  at  AFWL  (some  being  now  at  RDA)  had  contributed  to  the  expansion  of 
the  note  series  to  include  various  other  aspects  of  EMP  technology. 

Currently,  the  editor  has  divided  the  note  series  on  EMP  and  related 
subjects  (or  "EMP  Notes"  for  short)  into  three  major  categories:  EMP 
(Electromagnetic  Pulse),  PEP  (Pulsed  Electrical  Power) ,  and  ACT  (Analytical 
and  Computational  Techniques)  encompassing  over  a  thousand  individual 
papers.  These  represent  most  of  basic  EMP-related  technology.  A  majority 
were  printed  directly  as  notes,  but  some  existing  reports  have  been  only 
assigned  note  numbers.  Various  indices  have  been  published  and  the  most 
extensive  one  (including  detailed  subject  division)  was  published  in  1973 
[16].  A  previous  extensive  index  was  published  by  Quested  of  AWRE  in  the 
United  Kingdom  in  1971  [17], 

The  Notes  have  functioned  as  a  journal  of  the  EMP  community  with 
important  contributions  from  agencies  and  contractors  in  the  U.S.  and 
U.K.  Publication  has  been  supported  primarily  by  AFWL,  but  many  other 
agencies  have  made  some  contribution  to  this  effort.  The  recent  special 
Joint  issue  on  the  Nuclear  Electromagnetic  Pulse  [8]  is  based  primarily 
on  material  that  can  be  found  in  the  Notes. 

In  addition  to  the  individual  notes,  thirty  volumes  (about  400  pages 
each)  or  so  have  been  published  beginning  in  1970  by  AFWL  to  compile  the 
early  notes.  The  first  few  volumes  were  first  published  by  DASA  (now  DNA) 
in  1968.  In  addition,  a  few  special  documents  (handbooks)  have  been 
published  as  volumes  in  this  series. 

1.1.2  PHYSICS  OF  EMP 

Although  the  fact  that  a  nuclear  explosion  produces  an  electromagnetic 
pulse  (EMP)  was  recognized  as  early  as  1945  (see  Sec.  1.1.1),  it  was  some 
time  before  the  mechanisms  of  EMP  generation  were  understood  well  enough 
to  make  possible  reasonably  accurate  predictions  of  signal  amplitudes 
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and  waveforms.  EMP  is  now  recognized  by  many  as  a  potentially  damaging 
nuclear  weapon  effect,  and  yet  relatively  few  people  have  more  than  a 
rudimentary  knowledge  of  the  physics  of  EMP  generation.  Hopefully,  this 
section  may  help  to  alleviate  that  situation. 

It  should  be  noted  that  a  systems  engineer  or  interaction  analyst 
may  never  even  see  the  results  of  a  "real"  EMP  calculation.  This  is 
because  calculated  EMP  waveforms  can  be  sensitive  functions  of  weapon 
design,  burst  location,  and  observer-burst  orientation.  Thus  an  EMP 
criterion  signal  is  often  defined.  This  criterion  signal  often  represents 
an  envelope  that  includes  most  or  all  EMP  signals  of  a  given  type.  Working 
with  such  a  criterion  signal  greatly  simplifies  interaction  analyses,  but 
it  should  be  remembered  that  the  criterion  and  an  actual  threat  signal 
are  usually  not  Identical. 

Similarly,  detailed  predictions  of  EMP  waveforms  will  not  be  presented 
here,  partly  because  such  waveforms  are  usually  classified,  but  also  because 
the  interaction  analyst  will  probably  be  supplied  with  an  EMP  criterion 
signal  specific  to  the  problem  of  interest.  Instead,  the  presentation 
here  is  aimed  at  giving  the  reader  3ome  idea  of  the  basic  mechanisms  of  EMP. 

A  flow  chart  outlining  the  various  steps  of  the  EMP  generation  process 
is  shown  in  Fig.  1.  The  process  starts  with  a  nuclear  explosion.  This 
nuclear  burst  creates  photons  with  a  large  range  of  energies. 

For  understanding  EMP  phenomena  one  is  primarily  interested  in  the 
gamma-rays  (photons  with  energies  of  about  1  MeV)  and  the  X-rays  (photons 
with  energies  of  a  few  keV)  created  by  the  burst  [18],  These  photons 
Interact  with  the  material  through  which  they  pass  (e.g.,  the  bomb  casing, 
the  atmosphere,  or  the  wall  of  a  satellite)  by  Compton  and/or  photoeffect 
processes  [19],  creating  free  electrons  and  positive  ions.  The  moving 
electrons  then  create  spatial  current  densities  which  serve  as  source 
terms  for  Maxwell’s  equations.  These  fast  electrons  will  also  slow  down 
by  ionizing  the  medium  through  which  they  move,  creating  numerous  secondary 
electrons.  The  low-energy  secondaries  will  drift  along  the  local  electric 
field  lines  and  are  thus  often  treated  in  terms  of  an  effective  conductivity. 
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Fig.  1.  Flow  diagram  of  EMP  production  mechanisms. 


A  conduction  current  is  then  created,  which  tends  to  cancel  any  electric 
field  set  up  by  the  primary  current  density.  Once  these  current  densities 
are  known,  the  magnitude  and  waveform  of  the  EMP  are  determined  by  Maxwell's 
equations . 

The  basic  mechanisms  outlined  in  the  flow  chart  of  Fig.  1  will  first 
be  individually  discussed  in  the  following  subsection.  The  various  types 
of  EMP  will  then  be  described  in  terms  of  these  basic  mechanisms.  Finally, 
calculational  techniques,  unknowns  and  uncertainties  will  be  briefly  addressed. 

1.1. 2.1  Basic  Mechanisms 

1.1. 2. 1.1  Radiation  Source  Terms 
a.  The  Gamma  Source 

The  primary  source  of  most  types  of  EMP  is  the  gamma-ray  output  of  a 
nuclear  burst.  Consider  first  a  nuclear  explosion  in  the  air  just  above 
the  ground  surface  (surface  burst) .  A  hypothetical  but  not  atypical  example 
of  the  gamma  source  strength  from  a  1-megaton  surface  burst  is  shown  in 
Fig.  2  [20],  The  total  source  is  the  sum  of  several  components,  each  with 
its  characteristic  decay  time  118].  The  prompt  gamma  pulse  comes  directly 
out  of  the  nuclear  device,  has  a  rise  time  of  several  nanoseconds  (ns)  ,  and 
decays  in  a  few  tens  of  ns.  The  other  gammas  are  made  by  neutrons  that 
leave  the  device  and  interact  with  the  air  and  ground.  Fast  neutrons 
striking  solid  objects  (e.g. ,  the  ground)  very  near  the  device  make 
inelastic  scatter  gammas  in  the  same  time  frame  as  the  prompt  gammas.  Fast 
neutrons  (energy  >  6  MeV)  make  air  inelastic  gammas  by  inelastic  scattering 
in  air.  Ground  capture  gammas  are  made  by  neutrons  which  slow  down  and 
are  captured  in  the  ground.  Air  capture  gammas,  made  by  the  same  process 
in  air,  last  longer  because  of  the  low  density  of  air  compared  with  ground. 
Fission  product  gammas,  the  longest  lived  source,  are  emitted  by  fission 
debris  following  the  lingering  beta  decay  of  fission  fragments. 

For  a  burst  somewhat  above  the  ground,  some  time  is  required  for 
the  neutrons  to  reach  the  ground,  so  that  ground  inelastic  and  capture 
sources  are  delayed  somewhat.  At  increasing  burst  altitudes,  the  intensities 


F±g*  2’  Totdl  &amta  source  strength  versus  time  for  a  nominal  1-megaton 
surface  burst. 


of  the  air  inelastic  and  air  capture  sources  decrease,  and  their  lifetimes 
increase,  due  to  decreasing  air  density.  For  bursts  at  very  high  altitudes, 
the  ground  sources  are  absent  and  the  air  sources  delayed  until  neutrons 
can  reach  the  sensible  atmosphere  at  altitudes  of  the  order  of  30  km.  The 
speed  of  the  fastest  neutrons  is  about  5 x 107m/sec. 

While  the  prompt  gamma  source  can  be  regarded  as  a  point  source,  the 
size  of  the  air  and  ground  sources  obviously  defends  on  the  burst  geometry. 
In  sea-level  air,  neutron  mean  free  paths  are  of  the  order  of  100  meters, 
and  the  air  sources  have  dimensions  of  a  few  mean  free  paths. 

Approximate  average  y-x&y  energies  and  effective  absorption  lengths 
in  the  air  are  listed  in  table  2  for  the  various  sources  [19], 
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TABLE  2.  APPROXIMATE  AVERAGE  ENERGIES  AND  EFFECTIVE  ABSORPTION 


LENGTHS  IN  AIR  OF  GAMMA  SOURCE  COMPONENTS 


Component 

Energy 

(MeV) 

Absorption  Length 
(gm/cm2) 

Prompt 

1.5 

40 

Air  Inelastic 

4 

52 

Ground  Capture 

3 

,38 

Air  Capture 

6 

58 

Fission  Fragment 

1 

37 

Estimates  of  the  gamma  flux  5>  at  distance  r  from  the  burst  can  be  made  by 
using  spherical  dilution  and  attenuation  factors,  e.g.,  in  uniform  air 

♦  -r^  ^a  2 

4>  ~  e  /4irr  (l) 

y  t 

whe'^e  X  is  the  effective  absorption  length. 

cl 

b.  The  X-ray  Source 

Because  X-rays  are  more  easily  attenuated  than  gamma  rays,  they  are 
often  of  secondary  importance  in  EMP  generation  even  though  the  nuclear 
burst  generates  much  more  energy  in  the  X-ray  energy  range  than  in  the 
y-ray  energy  range.  One  major  exception  to  this  statement  is  the  case  of 
an  exoatmospheric  system  of  interest  (e.g,,  SGEMP  effects  on  a  satellite). 

The  X-ray  output  of  a  nuclear  burst  can  be  reasonably  well  understood 

by  just  considering  the  debris  as  a  thermal  radiator  with  a  temperature  of 

roughly  10^°K  [18],  If  one  treats  the  debris  as  a  blackbody  radiator,  then 

one  expects  Planckian  X-ray  spectra  with  characteristic  energies  of  the  order 

of  1  keV.  Time  histories  have  characteristic  times  similar  to  those  of  the 

prompt  y-ray  output  (i.e.,  rise  time  ~  10  ns),  while  the  absorption  length 

2 

for  a  10  keV  X-ray  in  air  is  only  0.25  gm/cm  (i.e.,  several  hundred  times 
less  than  that  of  a  prompt  gamma  ray) . 


1.1. 2. 1.2  Source  Currents 


a.  The  Compton  Current 

At  Y-ray  energies,  the  primary  process  by  which  free  electrons  are 
produced  is  Compton  scattering  [19].  In  this  scattering  process,  an 
incident  gamma  is  scattered  by  an  atomic  electron,  and  the  electron 
recoils  somewhat  like  a  struck  billiard  ball.  The  angular  distribution 
of  the  recoil  electrons  peaks  in  the  forward  direction,  so  that  a  net 
electric  current  results.  The  average  kinetic  energy  of  the  recoil 
electrons  is  of  the  order  of  one-half  the  incident  gamma  energy. 

As  the  recoil  electrons  move  through  the  air  or  other  material  medium, 
they  gradually  lose  energy  to  other  atomic  electrons  through  collisions, 
dislodging  some  from  their  atoms  and  thus  producing  ionization.  The 
energy  loss  is  sufficient  to  bring  the  recoil  electron  to  rest  within  a 
distance  (track  length)  of  a  few  meters  in  sea-level  air.  In  addition,  the 
recoil  electrons  suffer  many  small-angle  scatterings (multiple  scattering), 
largely  in  collisions  with  atomic  nuclei.  The  multiple  scattering  reduces 
the  mean  forward  range  of  recoil  electrons  to  about  two-thirds  of  the  track 
length  [21]. 

The  geomagnetic  field  deflects  the  Compton  recoil  electrons,  leading 
to  components  of  Compton  current  in  directions  other  than  the  direction 
of  the  incident  gammas.  This  effect  is  relatively  small  at  sea  level,  for 
the  Larmor  radius  of  the  recoil  electrons  in  the  geomagnetic  field  Is  50 
to  100  meters,  which  is  long  compared  with  the  mean  forward  range  at  sea 
level.  However,  at  30-km  altitude,  the  center  of  the  source  region  for 
high-altitude  EMP,  the  mean  forward  range  is  comparable  to  the  Larmor 
radius.  Thus  the  deflected  (transverse)  Compton  current  is  comparable  to 
the  radial  current  and  is  the  principal  source  of  the  high-altitude  EMP. 

The  Compton  recoil  electrons  are  also  affected  by  the  EMP  fields. 

EMP  calculations  which  include  this  effect  are  called  self-consistent,  since 
the  fields  are  allowed  to  affect  the  Compton  current  which  produces  the 
fields.  Such  calculations  are  non-linear  and  are  usually  performed  on 
a  high-speed  digital  computer. 


It  is  easy  to  understand  the  general  magnitude  of  the  Compton  current. 
A  steady  flux  i  of  collimated  gammas  will  produce  a  steady  flux  of  recoil 
electrons  in  the  same  direction,  according  to  the  relation 


4> 
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0.007  4> 


[2] 


where  X  is  the  scattering  mean  free  path  of  the  gammas,  R  f  is  the  mean 

forward  range  of  the  recoil  electron,  4>  is  the  electron  number  flux,  4>J.1 

6  ’[2]^ 

is  the  gamma  number  flux  (gammas  per  unit  area  per  unit  time),  and  is 

2  Y 

the  gamma  energy  flux  in  units  of  y-MeV/cm  -sec.  A  dose  rate  of  1  rad/sec 
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corresponds  to  a  gamma  energy  flux  of  about  2x10  gamma  -  MeV/cm-sec .  Thus 
in  terms  of  the  dose  rate  the  radial  Compton  current  density  is 


_  n  o  0 

J^(amps/m  )  s  2 x  10~°  D^rads/sec) 


(3) 


This  formula  is  valid  from  sea  level  up  to  about  30-km  altitude,  where  the 
geomagnetic  field  limits  the  mean  forward  range.  The  transverse,  geomagnet- 
ically  deflected  Compton  current  density  is 


Jt  *  JXf/2V 


(« 


where  is  the  Larmor  radius.  At  30-km  altitude  and  j£  are  comparable. 

At  sea  level  the  effective  lifetime  (before  stopping)  of  a  Compton 
recoil  electron  is  a  few  ns.  Thus  the  waveform  of  the  Compton  current  will 
be  approximately  the  same  as  that  of  the  gamma  flux.  At  30-km  altitude  the 
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In  this  chapter  J  is  used  to  denote  the  volume  current  density,  whereas  In 
all  other  chapters  J  denotes  exclusively  the  surface  current  density. 


lifetime  Is  about  1  microsecond  (ns) ,  as  is  also  the  Larmor  period.  Here 
the  current  waveform  is  stretched  by  the  recoil  electron  dynamics  in  the 
early  part  of  the  gamma  pulse.  Fig.  3  shows  typical  radial  and  transverse 


retarded  time  (ns) 


C  C 

Fig.  3.  Radial  and  transverse  Compton  currents  and  J  ,  and  secondary 

electron  density  N  versus  retarded  time  at  31.4-km  altitude  for 

e  9  2 

a  delta-function  pulse  of  4.62x10  (1.5  -  MeV) gammas  per  cm  , 

perpendicular  to  a  geomagnetic  field  of  0.6  gauss. 

currents  for  a  very  short  (delta-function)  pulse  of  gammas  [20] .  The 
currents  are  plotted  as  functions  of  retarded  time  t  ^  *  i/c,  where 

x  *  ct  -  r  (5) 

for  convenience  in  understanding  the  solution  of  Maxwell's  equations. 

Note  that  if  a  recoil  electron  starting  at  t  ■  0  moved  outwards  with  speed 
c  (the  speed  of  light)  its  retarded  time  would  remain  equal  to  zero.  The 
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fact  that  the  recoil  electrons  do  move  outwards  with  speeds  close  to  c 

c  c 

*  accounts  for  the  relatively  large  amplitude  of  J  and  J  at  early 

r  it- 

f  retarded  times . 

b.  Photoeffect  Currents 

At  X-ray  energies  the  dominant  electron  production  process  is  the 
photoeffect  [19].  In  this  case,  the  incident  X-ray  photon  disappears  with 
part  of  its  energy  going  to  free  an  electron  from  a  bound  state  near  a 
nucleus  and  the  rest  of  its  energy  going  into  kinetic  energy  of  the  free 
electron. 

Photoeffect  currents  are  of  secondary  importance  for  EMP  except  for 
observation  points  very  near  a  nuclear  burst  or  at  vacuum/material  inter¬ 
faces  (i.e.,  SGEMP  source  currents).  The  subject  of  electron  emission 
from  vacuum /material  interfaces  is  too  complicated  to  treat  lu  detail  here. 
As  an  example,  however,  typical  electron  yields  for  various  blackbody  X-ray 
spectra  incident  upon  several  materials  are  listed  in  table  3  [22], 


TABLE  3.  BACKSCATTERED  ELECTRON  YIELDS  FOR  SEVERAL  BLACK-BODY  SPECTRA 


Incident  Photon 
Blackbody 
Temperature 
(keV) 

Aluminum 

(electrons/ 

calorie) 

Gold 

(electrons/ 

calorie) 

Silicon  Dioxide 
(electrons/ 
calorie) 

1 

3.04  (13) 

1.16  (14) 

2.30  (13) 

2 

1.25  (13) 

7.21  (13) 

8.86  (12) 

3 

6.49  (12) 

4.66  (13) 

4.49  (12) 

5 

2.57  (12) 

2.50  (13) 

1.74  (12) 

8 

1.03  (12) 

1.33  (13) 

6.94  (11) 

10 

6.49  (11) 

9.71  (12) 

4.35  (11) 

A  . 

* 


£ 
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1.1. 2. 1.3  The  Air  Conductivity 


A  Compton  recoil  electron  makes  approximately  one  secondary  electron- 
ion  pair  for  each  85  eV  lost  by  it  In  collisions  with  atoms.  Most  of  the 
secondary  electrons  have  energies  of  the  order  of  10  eV,  but  a  few  have 
larger  energies,  approaching  one-half  that  of  the  original  electron.  The 
more  energetic  secondary  electrons  produce  tertiaries,  etc.  When  all  the 
ionization  is  completed,  there  is  approximately  one  electron- ion  pair  for 
each  34  eV  lost  by  the  original  Compton  recoil  electron  [23].  Thus  a  1  MeV 
electron  will  produce  eventually  about  30,000  electron- ion  pairs.  The 
effects  of  these  electrqn-ion  pairs  are  often  modeled  by  an  equivalent 
conductivity. 

Both  electrons  and  ions  contribute  to  the  conductivity,  so  that  it  is 
necessary  to  keep  track  of  their  densities.  At  low  altitudes  free  electrons 
are  removed  predominantly  by  the  attachment  process 

e  +  02  +  02  0"  +  02  (6) 


which  produces  the  negative  oxygen  ion.  At  very  high  electron  and  ion 
densities,  dissociative  recombination  removes  both  electrons  and  positive 
ions 

e  +  (>2  -+  0  +  0 

“  (7) 

e  +  Nj  -*  N  +  N 


Positive  and  negative  ions  remove  each  other  by  mutual  neutralization, 
with  the  help  of  a  third  molecule  M  (either  or  Ng) 

0"  +  0*  +  M  -►  02  +  02  +  M 

0^  +  Nj  +  M  02  +  N2  +  M 


(8) 
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Both  0,  and  N,  are  produced  along  with  e  In  the  original  Ionisation.  Since 
the  conductivity  properties  of  02  and  are  nearly  the  sane.  It  is  not 
necessary  to  keep  track  of  both  species  separately.  The  common  treatment 
defines  densities  Ng,  N+,  and  N_  of  electrons,  positive  and  negative  ions 
respectively,  which  satisfy  the  differential  equations 


dN 


S  -  k,N  -  k„N  K, 


TT —  “  ft.-  11  —  m.0L! 

dt  e  1  e  2  e  + 


dN+ 

dt“  "  Se“  W+  -  W- 


(9) 


dN 

—  -  k.N  -  k,N,N 
dt  1  e  3  +  - 


Here  Seis  the  rate  of  production  of  electron- ion  pairs.  The  rate  constants 
k^,  k2,  k^  are  for  the  reactions  (6),  (7)  and  (8),  respectively  [24], 
Typical  values  of  these  constants  at  sea  level  and  their  scaling  with  air 
density  Paare 


8  2 
k^  *  10  / sec,  k^  ~  Pa 

-7  3 

k^  “  2 x  10  cm  / sec,  indep.  of  pa  (10) 

k^  “  2  x 10  ^cm^/sec,  k^  ~  Pa 

The  value  of  k^  is  affected  by  the  presence  of  an  electric  field.  Also, 
the  complete  recombination  chemistry  is  somewhat  more  complicated  than 
described  here,  especially  in  the  presence  of  water  vapor  [241. 

Simple  approximate  solutions  to  (9)  are  often  useful.  For  example, 
the  reaction  (7)  is  usually  negligible  compared  with  (6).  At  early  times, 
then,  for  an  ionization  source  Sg  which  changes  slowly  in  a  time  interval 
compared  to  l/k^,  the  electron  density  is  approximately 

N  -  S  /k.  (11) 

e  e  l 
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For  a  source  which  rises  exponentially,  Se~eat  (as  for  fission  chain 
reactions) ,  the  solution  is 


N  -  S  /(a  +  k.)  (12) 

e  e  1 

_2 

For  a  source  which  falls  more  slowly  than  t  ,  the  late-time  ion  densities 
are 


N  -  N ,  -  /S  /k,  (13) 

—  +  e  3 

-2 

Finally,  for  a  source  which  falls  more  rapidly  than  t  ,  the  late-time  ion 
densities  are 

N_  *  N+  “  (k3t)_1  (14) 

The  ionization  source  can  be  related  to  the  dose  rate  D  .  Since  one 

e  e 

rad  is  defined  as  depositing  100  ergs/gram,  and  since  34  eV  are  required 
to  make  one  electron- ion  pair,  one  has  the  relation 


(15) 


Here  paQ  ■  1.23  grams/liter  is  the  density  of  sea-level  air.  This  relation 
assumes  that  all  ionization  is  completed  in  times  short  compared  with  the 
variation  of  De- 

The  mobility  yg  or  y^  of  an  electron  or  ion  is  defined  as  the  ratio 
of  its  drift  velocity  to  the  electric  field  causing  the  drift.  Typical 
values  of  the  mobilities  at  sea  level  and  their  scaling  with  air  density 
Pa  are 


y  (-=-)/(!).  0.3^2. 
e \ sec //  \  m  /  p 

8 

1 1*)/ 


(16) 
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Small  differences  between  the  mobilities  of  various  ions  are  usually 
neglected.  The  electron  mobility  is  not  independent  of  the  electric 
field,  and  is  affected  by  water  vapor  [23,24]. 

Since  the  mobility  of  electrons  is  much  larger  than  that  of  ions, 
electrons  dominate  the  conductivity  at  early  times  when  the  densities  of 
electrons  and  ions  are  comparable.  In  this  circumstance  the  air  conduc¬ 
tivity  is 

o  -  eN  u  (17) 

e  e 

where  -e  is  the  electron  charge.  Using  (12)  and  other  data  stated  above, 
we  can  relate  the  conductivity  to  the  dose  rate  and  find 


This  result  is  Independent  of  air  density,  except  through  the  term  k^.  It 
should  be  noted,  however,  that  variation  of  the  ionization  completion  time 
with  p  and  the  dependence  of  p  on  E/p  (E  ■  electric  field)  make  the 

o  £  0. 

results  only  approximate. 

At  late  times,  when  the  electrons  are  almost  all  attached  in  0^,  ion 
conductivity  can  dominate. 

1 . 1 . 2 . 1 . 4  The  Spherically  Symmetric  Case 

In  Sec.  1.1. 2. 1.2  an  expression  for  the  spatial  current  density  3° due 
to  primary  Compton  electrons  was  derived  and  a  conductivity  a  was  calculated 
in  Sec.  1.1. 2. 1.3.  One  then  has  the  information  necessary  to  solve  the 
Maxwell  equations 

"otf+Vxt_0  <l5> 

-e  |f  +  V  x  ft  -  3°+  of  (20) 

o  dt 
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Eq.(19)  indicates  that  3H/3t  is  zero  if  Vxe  is  zero.  Thus,  the  magnetic 
field  will  remain  at  its  initial  value  (usually  assumed  to  be  zero)  if  the 
electric  field  is  curl-free.  The  spherically  symmetric  geometry  is  one 
such  case.  For  this  case,  VxH  ■  0  in  (20),  and  if  ^has  only  a  radial 
component  centered  at  the  burst  location,  then  (20)  becomes 

3E 

S  ar  +  oEr-  -  4  (21) 

Note  that  in  this  case  the  electric  field  is  purely  radial  and  non-zero 
only  within  the  source  region  where  J^is  non-zero. 

The  solution  of  (21)  is  easy  to  understand.  At  early  times,  J^.  and  o 
begin  at  arbitrarily  small  values,  and  increase.  Therefore,  Eralso  begins 
at  arbitrarily  small  values.  Thus  at  sufficiently  early  times,  the  term 
oEr±s  negligible.  In  this  time  regime,  the  solution  of  (21)  is 


E  * 
r 


JCdt 

r 


(22) 


Q 

which  indicates  that  Jr  is  creating  the  electric  field  Erin  space,  which  will 

c 

rise  exponentially  if  Jr  does.  At  some  time,  the  conduction  current  oEr 
may  become  comparable  to  the  displacement  current  eo3Er/3t.  If  after 
this  time  we  neglect  the  latter,  we  obtain 


E  * 


r 


E 


s 


(23) 


From  (3)  and  (18)  we  see  that  E  is  independent  of  the  dose  rate  D  .since 

s  e 

J^and  o  are  proportional  to  D^.  Thus  E^becomes  constant  at  the  saturated 

value  E  . 
s 

From  (3)  and  (18)  we  find 


— 2x10  ^(a  +  k1)(sec  ^) 
m  /  1 


(24) 
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8  4 
With  a  ■  2  x 10  (not  atypical) ,  this  formula  gives  E  ■  6  x  10  V/m  at  sea 

8  A  s 

level  where  k.  “  1 x 10  ,  and  E  ■  4  x 10  V/m  at  higher  altitudes  wnere  k, 

X  s  1 

is  negligibly  small  compared  with  a. 

After  the  gamma  pulse  and  the  Compton  current  reach  their  peaks,  the 

value  of  a  effectively  goes  to  zero.  Eq.(24)  indicates  that  E  will  then 

4  s 

fall  to  about  2  x  10  V/m  at  sea  level.  The  displacement  current  remains 

negligible,  and  E  follows  E  .  At  sea  level,  within  some  kilometers  from 

the  nuclear  burst,  this  value  is  maintained  for  some  tens  of  ys,  after 

which  the  dominance  of  ion  conductivity  causes  E^to  fall  gradually, 

approximately  as  This  behavior  can  be  deduced  from  the  approximate 

solutions (13)  and  (3). 

It  should  again  be  -noted  that  for  the  spherically  symmetric  geometry 
just  considered,  there  are  no  radiated  EMP  fields  (i.e.,  no  fields  beyond 
the  source  region).  If  radiated  EMP  signals  are  to  be  created,  there  must 
be  some  asymmetry  in  the  source  current  distribution.  The  magnitude  and 
time  history  of  radiated  EMP  signals  can  be  very  sensitive  functions  of 
the  source  asymmetry;  thus,  much  of  the  early  work  on  the  physics  of  EMP 
was  aimed  at  determining  the  most  important  sources  of  asymmetry. 

1 . 1 . 2 . 2  Types  of  Electromagnetic  Pulse 

1.1. 2. 2.1  EMP  From  High-Altitude  Bursts 

One  important  type  of  EMP  is  generated  by  a  nuclear  burst  above 
the  atmosphere  at  altitudes  of  100  kilometers  or  greater.  In  this  case 
the  prompt  gamma  output  is  the  most  important  radiation  source  since 
these  gammas  will  penetrate  farthest  into  the  atmosphere. 

As  indicated  in  Fig.  4,  the  downgoing  gammas  will  begin  to  interact 
appreciably  with  the  air  at  altitudes  between  40  and  20  kilometers  creating 
a  Compton  current  in  this  EMP  source  region.  The  Compton  current  has  two 
components.  First,  the  component  in  the  direction  radial  from  the  burst 
produces  principally  a  radial  electric  field.  However,  since  only  part 
of  the  gamma  shell  intersects  the  atmosphere,  we  do  not  have  complete 
spherical  symmetry.  Thus  some  transverse  fields,  principally  of  electric - 
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Fig.  4.  Schematic  representation  of  high-altitude  EMP  generation. 


dipole  type,  are  generated  by  the  radial  current.  Second,  the  geomagnetic 
field  causes  the  Compton  current  to  have  a  transverse  component  perpendi¬ 
cular  to  the  radial  direction.  This  component  directly  generates  outgoing 
and  ingoing  transverse  fields,  principally  of  magnetic-dipole  type.  It  is 
this  turning  of  Compton  electrons  in  the  earth's  magnetic  field  that  creates 
the  very  large,  early-time  peak  in  the  EMP  signal  from  a  high-altitude  burst. 
This  mechanism  was  not  anticipated  prior  to  the  1962  nuclear  test  series. 

As  a  result,  many  attempted  EMP  measurements  were  driven  off-scale.  This 
magnetic-dipole  signal  was  first  explained  by  Longmire,  and  Karzas  and 
Latter  [7]  in  1964. 

From  a  simple  point  of  view,  the  large  magnetic-dipole  signal  is 
due  primarily  to  the  fact  that  the  Compton  source  current  moves  radially 
outward  at  the  speed  of  light.  The  net  result  is  that  the  fields  radiated 
by  the  various  current  elements  (as  shown  in  Fig.  5)  will  add  in  phase, 
resulting  in  a  large  total  signal.  The  situation  is  similar  to  a  phased 
array  of  antennas. 
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Fig.  5.  Diagram  indicating  the  current  elements  due  to  geomagnetic  turning 
and  how  they  add  in-phase  to  give  a  large  outgoing  wave. 


Because  there  has  been  a  good  deal  of  misunderstanding  about  the 
various  aspects  of  high-altitude  BMP,  it  is  useful  to  give  a  brief  mathe¬ 
matical  explanation  of  the  phenomenon.  For  simplicity,  consider  a  planar 
pulse  of  gamma  rays  approaching  a  flat  earth  with  a  flat  exponential 
atmosphere  from  the  vertical  direction.  Let  the  vertical  coordinate  z 
increase  downward,  i.e.,  z  is  essentially  the  same  as  the  radial  coordinate 
from  the  burst,  which  is  imagined  to  be  very  far  away.  Let  the  geomagnetic 

field  be  in  the  y-direction,  so  that  the  Compton  current  will  have  components 

c  c 

Jz  and  Jx>  We  will  have  field  components  Ez>  and  H^,  which  depend  only 
on  z  and  t.  Maxwell’s  equations  become 


3H  9E 

y  x 

U  *s — *  —  -s - 

3t  3z 


(25) 


3E  3H 
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e  -r—  +  aE  +  Jc  -  0 
o  3t  z  z 

(27) 

It  is  now  convenient  to  transform  variables  to  retarded 
and  incoming  fields  F  and  G,  where 

time  t  and  outgoing 

H 

■ 

O 

rt 

1 

N 

(28) 

F  -  E  +  Z  H 
x  o  y 

(29) 

G  -  E  -  Z  H 
x  o  y 

(30) 

where  ZQ  is  the  impedance  of  free  space.  Thus 

Ex  -  (F  +  G)/2 

(31) 

Hy  -  (F-G)/(2Zq) 

(32) 

and  under  the  retarded-time  transformation,  the  partial 
replaced  by 

derivatives  are 

13  3 

— - ►  — 

c  3t  3t 

(33) 

j> _ 3_  3_ 

3z  3z  3t 

(34) 

As  a  result  of  these  transformations,  Maxwell's  equations  become 
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It  is  to  be  noted  that  the  differential  equation  for  E  is  uncoupled 

from  the  other  field  components  and  that  this  equation  has  the  same  form 

as  the  spherically  symmetric  field  equation  treated  in  Sec.  1.1. 2. 1.4. 

The  nature  of  the  solution  is  thus  the  same  as  was  previously  discussed. 

At  early  times,  Ez  is  proportional  to  the  time  integral  of  J^,  and  if  the 

total  charge  displacement  is  sufficient,  E  saturates  at  the  value  -JC/cr. 

z  z 

The  condition  that  saturation  be  reached  while  the  Compton  current  pulse 
is  still  rising  as  eat  is  that  the  peak  conductivity  reach  the  value 


a  >.  eQa  K  10”^mho/ra  (38) 

g 

Here  we  have  used  a  a  10  /sec.  Using  (18)  as  an  estimate,  we  find  that 

9 

dose  rates  of  about  10  rads/sec  are  needed  to  produce  saturation  of  the 
radial  electric  field.  For  a  nominal  1-megaton  burst,  saturation  would 
occur  only  within  slant  distances  of  about  50  km  between  the  burst  point 
and  the  EMP  source  region.  We  will  see  that  it  is  much  easier  to  saturate 
the  outgoing  field  F. 

Now  assume,  as  will  be  verified  later,  that  G  is  small  compared  with 

F.  One  can  thus  neglect  the  oZqG  term  in  (35).  When  this  term  is  dropped, 

the  equation  for  F  has  the  same  form  as  the  equation  for  E  just  discussed 

z 

except  that  the  derivative  is  with  respect  to  distance  z  rather  than  the 
retarded  time  t.  Thus,  for  small  o. 


F(z,t) 


J^(z’ ,r)dz' 


while  if  a  is  large  enough,  F  will  saturate  at  the  value 


F  - 


(39) 


(40) 


Q 

In  an  exponential  atmosphere,  both  and  a  increase  as  exp(z/h) ,  where 
h  is  the  atmospheric  scale  height.  Saturation  will  thus  occur  when 
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(41) 


2  „-6 

a  >  =—r  “  10  mho/m 
L  n 
o 

This  is  much  smaller  than  the  value  needed  to  saturate  Ez  as  given  in  (38) . 
One  can  see  that  the  transverse  field  will  saturate  at  distances  some  30 
times  farther  from  a  burst  than  the  radial  field,  or  up  to  1500  km  for  a 
nominal  1-megaton  burst. 

The  reason  F  is  more  easily  saturated  than  is  that  F  integrates 

over  a  scale  height,  while  E  integrates  JC  over  the  rise  time  multiplied 

z  z 

by  c.  The  latter  distance  is  of  the  order  of  a  few  meters,  while  the 

former  is  about  7  km.  It  is  for  the  same  reason  that  G  is  small  compared 

with  F  as  is  indicated  by  (36)  that  G  integrates  in  time.  Moreover, 

once  F  saturates,  the  source  term  Z  Jc/2  +  aZ  F/4  effectively  vanishes  in 

OX  o 

the  G-equatlon.  In  this  regime  the  outgoing  wave  F  induces  a  conduction 
current  which  effectively  cancels  J^,  leaving  no  net  current  to  drive 
ingoing  waves.  The  smallness  of  the  Incoming  wave  G  compared  with  the 
outgoing  wave  F  implies  that 


E 
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so  that  (35)  is  approximately 
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(43) 


This  equation,  which  is  known  as  the  outgoing-wave  approximation  or  the 
high-frequency  approximation,  is  the  basic  equation  of  high-altitude  EMP 
theory.  It  was  derived  in  Cartesian  coordinates  (as  here)  by  Longmire  in 
1963,  while  the.  equivalent  expression  in  spherical  coordinates  was  presented 
by  Karzas  and  Latter  in  1964  [7]. 


The  behavior  of  the  solution  of  (43)  for  Ex  is  the  same  as  that  dis¬ 
cussed  above  for  F.  For  a  given  retarded  time  t,  F.  increases  as  exp(z/h) 
at  very  high  altitudes.  If  the  source  is  sufficiently  strong,  E^  will 
saturate  at 


a 


-  -  :  E 


6  x  10  V/m 


(44) 


and  remains  saturated  until  the  wave  reaches  an  altitude  below  about 

c 

30  km  where,  due  to  absorption  of  the  gammas,  both  cr  and  fall  away. 
Below  this  altitude,  called  the  altitude  of  desaturation,  (43)  indicates 
that  3E  /3z  “  0,  or  E  “  constant;  the  EMP  propagates  as  a  free  wave. 

X  X 

Actually,  of  course,  Ex  will  fall  as  1/r. 

c 

At  very  early  retarded  times,  J  and  a  are  very  small  and  saturation 
does  not  occur  at  all.  The  rise  of  the  final  EMP  is  similar  to  the  rise 
of  the  Compton  current  before  saturation.  The  duration  of  the  final  EMP 
is  not  longer  than  the  duration  of  the  Compton  current  pulse  at  the 
desaturation  altitude. 

Many  details  of  high-altitude  EMP  theory  neglected  in  the  above 
discussion  have  been  studied  over  the  years  and  no  serious  problems  with 
the  high-frequency  approximation  have  been  discovered.  Both  detailed 
numerical  [25]  and  theoretical  [26]  studies  have  been  carried  out. 

1.1. 2. 2. 2  EMP  From  Surface  Bursts 

For  a  nuclear  burst  in  the  air  just  above  the  ground  or  ocean 
surface,  a  Compton  current  density  and  air  conductivity  are  produced 
as  described  previously.  In  this  case,  however,  the  source  region  is 
primarily  hemispherical,  since  radiation  created  by  the  burst  will  not 
appreciably  penetrate  into  the  earth  below  the  burst  point.  Also,  soil 
conductivities  are  of  the  order  of  10  mho/m  and  the  ocean  conductivity 
is  about  4  mho/m.  These  values  are  higher  than  the  air  conductivities 
over  most  of  the  EMP  space-time  source  region.  Thus,  the  ground  shorts 
out  the  radial  electric  field  near  it,  and  is  often  approximated  by  a 
perfect  conductor.  The  net  result  is  that  a  radially  directed  Compton 
current  is  generated  in  the  hemisphere  above  the  ground,  resulting  in  a 
radial  electric  field  as  discussed  in  Sec.  1.1. 2. 1.4.  The  asymmetry 
introduced  by  the  ground,  however,  creates  transverse  field  components 
which  can  radiate  to  distances  large  compared  to  dimensions  of  the 
source  region. 

One  simple  model  for  understanding  surface-burst  EMP  is  illustrated 
in  Fig.  6.  The  net  effect  (ignoring  retardation)  of  radially  directed 
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Fig.  6.  Surface  burst  geometry  showing  Compton  electrons  and  net  current 
density,  Radiated  fields  are  approximately  proportional 

to  dJ^  / dt  (electric-dipole  fields). 


current  densities  over  a  hemisphere  is  a  composite  current  perpendicular  , 
to  the  ground.  This  current  is  just  proportional  to  the  time  derivative 
of  an  effective  electric  dipole  moment.  The  radiated  fields  seen  by  a 
distant  observer  can  thus  be  approximated  by  the  radiated  fields  of  an 
electric  dipole,  and  is  proportional  to  the  second  time  derivative  of 
the  dipole  moment  (i.e.,  the  first  time  derivative  of  the  net  current). 

Another  simple  model  useful  for  understanding  how  a  surface  burst 
generates  close-in  magnetic  fields  is  illustrated  by  the  toroidal  geometry 
shown  in  Fig.  7.  As  noted  previously,  when  the  burst  occurs,  Compton 
electrons  flow  radially  away  in  the  air  creating  a  charge  displacement. 
Because  of  the  relatively  large  ground  conductivity,  equilibrium  near 
the  ground/air  interface  will  be  established  by  conduction  current  (oE) 
flow  through  the  ground.  The  net  result  is  a  toroidal  positive  current 
flow  toward  the  burst  point  in  the  air  and  away  from  the  burst  in  the 
ground.  It  is  clear  that  this  toroidal  current  flow  will  create  a  strong, 
azimuthal  magnetic  field  near  the  air/ground  interface. 

A  basic  theory  of  ground-burst  EMP,  including  most  of  the  important 
physical  mechanisms,  was  presented  by  Longmire  in  1963.  More  detailed 
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burst  ground 

Fig.  7.  Surface-burst  geometry  at  intermediate  times  when  Compton 
electrons  created  near  the  ground  flow  back  to  the  burst 
through  the  highly  conducting  ground,  creating  a  toroidal 
current  loop.  Both  Compton  currents  and  conduction  currents 
are  nearly  radial  close  to  vertical  axis. 

analytical  treatments  and  complex  numerical  calculations  have  since  been 
carried  out,  and  a  complete  theory  is  obviously  quite  complicated.  Thus, 
only  a  br-lef  outline  of  parts  of  the  physics  of  ground-burst  EMP  will  be 
sketched  i.  the  following  paragraphs. 

The  surface-burst  EMP  can  be  understood  in  terms  of  three  phases. 
The  first  is  the  wave  phase,  in  which  the  conduction  current  is  small 
compared  with  the  displacement  current.  This  phase  corresponds  to  the 
time  before  saturation  and  Maxwell’s  equations  ere  approximately  linear 
in  this  phase.  The  diffusion  phase  is  entered  at  saturation,  when  the 
conduction  current  exceeds  the  displacement  current  and  the  latter  can 
be  neglected.  During  this  phase,  the  return  conduction  current  (which, 
in  the  spherically  symmetric  case,  tries  to  cancel  the  Compton  current) 
shifts  to  the  ground  from  the  air  just  above  it.  Thus  current  loops 
are  formed  and  an  azimuthal  magnetic  field  is  produced  near  the  ground 
surface.  This  field  diffuses  up  into  the  air  and  down  into  the  ground 
by  the  familiar  skin  effect  process.  When  the  skin  depth  in  the  air 
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reaches  to  an  angular  elevation  of  about  1  radian  (referred  to  the  burst 
point),  the  diffusion  is  completed  and  the  final,  quasi-static  phase  is 
entered.  During  this  final  phase  the  induction  (transverse)  part  of  the 
electric  field  is  small  compared  with  the  electrostatic  (longitudinal) 
part,  and  the  Compton  and  conduction  currents  are  approximately  in  steady 
balance. 

In  mathematical  terms,  these  various  phases  can  be  understood  by 
considering  a  spherical  coordinate  system,  centered  at  the  burst  with 
the  polar  axis  perpendicular  to  the  air/ground  interface.  In  the  air. 
Maxwell's  two  time-dependent  equations  reduce  to 
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During  the  early-time  wave  phase,  it  is  convenient  to  transform  these 
equations  to  retarded  time  and  introduce  outgoing  and  incoming  fields,  as 
was  done  for  the  high-altitude  EMP  case.  As  before,  the  incoming  field  G 
is  small  compared  to  the  outgoing  field  F,  and  at  early  times  the  conduc¬ 
tion  current  OE  is  small  compared  to  the  displacement  current.  One  can 
thus  obtain  the  approximate  wave-phase  equations  to  be 
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where 


r  +  0  F  =  r 

3r  2  r  36 
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J 0  has  been  assumed  to  be  small  compared  to  Jr,  and  sin  6  has  been  replaced 

by  unity  since  Fr  is  confined  to  angles  near  the  ground  surface. 

An  examination  of  these  equations  Indicates  that  the  outgoing  vave 
is  confined  to  a  region  near  the  alr/ground  interface  (since  SEr/30  is 
largest  there)  and  the  field  produced  near  the  ground  spreads  upward  as 
it  propagates  outward. 

At  somewhat  later  times,  during  the  diffusion  phase,  it  is  convenient 
to  return  to  the  real-time  equations  (45)  -  (47).  During  this  phase,  the 
conductivity  has  become  large  enough  that  the  time-derivative  terms  in 
(46)  to  (47)  can  be  dropped  (i.e.,  the  displacement  current  is  much 
smaller  than  the  conduction  current) .  Since  the  magnetic  field  is 
confined  to  points  near  the  ground  surface,  one  can  introduce  the  local 
vertical  coordinate  z  “  r(ir/2  -  0) .  Eqs.  (45)  and  (47)  can  then  be  combined 
to  give 

yo  at1  “  li  (t)+  h  (a  H<f>)  (52) 

Note  that  this  equation  is  just  the  standard  diffusion  equation  for 
the  skin  effect  which  can  be  solved  under  various  assumptions  for  the  time 
dependence  of  a,  and  hence  the  name  "diffusion  phase." 

Rather  than  investigate  the  diffusion  phase  by  directly  studying  (52), 
a  somewhat  more  intuitive  approach  using  the  geometry  shown  in  Fig.  8  will 
be  taken.  If  one  ignores  the  displacement  current,  then 

Vxh  -  J  (53) 

where  ?  includes  both  the  Compton  and  conduction  current.  The  integral 
form  of  this  equation,  using  Stokes'  law,  is 

J.dS  (54) 
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Fig.  8.  Geometry  for  estimating  surface-burst  magnetic  fields. 


One  can  choose  the  line  Integral  to  be  at  a  constant  radius  r  and  the 
surface  S  to  be  on  the  air/ground  interface.  One  then  obtains 


2TrrH,  -  rr2J  (55) 

<p  n 

where  J  is  the  normal  current  density  through  the  air/ground  interface. 
Thus 


I 

2-nv 


(56) 


where  I  is  the  total  current  flowing  normally  through  the  surface.  Hence, 
the  magnetic  field  at  a  given  radius  can  be  found  from  a  knowledge  of  the 
total  current  flowing  vertically  through  the  surface  inside  that  radius. 

One  can  estimate  the  total  current  through  the  ground  in  the  following 
manner.  Consider  the  wedge  shown  in  Fig.  8  through  which  the  Compton 
current  flows  to  reach  an  observer  at  radius  r.  Assume  that  a)l  currents 
within  a  skin  depth  of  the  surface  flow  back  through  the  ground  and  that 
all  currents  abcvt  this  flow  back  radially.  If  there  is  no  charge  build¬ 
up,  the  total  vertical  current  will  then  equal  the  total  current  through 
the  right-hand  vertical  end  of  the  wedge,  i.e., 

I  -  2ur6Jc  (57) 
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and 


H  -  <SJ 


(58) 


where  J  is  the  Compton  current  at  radius  r  and  the  skin  depth  5  of  a 
plasma  is  given  by 


fi  “  /2/o)P0cr 


where  u>  is  the  frequency  of  an  oscillatory  waveform. 


(59) 


at 


At  early  times  one  often  assumes  that  the  current  rises  as  e  .  A 
characteristic  skin  depth  is  then 


and 


S  **  /2/au  o 
o 


(60) 


(61) 


Since  a  and  J1"  are  both  rising  as  eat,  it  follows  from  (61)  that 


H  >  ~  e 

At  later  times,  one  can  assume 


at/2 


(62) 


5  ~  /t/a 


(63) 


so  that 


H  ,  ~  J  /t  Jo 


(64) 


This  last  expression  is  useful  since  J  /a  is  just  the  saturated  electric 
field,  which  is  approximately  a  constant.  Thus,  the  time  history  of  H, 

d> 

in  this  regime  depends  upon  /at.  The  peak  H,  will  then  occur  near  the 

v 

peak  of  the  gamma  pulse  and  Compton  current.  After  the  peak,  H,  varies 
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In  the  quasi-static  phase,  the  divergence  of  the  total  current 
density  must  vanish,  and  E  must  be  derivable  from  a  potential  <j>  which 
must  satisfy 

7  •  (a74>)  -  7*3°  (65) 


Longmire  has  shown  that  the  solution  of  this  problem  is  such  that  the 
electric  field  and  the  conduction  current  are  very  nearly  in  the  6 
direction.  Thus  while  the  Compton  current  flows  outward  radially, 
the  return  conduction  current  flows  down  to  the  ground  in  the  0 
direction. 

We  have  not  discussed  here  the  EMP  problem  in  the  ground,  which 
is  dominated  by  conductivity  [27,28].  Soil  conductivities  and  permit¬ 
tivities  typically  vary  substantially  with  frequency  and  the  water 
content  of  the  soil. 

1 . 1 . 2 . 2 . 3  EMP  From  Low-Altitude  Bursts 

For  low-altitude  nuclear  bursts,  the  basic  physics  of  EMP  generation 
is  quite  similar  to  the  mechanisms  already  discussed  —  the  geometry  and 
relative  timing  of  the  various  effects  are  more  complicated,  however. 

For  higher  bursts  (e.g.,  30-50  km)  the  geomagnetic  turning  signal 
will  be  important,  as  it  is  for  high-altitude  bursts.  However,  as  the 
altitude  of  the  burst  decreases,  the  magnitude  of  the  geomagnetic  turning 
signal  also  decreases  because  the  increasing  air  density  decreases  Compton 
electron  ranges  and  lifetimes.  The  air  density  gradient  will  still  give 
an  electric-dipole  EMP  following  the  magnetic-dipole  signal. 

At  lower  altitudes,  the  magnetic  turning  effects  are  small  and  the 
weak  electric  dipole  source  caused  by  the  air  density  gradient  becomes 
the  dominant  radiation  mechanism.  As  the  burst  altitude  is  lowered 
still  further,  the  gamma  deposition  region  begins  to  intersect  the 
ground,  and  the  situation  is  similar  to  the  ground-burst  case  discussed 
previously. 
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The  nature  of  low-altitude  EMP  thus  changes  from  nearly  a  high- 
altitude  EMP  signal  to  a  ground-burst  signal  as  the  altitude  of  the 
burst  is  lowered.  As  this  transition  is  made,  the  magnitude  of  the 
radiated  EMP  becomes  quite  small.  Low-altitude  effects  are  thus  often 
ignored  in  favor  of  the  more  severe  system  threats  posed  by  the  high- 
altitude  or  ground-burst  signal. 

1.1. 2. 2. 4  Dispersed  EMP 

The  term  "dispersed  EMP"  (DEMP)  has  been  applied  to  describe  xbe 
case  where  the  radiated  signal  from  a  high-altitude  nuclear  burst  misses 
the  earth  (e.g. ,  when  the  ray  is  tangent  to  the  earth's  surface)  and 
travels  out  into  space  after  traversing  the  ionosphere.  Since  the  iono¬ 
sphere  is  a  dispersive  medium  (i.e.,  different  frequencies  will  travel 
at  different  velocities) ,  the  dispersed  pulse  leaving  the  ionosphere  will 
be  considerably  different  from  the  pulse  entering.  Calculations  show 
that  a  monopolar  high-altitude  EMP  signal  will  be  converted  to  a  much 
longer  pulse  that  resembles  a  swept  CW  waveform  [29], 

1.1. 2. 2. 5  MHD  EMP 

Thus  far,  all  of  the  various  types  of  EMP  discussed  have  resulted 
in  early-time  signals  with  characteristic  times  related  to  the  radiation 
output  of  the  nuclear  device  (i.e.,  milliseconds  or  less).  Electromagnetic 
signals  are  also  generated  at  much  later  times  (tens  of  seconds  after  the 
burst)  due  to  the  hydromagnetic  motion  of  the  atmosphere  and  device  debris. 
For  simplicity,  all  such  very  late-time  EMP  signals  are  referred  to  here 
as  magnetohydrodynamic  electromagnetic  pulse  (MHD  EMP). 

A  simple  explanation  which  illustrates  the  basic  ideas  of  MHD  EMP 
is  known  as  the  magnetic  bubble  model.  A  nuclear  burst  will  ionize  the 
region  of  air  surrounding  it.  This  highly  ionized  region  will  also  be 
heated  and  thus  rise  and  expand  as  time  progresses,  according  to  the 
laws  of  hydrodynamics.  Because  it  is  highly  conducting,  this  "bubble" 
will  also  force  out  any  nearby  geomagnetic  field  lines  as  it  expands. 

A  simple  calculational  model  is  thus  a  perfectly  conducting  sphere  with 
a  time  varying  radius  immersed  in  the  earth's  magnetic  field.  The  net 


effect  is  a  change  in  the  electromagnetic  field  due  to  the  earth's  magnetic 
field  being  pushed  out. 

This  mechanism  for  generating  EM  signals  has  been  postulated  for  some 
time  [6] .  Current  theories  are  more  complex  and  include  such  effects  as 
motion  of  regions  of  the  ionosphere.  In  any  case,  it  appears  that  the 
resulting  fields  are  quite  low  but  they  can  exist  over  long  time  periods 
and  large  areas.  There  has  thus  been  some  recent  concern  with  coupling 
to  very  long  communication  lines.  Work  on  detailed  MHD  EMP  calculations 
is  presently  underway. 

1.1. 2. 2. 6  SGEMP/IEMP 

System-generated  EMP  (SGEMP)  and  internal  EMP  (IEMP)  differ  from 
other  types  of  EMP  previously  discussed  in  that  the  current  densities 
that  drive  the  Maxwell  equations  are  created  by  the  interaction  of  the 
incident  radiation  (X-rays  or  gamma  rays)  with  the  system  itself,  rather 
than  air  or  ground  near  the  burst.  The  system  of  interest  whether  a 
satellite,  missile,  or  ground  vehicle,  must  therefore  be  close  enough 
to  the  burst  to  intercept  some  of  the  emitted  radiation. 

One  common  example  is  an  orbiting  satellite  within  a  direct  line- 

of-sight  of  an  exoatmospheric  nuclear  burst  [30],  In  this  case  the  only 

-2 

radiation  attenuation  is  the  r  geometric  fall-off  and  X-rays  will  be 
the  dominant  source  of  electron  emission  from  external  surfaces  of  the 
satellite.  The  radiation  will  also  penetrate  the  structure,  and  both 
X-rays  and  y-rays  will  create  free  electrons  inside  the  satellite. 

Because  source  currents  can  be  generated  anywhere  within  the  system, 
simple  hardening  concepts  such  as  external  electromagnetic  shielding  may 
be  much  less  effective  than  for  other  types  of  EMP. 

A  detailed  discussion  of  the  physics  of  SGEMP/IEMP  would  be  too 
lengthy  to  include  here.  Calculated  fields,  currents  and  charges  tend 
to  be  very  system-specific  and  highly  dependent  upon  assumed  parameters 
of  the  incident  radiation.  General  comments  are  thus  difficult  to  make. 
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One  point  that  should  be  made,  however,  is  that  SGEMP  calculations 
often  require  a  self-consistent  treatment  for  the  current  densities  used 
to  drive  Maxwell's  equations.  Here  "self-consistent"  means  that  the 
effects  of  the  respiting  electromagnetic  fields  on  the  subsequent  motion 
of  electrons  which  make  up  the  source  current  density  must  be  included. 

The  driving  current  density  is  thus  coupled  to  the  resulting  fields,  making 
the  problem  highly  non-linear.  This  self-consistent  effect  is  especially 
important  for  SGEMP  because  many  of  the  electrons  are  produced  by  incident 
X-rays  and  thus  have  low  energies  [31].  The  motion  of  these  low-energy 
photoelectrons  is  more  easily  influenced  by  the  fields  than  higher-energy 
Compton  electrons  produced  by  incident  gammas.  Note  that  for  other  types 
of  EMP,  self-consistent  effects  are  usually  a  minor  correction  but  for 
SGEMP  such  effects  may  be  dominant. 

1.1. 2.3  Calculational  Techniques 

1.1. 2. 3.1  Analytical  Methods 

Analytical  methods  are  quite  useful  for  gaining  a  general  under¬ 
standing  of  a  phenomenon  and  for  determining  just  what  parameters  are 
important.  Approximate  analytical  techniques  have  thus  been  used  previously 
to  explain  the  basic  physics  of  different  types  of  EMP.  Such  methods  as 
variable  transformations  and  ignoring  certain  terms  in  differential 
equations  have  been  used  to  make  the  problem  tractable  and  to  identify 
the  phases  of  the  problem  when  certain  physical  effects  are  dominant. 

As  with  most  areas  of  physics,  however,  purely  analytical  techniques 
are  limited  in  terms  of  the  complexity  of  the  problems  which  are  soluble. 
Problems  for  which  analytical  solutions  can  be  found  are  often  far  from 
realistic. 

In  the  case  of  EMP,  the  combined  set  of  differential  equations  used 
to  describe  the  Compton  source  current,  the  air  chemistry,  and  the  resulting 
electromagnetic  fields  is  obviously  quite  complex  and  complete  analytical 
solutions  can  be  found  for  such  simple  cases  as  those  with  spherical  symmetry 

1.1. 2. 3. 2  Numerical  Methods 

An  alternative  to  analytical  solutions  is  the  use  of  numerical  methods. 
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Numerical  techniques  using  large,  fast  computers  enable  one  to  calculate 
the  response  of  models  which  are  much  more  realistic  than  can  be  treated 
with  purely  analytical  methods.  Computer  calculations  can  be  thought  of 
as  "numerical  experiments."  These  "experiments"  can  be  complicated  and 
involved,  depending  upon  the  degree  of  realism  desired.  Numerical  calcu¬ 
lations  can  have  the  disadvantage  of  generating  massive  amounts  of  output 
data.  Checking  and  understanding  such  results  can  be  a  difficult  and 
time-consuming  task.  Errors  are  thus  easily  made  and  results  are  often 
misinterpreted . 

Work  on  EMP  computer  codes  started  at  about  the  same  time  as  the 
detailed  analytical  studies  did  [32,33].  The  early  work  and  almost  all 
subsequent  numerical  studies  have  been  based  on  finite-difference 
equivalents  of  the  various  differential  equations  presented  earlier. 

EMP  codes  are  thus  typically  based  on  some  time-stepping  procedure 
combined  with  a  spatial  grid.  Sometimes  one  spatial  dimension  is 
suppressed  by  expansion  techniques,  e.g.,  using  spherical  harmonics  to 
represent  the  angular  dependence  of  a  spherical  geometry.  Such  time- 
domain,  finite-difference  calculations  make  good  sense  when  one  remembers 
that  the  source  current  densities  and  the  conductivities  used  in  Maxwell's 
equations  are  strong  functions  of  space  and  time.  In  fact,  the  rapid 
variation  of  such  functions  near  the  gamma  wave  front  makes  it  often 
advisable  to  finite-difference  the  retarded-time  equations,  rather  than 
to  work  in  real  time.  It  has  been  discovered,  however,  that  numerical 
solutions  in  retarded  time  can  have  stability  problems  [34]  that  require 
special  numerical  techniques. 

Such  EMP  computer  codes  have  been  used  to  investigate  the  accuracy 
of  various  approximations  made  in  analytical  investigations.  For  example, 
the  CHAP  code  has  tested  the  accuracy  of  the  high-frequency  approximation 
(43)  by  including  the  ingoing  wave  in  Maxwell's  equations.  Computer 
results  show  that  the  high-frequency  approximation  is  indeed  usually 
valid.  Code  calculations  have  also  included  detailed  radiation  sources, 
the  full  set  of  air  chemistry  equations.  X-ray  in  addition  to  gamma  ray 
effects,  and  self-consistent  source  current  calculations.  These  effects 
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do,  of  course,  change  the  details  of  the  EMP  signal  produced.  In  general, 
however,  such  numerical  studies  have  verified  the  overall  accuracy  of  the 
general  picture  presented  here. 

Computer  calculations  also  have  certain  limitations.  Reasonable 
amounts  of  computer  time  and  storage  allocations  mean  that  most  EMP 
environment  calculations  assume  a  two-dimensional  spatial  geometry. 

Running  such  time-stepping  codes  to  late  times  can  also  be  a  problem 
because  of  stability  and  accuracy  limitations. 

1.1. 2. 3. 3  Comparison  of  Theory  With  Data 

In  the  1962  high-altitude  test  series  there  was  at  least  one  successful 
measurement  of  the  high-altitude  EMP  waveform.  The  measurement  was  made 
by  Wakefield  of  Los  Alamos  Scientific  Laboratory,  The  result  is  shown  in 
Fig.  9  along  with  a  calculated  EMP  waveform  and  the  same  waveform  after 


Fig.  9.  Comparisons  of  experimental  and  theoretical  EMP  waveforms. 
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being  convolved  with  the  instrumentation  response  function.  The  agreement 
between  the  two  waveforms  is  fairly  good,  considering  that  the  instrumenta¬ 
tion  response  function  is  somewhat  uncertain.  Existing  ground-burst  EMP 
data  also  appears  to  be  consistent  with  analytical  and  numerical  predictions. 
The  agreement  between  theory  and  measured  data  tends  to  indicate  that  our 
understanding  of  the  physics  of  EMP  is  reasonably  well  developed. 

1 . 1 . 2 . 3 . A  Unknowns 

Although  the  overall  physics  of  EMP  is  fairly  well  understood,  there 
are  still  areas  of  uncertainty.  Also,  specific  system  vulnerability  issues 
are  continually  resulting  in  the  need  for  further  environment  calculations 
and  increased  accuracy. 

Among  the  major  unknowns  at  the  present  time  are  certain  details  of 
air  chemistry  reaction  rates,  the  nature  of  late-time  radiation  sources, 
and  the  entire  problem  of  late-time  (i.e.,  times  greater  than  100  msec) 

EMP.  Research  into  these  areas  is  presently  underway. 
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CHAPTER  1.2 

TOPOLOGICAL  DECOMPOSITION  OF  SYSTEMS 


The  EMP  analysis  of  a  large  system  is  complicated  by  not  only  the 
physical  and  electrical  complexity  of  the  system  but  also  the  electrical 
properties  of  many  system  components  that  are  not  well  understood 
throughout  the  EMP  spectrum.  To  carry  out  the  analysis  it  is  often 
convenient  conceptually  to  define  a  series  of  transfer  functions  (or, 
more  precisely,  operators)  which  relate  the  incident  EMP  signal  to  a 
response  somewhere  within  the  system. 

One  approach  to  determining  these  transfer  functions  for  a  large 
system  is  to  subdivide,  if  possible,  the  system  into  a  number  of  smaller, 
less  complicated,  and  relatively  independent  pieces.  The  analyses  of 
these  smaller  independent  pieces  are  much  easier  to  carry  out,  and  the 
response  of  the  entire  system  may  then  be  constructed  from  the  analyses 
of  these  pieces. 

In  order  to  facilitate  the  partitioning  of  a  large  system  it  is 
convenient  to  view  the  entire  system  as  being  constructed  from  a  large 
number  of  conducting  surfaces  which  attenuate  or  shield,  to  a  certain 
degree,  the  incident  electromagnetic  wave  as  it  propagates  into  the 
system.  Thus,  it  is  helpful  to  have  a  description  of  the  electromagnetic 
shield  topology,  or  a  description  of  how  the  shielding  surfaces  of  the 
system  are  configured,  to  perform  such  a  decomposition  of  the  system. 

1.2.1  BASIC  DECOMPOSITION  CONCEPTS 

The  concept  of  shielding  topology (or  geometry)and  its  application 
to  EMP  analysis  has  been  described  in  a  number  of  reports  [1-4],  One 
first  defines  a  nui»  >c  :  of  shield  surfaces  through  which  EMP  energy 
penetrates  at  discrete  or  localized  areas.  The  most  obvious  of  such 
surfaces  is,  for  example,  the  exterior  skin  of  an  all-metal  aircraft 
with  its  windows,  skin  joints  and  antennas  being  points  for  energy 
penetration.  Upon  penetrating  this  outer  skin  additional  surfaces 
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may  be  encountered,  which  serve  to  further  enhance  the  shielding  of  the 
system.  Smaller  metallic  enclosed  areas  in  an  aircraft,  such  as  conduits 
and  equipment  housings,  are  examples  of  such  additional  surfaces.  Similarly, 
inside  these  surfaces,  another  conducting  surface  may  be  evident  in  the 
form  of  shielding  on  cables. 

For  each  of  these  surfaces  one  may  define  a  number  of  fundamental 
problems  for  the  determination  of  the  energy  penetration  into  and  through 
the  shielding  regions.  These  problems  include  field  penetration  through 
apertures,  direct  energy  propagation  along  insulated  conductors  piercing 
the  shield  and  diffusion  through  the  imperfectly  conducting  shield  surfaces. 
Similarly,  a  number  of  mechanisms  can  be  identified  for  energy  propagation 
within  a  particular  shielded  region.  For  this  internal  propagation  problem 
the  transmission-line  propagation  is  usually  the  most  important  mechanism. 

As  an  example  of  the  decomposition  of  a  large  problem  into  a  set  of 
smaller  problems,  consider  a  simplified  interaction  problem  of  a  cable 
located  inside  a  highly  conducting  shield  with  an  aperture  in  it  (Fig.  1). 


perfectly  conducting 


Fig.  1.  Simplified  internal  interaction  problem  with  one  port 
of  entry  for  EMP  energy. 


Note  that  the  shield  could  represent  the  skin  of  an  aircraft,  the  outer 
surface  of  a  shielded  room,  or  any  other  reasonably  well-shielded  region. 
The  steps  in  carrying  out  the  internal  interaction  analysis  depicted  in 
Fig.  1  are  solving  the  following  elementary  problems: 

(1)  Determine  the  equivalent  sources  within  the  aperture  in  terms 
of  the  surface  current  and  charge  densities  on  the  exterior 
surface  of  the  shield  with  the  aperture  completely  covered 

up  by  perfect  conductors.  To  do  this  often  requires  the 
assumptions  that  the  aperture  is  electrically  small  and  its 
dimensions  are  smaller  than  the  local  radii  of  curvature. 

(2)  With  the  equivalent  sources  determined  in  (1)  compute  the 
fields  within  the  cavity. 

(3)  From  the  cavity  fields  determine  the  voltage  and  current  sources 
exciting  the  cable. 

(4)  With  the  cable  sources  found  in  (3)  compute  the  distribution 
of  cable  currents  and  voltages. 

At  this  point,  it  may  be  necessary  to  repeat  steps  (1)  through  (4) 
if  the  cable  in  the  problem  happens  to  be  a  shielded  cable  with  additional 
conductors  within  the  shield. 

As  may  be  noted  from  this  example,  under  certain  assumptions  the 
overall  problem  may  be  broken  up  into  simpler,  independent  and  tractable 
pieces,  and  the  electromagnetic  geometry  or  topology  of  the  system  provides 
the  rationale  for  how  the  problem  should  be  subdivided.  It  should  be 
remembered,  however,  that  this  approach  of  treating  the  interaction  problem 
la  only  approximate. 

Once  each  of  the  subproblems  in  the  above  example,  i.e.  ((a)  relating 
the  incident  2^,3^  fields  to  the  outer  surface  charge  and  current,  (b) 
relating  the  cable  sources  to  a  voltage  or  current  (V,l)  on  the  cable  at 
a  particular  observation  point)  has  been  solved,  an  approximate  solution 
to  the  overall  problem  may  be  expressed  via  a  series  of  transfer  functions 
or  operators  as 
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which  may  be  written  as 


(V.I)  -(nzi  j  (^.H1)  (2) 

where  the  product  FI  is  over  all  the  Z's  comprising  the  path  taken  by  the 
EMP  energy.  Note  that  the  Z's  depend  on  the  location  as  well  as  the  nature 
of  the  source.  The  subscript  "ap"  serves  to  remind  one  of  the  fact  that 
the  point  of  entry  for  EMP  energy  is  the  aperture.  The  notation  (V,I) 
indicates  that  either  V  or  I  is  the  quantity  being  calculated. 

In  the  preceding  example  there  was  only  one  path  for  the  EMP  fields 
to  excite  the  cable.  In  an  actual  system,  hc^aver,  there  may  be  many 
parallel  paths  simultaneously  contributing  to  the  response  at  a  load. 
Consider  the  same  cavity/cable  problem  previously  examined,  but  now  with 
a  penetrating  conductor  (perhaps  an  antenna)  which  couples  additional 
energy  into  the  cavity,  as  illustrated  in  Fig.  2.  This  more  complex 


Fig.  2.  Simplified  internal  interaction  problem  with  two 
ports  of  entry  for  EMP  energy.  *‘s 


problem  can  be  solved  by  superimposing  the  result  for  the  aperture 
penetration  (path  1)  with  the  result  for  the  newly  added  coupling  path 
(path  2) .  Similarly,  the  latter  can  be  expressed  as 


n  Z 

i 


(t/ft1) 


(3) 


The  total  approximate  solution  for  the  two  linear, independent  paths  has 
the  form 


(V,I)  - 

( n  z  y  (e1,!!1) 

+ 

(  Hz  We1/) 

Li1/  J 

ap 

L''  i  1  J 

(4) 


This  concept  may  be  generalized  for  any  number  j  of  linear, indepen¬ 
dent  coupling  paths  to  the  following  relation 


(V,I) 


total 


l  (  IT  Z  )  •(E1,Hi) 

j  v  i  1  '  i 
path 


(5) 


In  the  preceding  examples,  three  basic  phenomena  have  been  illustrated. 
It  will  be  useful  to  summarize  these  here,  since  these  concepts  will  be 
employed  throughout  this  document.  The  first  phenomenon  is  coupling  of 
EMP  energy.  By  this  is  meant  the  determination  of  local  driving 
source  terms,  either  voltage  and  current  sources,  or  equivalently,  E 
and  H  which  induce  currents  and  charges  on  the  surface  of  a  shielded 
enclosure.  The  enclosure  may  be  the  skin  of  an  aircraft  with  the  exciting 
field  being  the  incident  EMP,  or  it  may  be  a  cable  shield  with  the  exciting 
field  being  a  cavity  field. 

The  second  concept  is  that  of  propagation.  This  refers  to  the  move¬ 
ment  of  the  induced  currents  and  charges  and/or  electric  and  magnetic 
fields  throughout  some  volume  or  shielding  layer.  Propagation  is  then 
the  solution  to  the  equations  in  response  to  the  coupling  sources. 

The  third  mechanism,  penetration,  relates  to  the  excitation  of  the 
interior  of  a  shielded  region  by  the  charges  and  currents  residing  on 
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the  exterior  surface  of  the  region.  These  currents  and  charges  may 
penetrate  the  surface  through  small  apertures,  penetrating  conductors 
or  by  diffusion.  This  mechanism,  then,  refers  to  the  conversion  of  the 
solution  to  the  propagation  problem  into  forms  appropriate  to  be  sources 
in  the  next  shielding  layer. 

This  entire  process  is  referred  to  as  EMP  interaction  within  the 
particular  region  in  question.  If  the  problem  involves  the  first 
shielding  layer  of  a  system,  the  term  external  interaction  is  often 
employed.  Internal  interaction  is  used  to  denote  the  EMP  interaction 
process  which  occurs  within  the  shielded  regions  inside  the  system. 

From  this  viewpoint  the  EMP  interaction  calculation  for  an  entire 
system  consists  of  a  sequence  of  calculations  of  coupling,  propagation 
and  penetration  within  each  shielding  layer  of  the  system.  The  results 
of  an  interaction  calculation  at  one  layer  of  the  system  thus  serve 
as  a  starting  point  for  another  internal  interaction  calculation 
performed  in  a  smaller,  better  shielded  region.  It  must  be  emphasized 
again  that  the  validity  of  this  viewpoint  lies  in  the  assumption  that 
each  shielding  layer  is  a  very  good  shield, 

1.2.2  DECOMPOSITION  OF  LAYERS 

As  discussed  in  the  previous  section,  a  large  system  may  be  divided 
into  a  number  of  smaller,  relatively  independent  pieces  for  an  approximate 
EMP  analysis.  The  method  of  determining  precisely  how  the  system  should 
be  divided  is  based  upon  a  study  of  the  topology  of  the  system.  This, 
then,  is  essentially  an  investigation  of  the  configuration  and  properties 
of  the  geometric  volumes  which  comprise  the  system  and  which  remain 
unchanged  under  deformation  of  the  system,  so  long  as  no  surface  passes 
through  another. 

To  permit  a  precise  description  of  the  structure  of  a  large  system, 
it  is  necessary  to  define  a  convention  for  labeling  the  various  volumes 
and  surfaces  comprising  the  system.  The  following  notation  will  be 
used  throughout  this  section: 
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V  ■  volumes  of  the  system 
Y 


S 


surfaces  representing  boundaries  between  various  volumes 


The  subscripts  y  and  5  can  represent  one  or  more  integers  which  serve 
to  distinguish  the  various  volumes  and  surfaces  of  the  system.  Generally, 
the  subscript  y  is  of  the  form  (j  ,k)  and  5  is  of  the  form  (j,k;i,,m). 
However,  for  simple  systems  y  and  £  may  comprise  fewer  numbers. 


As  an  example,  consider  the  schematic  diagram  of  a  simple  system 
shown  in  Fig.  3.  For  this  particular  case,  the  volume  exterior  to  the 


system  will  be  denoted  by  V^,  with  the  value  of  the  subscript  increasing 

by  unity  upon  moving  into  the  sys;em.  Each  surface  S,  separates  the 

J  ? 

volumes  Vj  and  V^.  This  diagram,  representing  the  conducting  surfaces 
of  the  system,  is  referred  to  as  the  topological  model  of  the  system. 


Thus,  with  this  notation  the  surface  Sq  ^  represents-  Che  exterior 
surface  of  the  system.  Upon  penetrating  this  surface,  EMP  energy 


propagates  within  volume  V. 


penetrates  surface  propagates 


within  volume  V9,  etc.,  until  it  reaches  the  component  level  within 
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the  system.  The  total  number  of  shielding  surfaces  penetrated  in  this 
fashion  is  said  to  be  the  shielding  level  of  the  system. 

In  a  conventional  metal-skin  aircraft,  Sq  refers  to  the  aircraft 

skin,  and  the  S  _  shielding  layer  is  often  simply  the  braided  shields 
1  9  ^ 

of  coaxial  cables  or  the  metallic  shields  surrounding  electronic 
components.  The  B-l  aircraft  is  an  example  of  a  system  with  a  possible 
shielding  level  of  3,  the  three  surfaces  being  the  aircraft  skin,  the 
conduit  enclosure  designed  for  additional  EMP  protection,  and  the  outer 
conductor  of  shielded  cables  (if  any)  within  the  conduit. 

It  is  to  be  noted  that  the  above  definition  may  not  be  sufficient 

to  describe  a  complex  system.  An  actual  aircraft  will  have  additional 

compartments  located  inside  the  Sq  ^  surface,  but  which  are  part  of  V^. 

These  compartments,  such  as  the  bomb  bay,  wheel  wells  and  equipment 

bays,  can  act  much  like  a  shielded  enclosure  and  may  be  referred  to  as 

elementary  volumes  or  subvolumes.  The  formalism  applied  to  the  analysis 

of  the  shielding  properties  of  the  S  surfaces  can  also  be  used  for 

^  »  J 

treating  these  enclosures. 

Because  all  of  these  elementary  volumes  occupy  part  of  the  same 

principal  volume  ,  it  is  necessary  to  employ  another  subscript  k  to 

distinguish  the  various  regions.  Thus,  the  kth  subvolume  within  the 

jth  region  will  be  denoted  V.  ,  with  the  subscript  k  being  dropped  if 

J 

no  subvoluraes  exist.  Fig.  4  shows  a  hypothetical  example  of  a  more 
complete  version  of  a  shielded  system.  Within  the  region,  it  is 
noted  that  there  are  four  subvolumes  denoted  by  k*  1,2,3  and  4.  These 
volumes  can  be  identified  as  etc.  Since  a  particular 

volume  within  a  system  can  be  labeled  by  two  indices,  j  and  k,  it  is 
convenient  to  refer  to  these  Indices  as  the  longitudinal  and  transverse 
shielding  numbers,  respectively. 

In  this  case,  it  is  necessary  to  expand  slightly  the  index  on  th,i 

term  S  to  permit  a  precise  definition  of  the  various  surfaces.  The 

surface  dividing  volumes  V.  ,  and  Vc  may  be  described  as  S.  .  . 

j , K  it,m  j  , k ,  —  ,m 

Some  of  these  surfaces  are  indicated  in  Fig.  4. 
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Fig.  4.  A  more  general  topological  model. 


Referring  back  to  Fig.  3  the  term  external  interaction  can  now  be 
regarded  as  the  determination  of  the  currents  and  charges  induced  on 
the  surface  Sq  ^  of  a  system  due  to  external  sources  in  V^.  The 
response  may  be  either  in  the  time  or  frequency  domain  and  is  calculated 
by  solving  an  appropriate  boundary-value  problem.  The  results  of  the 
external-interaction  calculation  on  Sq  ^  are  then  used  to  determine 
equivalent  electromagnetic  sources  on  this  surface.  These  sources 
will  radiate  into  and  induce  currents  and  charges  over  ^ .  Internal 
interaction  within  a  typical  volume  V  ^ ,  therefore,  may  be  formally 
defined  as  the  excitation  and  propagation  of  charge  and  current  on  an 
internal  longitudinal  layer  or  surface  S4  due  to  sources  on  surface 
S  ,  or  within  the  volume  V  . 

3  *“  9  J  J 

It  is  also  desirable  to  introduce  the  concept  of  the  order  of  the 
internal  interaction,  which  may  simply  be  denoted  by  the  j-index  of  the 
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volume  in  which  the  internal  interaction  is  being  considered,  or  by  the 
j-index  of  the  surface  S,  .  for  considerations  of  surface  penetration. 
Thus,  exterior  penetrations  (from  Vq  to  through  SQ  are  described 
as  penetrations  of-  first  order,  and  internal  interaction  within  is 
also  said  to  be  of  first  order.  The  maximum  shielding  order  possible 
on  a  system  is  defined  to  be  the  level  of  shielding. 

Another  concept  for  analyzing  large  system  problems  is  the  interac¬ 
tion  sequence  diagram.  This  is  a  diagram  of  all  possible  interaction 
paths  from  one  volume  to  another  in  the  system  topological  model.  A 
portion  of  the  interaction  sequence  diagram  for  the  geometry  of  Fig.  A 
is  illustrated  in  Fig.  5.  The  dotted  lines  represent  the  configuration 
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of  the  system  and  the  solid  lines  are  the  interaction  paths  from  the  out¬ 
side  volume  Vq  to  various  volumes  inside.  The  transfer  operator  for  a 
particular  path  connecting  the  V.  to  the  V.  is  denoted  by  Z. 

jjiC  X-jIU  J  ^  |S 

For  more  than  one  point  of  entry,  a  superscript  (1),  (2),  etc.,  will 
distinguish  the  different  transfer  operators  if  more  than  one  path 
exists  from  one  volume  to  another. 

It  is  useful  to  examine  a  few  possible  types  of  interaction  sequence 
diagrams  for  hypothetical  systems.  Fig.  6  shows  this  diagram  for  a  system 
of  shielding  order  of  0.  Fig.  7  is  for  a  system  of  shielding  order  of 

1  with  the  cable  shields  as  the  shielding  layer,  and  Fig.  8  is  for  a 
system  with  the  same  shielding  order  but  with  the  external  skin  being 
the  shielding  layer.  Fig.  9  represents  a  case  with  a  shielding  order  of 

2  with  the  shielding  layers  being  external  skin  and  cable  shielding. 

In  many  practical  cases,  the  largest  contribution  to  a  response 
within  the  system  is  due  to  transmission  lines  which  provide  a  direct 
propagation  path  from  one  point  to  another.  If  only  the  direct  connec¬ 
tions  are  kept  in  the  interaction  sequence  diagram,  the  result  is  a 

transmission-line  network  consisting  of  a  number  of  junctions  J  ,  connected 

n 

by  various  transmission  lines,  either  single  wire  or  multiconductor, 

forming  a  bundle  or  "tube,"  T  ,  which  connect  junctions  J  and  J  . 

n,m  n  m 

Fig.  10  illustrates  a  hypothetical  transmission-line  network  which  is 
similar  to  that  encountered  in  EMP  analysis  problems. 

The  configuration  of  the  transmission-line  network  thus  formed  from 

the  interaction  sequence  diagram  is  similar  to  that  of  a  low-frequency, 

lumped-element  circuit.  Fig.  11  illustrates  the  corresponding  linear 

graph  for  a  circuit,  where  there  are  a  number  of  interconnected  branches 

B  connecting  nodes  N  and  13  .  The  only  difference  between  this  graph 
n,m  n  m 

and  that  for  the  network  of  transmission  lines  in  Fig.  10  is  that  the 
voltage  and  current  relationships  at  the  nodes  and  branches  are  described 
in  a  different  manner.  The  graph  configuration  remains  the  same. 
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System 
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(Connectors,  Holes  in 
Shield,  Break  in 
Shield,  etc.) 
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Functions 


EMP  Interaction  sequence  for  unshielded  system  with  shielded 
cables:  shielding  order  =  1. 


Cables  Shielded 


Fig.  9.  EMP  interaction  sequence  for  shielded  system  with  shielded  cables 
shielding  order  »  2. 
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The  relation  between  the  fundamental  elements  of  various  network 
graphs  discussed  above  and  the  interconnecting  topological  quantities 
of  the  system  is  illustrated  in  table  1.  Note  that  tue  first  two  cases 
summarized  in  the  table  pertain  to  the  propagation  mechanisms  of  signals 
throughout  the  system,  whereas  the  latter  two  describe  the  physical 
structure  of  the  system. 


1.2.3  HARDENING  CONCEPTS 

When  a  large  system  is  viewed  as  being  composed  of  a  number  of 
shielding  layers,  as  described  in  the  previous  section,  the  conceptual 
approach  to  hardening  such  a  system  becomes  apparent.  By  eliminating 
all  electromagnetic  energy  penetration  through  one  particular  shielding 
surface,  none  of  the  shielded  regions  within  this  perfect  shield .will  be 
affected  by  the  incident  EMP.  Expressed  in  terms  of  (5)  this  requirement 
implies  that  one  element  for  each  of  the  j  interaction  paths  should 
be  zero. 

An  actual  system,  however,  does  not  have  a  perfect  electromagnetic 
shield  and,  thus,  one  must  settle  for  trying  to  control  the  signals 
induced  within  the  system.  For  a  large  system  which  has  been  decomposed 
into  appropriate'- pieces  one  possible  hardening  approach  is  to  examine  the 
various  terms  of  (5)  to  determine  which  interaction  paths  are  most  impor¬ 
tant  in  providing  the  excitation  to  the  interior  of  the  system.  This 
will  aid  the  analyst  in  determining  his  priorities  in  hardening  the 
system.  A  detailed  discussion  of  hardness  design  and  Implementation  on 
actual  systems  will  be  given  in  Part  3  of  this  document. 
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CHAPTER  1.3 

FORMULATION  OF  INTERACTION  PROBLEMS 


The  analysis  c£  the  Interaction  between  a  nuclear  EMP  and  an  aero¬ 
nautical  system  often  results  in  solving  boundary-value  problems  for  the 
Maxwell  equations.  These  boundary-value  problems  can  be  formulated  by 
the  powerful  Integral-equation  approach  which  is  in  no  way  restricted  to 
those  problem  geometries  that  can  be  fitted  into  simple  coordinate  syctems. 
Sec.  1.3.1  will  discuss  various  types  of  integral  equations  that  have  been 
employed  in  the  analysis  of  EMP  interaction  problems. 

In  the  case  where  the  Interaction  exhibits  a  unique  direction  for 
energy  transport,  the  Maxwell  equations  will  degenerate  into  a  simpler 
set  of  coupled  partial  differential  equations  involving  only  one  spatial 
variable,  the  so-called  telegraphist's  equations  for  transmission  lines. 

Sec.  1.3.2  is  devoted  to  the  discussion  of  the  transmission-line  approach 
to  EMP  Interaction  problems. 

Very  often  one  is  concerned  with  the  interaction  problem  in  which 
the  dimensions  of  the  interaction  geometry  are  much  smaller  than  the 
wavelengths  of  interest.  In  this  case  the  spatial  variations  of  the 
Interaction  problem  are  unimportant  and  the  Maxwell  equations,  after 
all  spatial  coordinates  are  integrated  out,  reduce  to  the  Kirchoff 
circuit  laws.  Sec.  1.3.3  will  show  how  the  circuit  approach  can  be 
applied  to  the  formulation  of  EMP  interaction  problems. 

1.3.1  INTEGRAL-EQUATION  APPROACH 

The  integral-equation  approach  has  several  advantages  which  make  it 
an  attractive  approach  to  solving  EMP  interaction  boundary-value  problems. 
The  most  noticeable  advantage  of  the  approach  is  its  geometrical  generality. 
This  catholicity  is  precisely  what  is  most  needed  to  handle  the  complex 
system  configurations  of  EMP  interaction  problems.  The  second  advantage 
of  the  integral-equation  approach  is  its  compactness.  An  integral  equa¬ 
tion  is  a  concise  statement  comprising  both  the  equations  of  motion  of  the 
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electromagnetic  fields  and  the  initial  or  boundary  conditions.  This 
compact  iess  has  more  than  mere  economical  appeal  since,  when  it  comes 
to  making  approximations  on  the  integral  equation,  the  approximations 
will  be  simultaneously  compatible  with  all  aspects  of  the  problem.  The 
third  advantage  of  the  integral-equation  method  is  its  computability. 

The  integral  equations  for  electromagnetic  boundary-value  problems  are 
linear.  They  are  mathematically  equivalent  to  systems  of  linear  alge¬ 
braic  equations.  Their  properties  are  well  known  from  linear  algebra, 
and  they  can  be  solved  numerically  by  standard  computational  methods. 

The  objective  of  this  section  is  to  present  in  detail  the  deriva¬ 
tions  of  certain  general  integral  equations  that  have  found  extensive 
application  in  EMP  interaction  analysis. 

1.3. 1.1  Magnetic-Field  Integral  Equation 

The  scattering  of  electromagnetic  waves  by  good  conductors  is  a 
common  problem  in  the  analysis  of  practical  situations.  A  general 
mathematical  method  to  treat  this  type  of  calculation  is  therefore  of 
great  practical  value.  It  will  be  shown  below  that  this  scattering 
problem  can  be  formulated  in  terms  of  a  surface  integral  equation  of 
the  second  kind  which  is  particularly  suitable  for  numerical  solution. 

Consider  the  situation  depicted  in  Fig.  1.  A  perfect  conductor 
of  finite  extent  in  free  space  is  illuminated  by  an  incident  electro¬ 
magnetic  wave  which  is  generated  by  known  sources  located  either  at 
finite  distances  from  the  conductor  or  at  infinity.  The  incident  wave 
is  considered  to  be  time-harmonic  with  angular  frequency  w.  Its  time 
variation  is  given  by  the  time  factor  e^Wt. 

The  quantities  of  interest  in  this  situation  are  the  induced  surface 
current  and  charge  densities, J  and  p, which  give  rise  to  a  scattered  wave. 
If  the  surface  of  the  conductor  fits  into  an  orthogonal  coordinate  system 
in  which  the  Helmholtz  equation  is  separable,  the  scattered  wave  can  be 
determined  by  the  well-known  method  of  separation  of  variables.  One  need 
only  expand  the  scattered  wave  into  a  complete  set  of  appropriate  eigen- 


incident 


Fig.  1.  Scattering  of  an  incident  electromagnetic  wave  by  a 
perfectly  conducting  body. 


functions  of  the  Helmholtz  equation  and  then  determine  the  expansion 
coefficients  by  matching  boundary  and  asymptotic  conditions.  But,  simple 
as  this  method  is,  its  applicability  is  severely  limited  by  the  stringent 
demand  of  equation  separability ,  and  only  a  handful  of  coordinate  systems 
can  meet  this  requirement. 

By  contrast,,  the  integral-equation  approach  is  of  great  geometrical 
universality  and,  in  principle,  not  restricted  to  a  particular  coordinate 
system.  The  integral  equation  to  be  derived  presently  is  an  equation  for 
the  induced  surface  current  density.  A  knowledge  of  the  surface  current 
density  is  sufficient  to  determine  the  scattered  wave.  The  equation  is 
called  a  magnetic-field  integral  equation  because  its  derivation  rests 
on  an  integral  representation  of  the  magnatic  field. 

The  time-harmonic  fields  ^  and  H  satisfy  the  following  Maxwell 
equations  in  free  space 

7*1  -  0  ,  v  x  E  *  -  jwp  H 

(1) 

V.H  -  0  ,  V  x  h  -  jtoe  E 
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In  solving  specific  problems,  it  is  often  expedient  to  introduce  a  scalar 
potential  $  and  a  vector  potential  A  such  that 

E  -  -  V*  -  JtoX  ,  H  -  -  V  x  1  (2) 

If  one  imposes  on  the  potentials  the  Lorentz  condition 


V*it  +  ja>ye$  *  0 


(3) 


then  one  finds  from  (1)  that  the  potentials  individually  satisfy  the 
Helmholtz  equation 


with 


(V2  +  k2)$  -  0  , 


(V2  +  k2)£  -  0 


(4) 


k 


2 


2 

u  ye 


(5) 


The  source  of  $  turns  out  to  be  the  electric  charge  distribution  p,  and 
that  of  t.  the  electric  current  distribution  5. 


In  the  interaction  problem  shown  in  Fig,  1,  one  can  express  the 
vector  potential  Xs  of  the  scattered  wave  as  a  surface  integral  over  its 
source,  namely,  the  electric  current  density  ^  on  the  surface  of  the 
conductor 


tS  (?) 


J(r,)G(r,r')dS‘ 


(6) 


where  G  is  a  free-space  Green's  function  of  the  Helmholtz  equation  (4), 
satisfying  the  outgoing-wave  condition  at  infinity 


G(r.r') 


1  -Jklr-M 

4ir|r  - r1 1 


(7) 


In  (6),  r  refers  to  a  field  point  exterior  to  the  conductor;  r'  refers 
to  a  source  point  on  the  conductor's  surface  denoted  by  S;  and  the  surface 
integral  extends  over  all  the  source  points  r'  on  S.  Therefore  the  total 
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magnetic  field  H  In  free  space,  being  the  sum  of  the  Incident  and  the 
scattered  magnetic  fields,  has  the  following  Integral  representation 


H(r)  -  H^r)  +  V  x  [3(2 ')G(r,r ')  ]dS’ 


where  the  operator  V  acts  on  the  field-point  position  vector  r. 

An  integral  equation  for  the  surface  current  density  1  can  be  derived 
by  letting  the  field  pblnt  r  approach  the  conductor's  surface  S.  One  has 

in  this  limit  the  well-kjyown  relation  between  the  tangential  component  of 

\ 

the  total  magnetic  field  and  the  surface  current  density  on  a  perfect 
conductor 

J(r)  -1  (r)  xH(r)  on  S  (9) 

n 

(r)  denotes  the  unit  normal  vector  on  S  at  r  pointing  into  free 
n 

space.  Combining  (8)  and  (9),  one  obtains  an  integral  equation  for  J 

5(r) -t  (r)  x  ^(r)  +  lim  f  t  (r)  x V" x  [J(?’)G(r",r')]dS’  (10) 

where  r  and  r'  both  lie  on  S  and  the  operator  V"  acts  on  the  dummy  variable 

P>. 

Eq.(10)  cannot  be  regarded  as  the  final  form  of  the  integral  equation, 

J 

inasmuch  as  the  limiting  process  indicated  therein  has  yet  to  be  performed. 
The  limit  cannot  be  evaluated  by  3  simple  substitution  of  r  for  r"  because 
the  expression  so  obtained  has  an  infinity  in  the  integrand  for  r'  equal 
to  r,  and  is  by  itself  utterly  meaningless.  However,  by  carefully  analyzing 
the  behavior  of  the  integral  as  r"  approaches  r,  one  can  shown  that  a  well- 
defined  limit  does  exist. 

Fig.  2  shows  a  portion  of  the  conductor's  surface  S  containing  the 
point  r.  The  field  point  r",  exterior  to  the  conductor,  can  be  taken  to 
approach  r  along  the  unit  outward  normal  vector  f (r)  at  r.  When  r"  is 


»w*< 


\ 

\ 


Fig.  2.  Portion  of  the  conductor's  surface  S  around  the  point  r.  The 

field  point  r"  is  to  approach  r  on  S  along  the  unit  normal 

vector  t (r)  to  S  at  r .  D  is  a  small  circular  disk  on  S 
n 

centered  at  r.  The  source  point  r'  lies  on  S. 


very  close  to  r,  the  integrand  in  (10) ,  considered  as  a  function  of  r * ,  can 
be  seen  to  develop  a  sharp  peak  at  r'Mr.  For  the  purpose  of  evaluating 
the  surface  integral  over  S,  it  is  expedient  to  break  the  integral  up  into 
two  parts.  One  part  extends  over  a  small  circular  disk  D  centered  at  r,  as 
shown  in  Fig.  2.  The  other  part  extends  over  the  remaining  surface  denoted 
by  S-D.  That  is. 


ft  (?) 

J  n 

S 


x  v"  X 


[J(r')G(r",r ') ]dS ' 


S-D 


(11) 


The  integral  over  D  will  capture  most  of  the  contribution  from  the  peak  in 
the  Integrand.  Consider  first  the  integral  over  the  disk  D 

j  -  j  tn(r)  x  V"x  [J(r ')G(r",r')  ]dS'  (12) 

D  D 

When  D  is  sufficiently  small,  the  current  density  3(r')  can  be  regarded  as 
uniform  throughout  D  and  replaceable  by  its  value  3(r)  at  r.  Then,  since 
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t(r).^(r)  -  0,  one  obtains  from  (12)  the  expression 


J  -  -  3(r)  j  ta(r)‘V,,G(r”,r')dS' 


(13) 


Because  both  D  and  |r"-r|  are  small,  one  has,  to  leading  order  in  r"  —  r *  | , 


7"G(r'’  r')  -  —  V"  /  _ i _ \  «  —  -J.L~.JFl. 

*  4- 7  4*| >-P 


(14) 


Substituting  (14)  into  (13)  one  obtains 


1 


(15) 


where  0  (ru)  is  simply  the  solid  angle  subtended  by  the  disk  D  at  the  point 

K 

With  (15)  established,  one  can  proceed  to  take  the  limit  r"  ■+  r. 
Furthermore,  since  the  size  of  the  disk  D  is  arbitrary,  one  can  append  to 
this  operation  a  second  limiting  process  consisting  of  letting  the  radius 
of  D  shrink  to  0,  that  is. 


lim 

-f 

r"  -*■  r 


■  lim 
's  D-K) 


lim  (  +  [  j 

r" r  \b  JS-  D/ 


Under  this  double  limit,  one  sees  that 


(16) 


lim  J.im^ 
D-K)  r"  ■+•  r 


|  J(r> 


since  the  solid  angle  ft^(r")  tends  to  2ir  ,  and  that 


lim 

D+0 


-j1®-*! 

r  »r  5 -D 


lim  f  1  (r)  x  Vxtf(r»)G(r,r')]dS' 

4-d  n 

P  f  ta( r)  xvx  [|(r')G(£,£')]dS' 


(17) 


(18) 
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by  definition  of  the  Cauchy  principal  value  of  a  two-dimensional  integral 
denoted  symbolically  by  the  prefix  P. 

To  examine  the  exact  nature  of  the  integrand  of  (18)  at  r'  «r  one 
recalls  that,  when  the  field  point  r"  approaches  the  point  r  on  the  surface 
S,  as  illustrated  in  Fig.  2,  the  integrand  of  the  surface  integral  over  S 
in  (10)  develops  a  sharp  peak  at  r’«r.  Furthermore,  it  has  been  shown 
in  (17)  that,  in  the  limit  r"  +r,  this  peak  actually  yields  a  finite 
contribution  to  the  integral  even  when  the  integral  is  evaluated  only 
over  a  disk  of  vanishingly  small  area  centered  at  the  point  r.  This  result 
clearly  indicates  that,  in  the  limit  r" ->r,  the  peak  evolves  into  a  two- 
dimensional  6-function  situated  at  r.  In  fact,  the  findings  from  (11) 
to  (18)  can  be  summed  up  by  the  following  formula  with  the  symbol  P  treated 
as  an  operator 

lim  t  (r)xv"x[1(r')G(r",r')]  -  4  J(r)6(2) (r - r*) 

?"  n  2 

(19) 

+  p{tn(r)xvx  [J(r')G(r,r')]} 


where  r"  is  to  approach  r  from  the  outside  of  the  closed  surface  S,  and 

(2) 

6  denotes  the  two-dimensional  6-function.  This  formula  shows  that,  in 
the  limit  r"  -*-r,  the  integrand  in  (10)  is  the  superposition  of  a  6-function 
at  r'  -  r  and  a  background  designated  by  the  symbol  P.  It  can  be  shown 
that  the  latter  function  without  the  symbol  P  vanishes  as  r*  approaches 
r,  and  hence  the  principal-value  integral  symool  P  is  not  needed  in  (18) 
and  the  final  form  of  the  magnetic-field  integral  equation  is 


t  (r)  x  [J(r*)x  V’G(r,r')  JdS* 
•S  n 


(20) 


Of  graver  concern  to  the  numerical  analyst  is  the  question  of  unique¬ 
ness.  The  magnetic-field  integral  equation  (20)  is  a  nonhomogeneous  linear 
equation.  Therefore,  for  any  given  solution  of  the  equation,  one  can 
construct  a  second  solution  by  adding  to  the  first  one  a  solution  of  the 
homogeneous  equation 


(21) 


[J(r')  x7'G(r,r')]dS* 


0 


Consequently,  a  necessary  condition  for  (20)  to  have  a  unique  solution  is 
that  the  solution  of  (21)  be  identically  zero.  The  latter  condition  indeed 
hold$  for  almost  all  values  of  the  frequency.  However,  there  do  exist  an 
infinite  number  of  discrete,  real  values  of  k  for  which  (21)  has  nontrivial 
solutions.  These  values  correspond  to  the  frequencies  of  certain  eigen- 
modes  of  the  cavity  enclosed  by  the  surface  S.  One  can  show  that,  except 
at  those  special  k-values,  the  solution  of  (20)  is  indeed  unique. 

But  the  numerical  analyst  is  hard  hit  by  the  existence  of  k-values, 
albeit  discrete,  for  which  the  homogeneous  equation  (21)  has  nonzero 
solutions.  In  general,  a  numerical  solution  of  the  integral  equation  (20) 
consists  of  a  conversion  to  a  system  of  linear  algebraic  equations  and  a 
subsequent  matrix  inversion.  When  the  frequency  cf  the  incident  wave 
approaches  one  of  the  cavity  eigenfrequencies,  the  matrix  to  be  inverted 
becomes  progressively  close  to  being  singular,  resulting  in  a  serious  loss 
of  numerical  accuracy.  The  situation  Is  all  the  more  painful  since  the 
precise  distribution  of  these  eigenfrequencies  is  not  known  without  first 
solving  the  eigenvalue  problem  (21) . 

Examples  of  the  application  of  the  magnetic-field  integral  equation  to 
EMP  interaction  problems  can  be  found  in  [1  -  5] . 

1.3. 1.2  Electric-Field  Integral  Equation 

The  problem  of  the  scattering  of  a  monochromatic  electromagnetic  wave 
by  a  conductor,  as  depicted  in  Fig.  1,  can  be  formulated  in  terms  of  yet 
another  equation.  This  formualtion  is  generalizable  to  the  case  of  a 
finitely  conducting  scatterer.  It  is  based  on  an  integral  representation 
of  the  electric  field.  The  equation  so  derived  is  called  an  electric-field 
integro-dlfferential  equation. 

One  can  express  the  electric  field  Es(r)  of  the  scattered  wave  at  a 
field  point  r  in  terms  of  the  vector  potential  A  (r)  by  eliminating  the 
scalar  potential  between  (2)  and  (3) 
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ES(r)  -  -  77  j  *AS(r)  (22) 

whereat  is  the  unit  dyad.  The  vector  potential  A8  is  a  linear  functional 
of  the  induced  surface  current  density  3  flowing  on  the  surface  S  of  the 
scatterer,  as  given  in  (6) .  Denoting  the  electric  field  of  the  incident 
wave  by  E  ,  one  obtains  the  following  integral  representation  for  the  total 
electric  field  £(r)  at  a  field  point  r  exterior  to  the  scatterer 


E(r) 


E^r)  - 


Jwy  I 


* 

5(r')G(r,r’)dS' 

S 


(23) 


Let  the  field  point  r  approach  the  conductor's  surface  S.  In  this 
limit  the  integral  representation  (23)  for  the  electric  field  does  not 
require  any  special  treatment,  unlike  in  the  case  of  the  Integral  repre¬ 
sentation  (8) .for  the  magnetic  field.  Although  the  Green's  function  G 
displays  in  this  limit  a  linear  infinity  at  r'*r,  this  singularity  occurs 
under  a  surface  integral  and  can  be  removed  by  a  simple  change  of  integra¬ 
tion  variables.  Therefore,  for  r  lying  on  S,  (23)  is  an  integral 
representation  of  the  total  electric  field  on  the  surface  of  the  scatterer. 
Note  that  one  should  not  bring  the  dyadic  operator  77  inside  the  integral 
since,  after  the  two  differentiations,  the  integrand  would  become  too 
singular  at  r'^r. 


An  Integral  equation  for  the  induced  surface  current  density  5  is 
derived  by  imposing  the  appropriate  boundary  condition  on  the  total 
electric  field  on  the  surface  of  the  scatterer.  For  a  perfectly  conducting 
scatterer,  the  tangential  component  of  the  total  electric  field  on  the 
surface  must  vanish.  This  condition  is  satisfied  if 


t  (r)  x  E(r)  ■  0  for  r  on  S 
n 


(24) 


Upon  substitution  of  (23)  into  (24) ,  the  following  equation  results 


jwytn(r)  x  77  j  •  j  3(r')G(r,r')dS'  -l^r)  *£*(*)  (25) 

\  k  '  s 
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Inasmuch  as  the  differential  operators  are  outside  the  integral,  (25) 

Is  really  an  integro-differential  equation.  Its  numerical  solution  is 
subject  to  the  same  difficulty  arising  from  nonuniqueness  as  that  encountered 
previously  with  the  magnetic-field  integral  equation.  Essentially,  unique¬ 
ness  of  solution  does  not  hold  for  (25)  whenever  the  homogeneous  equation, 

*1 

obtained  by  setting  E  a0,  possesses  nonzero  solutions.  This  happens  at 
an  infinite  set  of  discrete,  real  values  of  k.  Each  k-value  corresponds 
to  the  frequency  of  an  eigenmode  of  the  cavity  bounded  by  the  surface  S. 

These  cavity  elgenmodes  satisfy  the  Maxwell  equations  (1)  and  the  boundary 
condition  $  ■  0  on  S . 

Eq.(25)  can  be  generalized  to  accommodate  a  scatterer  with  less-than- 
perfect,  albeit  good,  conductivity.  On  the  surface  of  a  good  conductor, 
one  can  impose  the  surface  impedance  boundary  condition 


Z  (r)l(r)  -  -t  (r)x  [t  (r)  *E(r)]  (26) 
•  n  n 

where  Zg(r)  is  the  scalar  surface  impedance  of  the  scatterer  at  r.  Sub¬ 
stituting  (23)  into  (26),  one  obtains  the  following  integro-differential 
equation 


t(r)J(r)  -  jointer)  xrf^r)  *  ^  •  3(r ')G(r,r ')dS ' ] 


®  -  t  (r)  x[t  (r)  x  f  i(r)  ] 
n  n 


Its  solution  is  unique  since  the  surface  impedance  generally  has  a  dissipa¬ 
tive  part,  and  this  implies  that  cavity  eigenmodes  cannot  occur  at  real 

frequencies. 

Examples  of  the  application  of  the  electric-field  integral  equation  to 
EMP  interaction  problems  can  be  found  in  [6-8]. 

1.3. 1.3  Thln-Wire  Integral  Equation 

When  the  scatterer  is  a  thin  wire,  the  electric  field  integro-differential 
equation  becomes  practically  one-dimensional.  In  this  reduced  form  it  is 
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applied  extensively  to  the  analysis  of  the  wire  antennas.  The  calculation 
is  relatively  simple  for  the  case  of  a  straight  thin  wire,  and  can  be 
performed  with  a  minimum  of  approximations.  The  following  analysis  will 
be  confined  to  the  straight-wire  geometry. 

Fig,  3  illustrates  a  straight  wire  scatterer.  The  wire  lies  along  the 


z 


incident 

wave 


y 


Fig,  3.  Scattering  of  an  incident  electromagnetic  wave  by  a 
thin,  straight,  conducting  wire  of  length  l  and 
cross-sectional  radius  a. 

z-axls  of  a  cylindrical  coordinate  system  from  z  ■  0  to  z*£.  It  has  a 
circular  cross-section  of  radius  a  which,  for  a  thin  wire,  is  much 
smaller  than  both  l  and  the  wavelength  of  the  incident  wave. 

The  induced  surface  current  density  on  the  thin  wire  has  mainly 
an  axial  component  J  .  The  circumferential  component  J,  and  the  radial 

Z  o 

component  Jp  on  the  two  ends  are  negligible.  In  this  limit  the  vector 
integral  equation  (27)  simplifies  to  the  following  scalar  equation  for 
just  the  component  Jz 
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(28) 


/  2  \f2ir  rt 

+  Jwp  (1  +  -7  -s-jr  )  ad*' 

88  \  K  3z2  /  J0  J0 


dz’Jz(iJi,,*')G(4i,z;  $',z') 


-  Ez(a,ijl,z) 


where 


G(4> 4>',z')  ■ 


-jk  /ta28in2[($-*’)/2]  +  U-z’)2 
e 

4ir  Aa^sin^U-*')^]  +  (z-z')2 


and  the  Impedance  Zg  is  assumed  to  be  uniform  over  the  wire's  surface. 

The  Integral  equation  (28)  is  two-dimensional,  and  Involves  the  two 
coordinates  <{>  and  z.  One  can  derive  from  it  a  one-dimensional  Integral 
equation  for  the  total  current  X(z)  on  the  wire  defined  as 


f2lt 

-  ad$  Jz(<j>,z) 
J0 


by  Integrating  (28)  over  <j>  from  0  to  2 it.  One  then  obtains  the  integral 
equation  for  a  thin  straight  wire 


Z'I(z)  +  jwvi 

O 


dz'Kz')G(z-z')  -  E“(z)  (31) 

z 


where  Z'  is  the  series  impedance  per  unit  length  of  the  wire  given  by 
8 


's  2ira 


The  kernel  G(z-z')  is  the  definite  integral 


-  fir  -jk  /(2a  sin  \|>)2  +  (z-z')2 
G(z  -  z')  -  -  J  dip  — - -  -  ■  -■■■-  - _ 

0  4w  /(2a  sin  *)2  (z-z’)2 


which  has  only  a  logarithmic  singularity  at  z»z’,  and  E  (z)  Is  the  angular 

i  * 

average  of  E  (z) ,  namely 
z 
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e£(z)  -  ^  f  d*  E*(a,*,z) 

*r\ 


The  thin-wire  integro-dlfferential  equation  (31)  can  be  converted  Into 
a  genuine  Integral  equation  by  integrating  out  the  differential  part 
analytically,  viz., 

ri  Z’  rx 

I  dz*I(z')G(z -  z‘)  +  -t#-  dz'I(z')ain  k(z- z') 

J0  iZO>0 

(35) 

-  Cje-^2  +  C2ejkz  +  f  dz'E^(z')sin  k(z-z') 

where  and  C2  are  two  arbitrary  constants  and  Zq  la  the  impedance  of 
free  space.  Eq.(35)  is  a  mixture  of  a  Fredholm  and  a  Volterra  Integral 
equation.  The  two  constants  and  C2  are  determined  to  satisfy  the 
following  two  end  conditions  for  the  wire  current 

1(0)  -  1(4)  -  0  (36) 

Eq.(35)  is  an  integral  equation  for  the  electric  current  induced  on 
a  thin  straight  wire  by  an  incident  electromagnetic  wave.  If  the  wire  is 
a  transmitting  antenna,  the  averaged  external  field  E*  is  prescribed  on 

*  — -i. 

the  surface  of  the  wire.  In  this  case  one  simply  replaces  E  in  (35)  by 


Examples  of  the  application  of  the  thin-wire  integral  equation  can 
be  found  in  (9  -  111 . 

1.3. 1.4  Time-Domain  Integral  Equations 

The  integral  equations  derived  so  far  are  applicable  to  scattering 
and  radiation  calculations  in  the  frequency  domain.  They  describe  the 
excitation  of  conductors  by  time-harmonic  sources.  In  principle,  they 
can  also  be  used  to  solve  problems  involving  aperiodic  and  transient 
sources,  such  as  an  EMP  or  pulse  generator.  This  is  done  through  the 
powerful  technique  of  the  Fourier  or  Laplace  transform.  In  practice. 
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however,  a  frequency-dona in  approach  Co  a  transient  problem  necessitates 
the  construction  of  a  solution  of  the  integral  equation  Involved  that  is 
valid  over  a  wide  range  of  frequencies.  Sometimes  it  may  prove  easier 
to  formulate  and  solve  the  transient  problem  directly  in  the  time  domain 
[12].  Indeed,  the. frequency-domain  Integral  equations  have  their  time- 
domain  counterparts. 

1.3. 1.4.1  Time-Domain  Magnetic-Field  Integral  Equation 

Consider  the  scattering  of  a  general  electromagnetic  wave  by  a  per¬ 
fect  conductor,  as  depicted  in  Fig.  1.  The  incident  wave  can  have  an 
arbitrary  variation  in  space  and  time.  The  electric  and  magnetic  fields 
of  the  scattered  wave  satisfy  the  time-domain  Maxwell  equations  in  free 
space  outside  the  conductor 

V*!8  -  0, 

V-H8  -  0, 

These  fields  can  be  derived  from  a  scalar  potential  $s  and  a  vector 
potential  Xs  such  that 

r  .  .  V*8  -  |-  X8,'  r-ivxX8  (38) 

If  the  potentials  are  made  to  obey  the  Lorentz  condition 


*«*■--»  It5' 
7«S».  t|jf 


(37) 


.  t8  ,  1  3  ,8 

7.X 


(39) 


where  c  la  the  free-space  light  speed,  then  the  scalar  and  vector  potentials 
individually  satisfy  the  wave  equation 

The  retarded  solutions  of  the  wave  equations  (40)  are 
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The  charge  end  current  densities,  p  and  5,  satisfy  the  continuity  equation 


p  +  7  •  J  -  0 


Substituting  (42)  into  (38) ,  one  arrives  at  the  following  Integral  repre¬ 
sentation  of  the  scattered  magnetic  field  ^(r.t)  at  a  point  t  exterior 
to  the  ocatterer  and  at  time  t 

33(r,t)  -  |  j^(r’,T)  x  V’  (i)  -  3(r\T)J  dS'  (44) 


where 


R  -  r  -  r ' ,  R  -  r  -  r ' 


and  t  is  the  retarded  time  defined  by 

x  -  t  -  —  jr-r'  |  (46) 

c  1  1 

The  operator  7*  acts  on  the  source  point  r*.  Eq.(44)  expresses  the 

magnetic  field  of  the  scattered  wave  at  a  point  in  space  and  time  as  a 
composition  of  excitations  emanating  from  individual  points  of  the  scat- 
terer's  surface  at  specific  retarded  times 

An  integral  equation  for  the  surface  current  density  ?  is  obtained 
by  observing  that,  on  the  surface  S  of  a  perfectly  conducting  scatterer, 

the  total  magnetic  field  is  related  to  the  surface  current  density  at 

all  times  through  the  equation 

3(r,t)  -t  i (r)  x  [lt*(r,t)  +  ft8(r,t)]  (47) 
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In  evaluating  the  scattered  magnetic  field  Ss  on  S,  given  in  the  form  of 
the  integral  representation  (44),  one  must  exercise  proper  caution  in 
handling  the  singularity  in  the  Integrand,  just  as  in  the  derivation  of 
the  magnetic-field  integral  equation  in  the  frequency  domain. 

It  can  be  shown  that  as  the  field  point  r  approaches  S,  the  singu¬ 
larity  at  R“0  in  the  second  term  of  the  Integrand  in' (44)  is  integrable, 
and  requires  no  special  attention.  The  singularity  in  the  first  term, 
however,  is  more  violent.  It  is  in  fact  of  the  same  type  as  that  in  (8). 
Consequently,  the  limiting  value  of  the  surface  integral  (44) ,  as  r 
approaches  S,  must  be  evaluated  with  the  method  applied  previously  to 
(10) .  Taking  the  limit  t  +  S  in  (44)  one  obtains  the  following  time- 
domain  integral  equation  for  the  induced  surface  current  density  3  on 
the  scatterer 


1 

2 


4it 


tn<r)x[}<J',T)*V  (i) 


cR  J 


(48) 


At  first  glance,  the  time-domain  magnetic-field  integral  equation  (48) 
may  appear  to  bear  a  close  resemblance  to  its  frequency-domain  counterpart 
(20).  This  formal  simularity,  however,  is  actually  quite  deceptive.  When 
it  comes  to  solving  the  equations,  each  equation  requires  a  totally  differ¬ 
ent  procedure.  This  difference  in  treatment  is  the  reflection  of  a  basic 
difference  in  the  physical  contents  of  the  two  equations.  The  frequency- 
domain  integral  equation  describes  a  steady  state  of  the  scattering  process, 
long  after  all  transient  effects  are  damped  out.  In  this  equilibrium 
condition,  the  current  densities  at  different  points  on  the  scatterer's 
surface  at  one  instant  of  time  are  closely  interrelated.  The  Integral 
equation  is  equivalent  to  a  system  of  simultaneous  linear  algebraic 
equations.  Its  solution  consists  of  a  matrix  inversion.  On  the  other 
hand,  the  time-domain  Integral  equation  describes  the  transient  excitation 
of  the  scatterer  by  an  incident  wave.  Each  part  of  the  incident  wave. 
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upon  striking  the  scatterer's  surface,  creates  a  disturbance  which  then 
ripples  out  around  the  scatterer  in  the  form  of  surface  currents.  The 
current  density  at  a  given  point  of  the  scatterer's  surface  at  a  given 
time  is  obtained  by  adding  up  all  the  disturbances  reaching  this  point 
from  all  the  points  of  the  surface  and  generated  at  appropriate  earlier 
times.  A  determination  of  the  surface  current  density,  that  ia  to  say, 
a  solution  of  the  time-domain  integral  equation,  requires  only  integra¬ 
tion  and  no  matrix  inversion.  This  difference  in  the  solution  procedure 
is  a  mathematical  consequence  of  the  fact  that  the  frequency-domain 
Maxwell  equations  are  of  the  elliptic  type,  while  the  time-domain  Maxwell 
equations  are  of  the  hyperbolic  type. 

1.3. 1.4. 2  Time-Domain  Electric-Field  Integral  Equation 

Just  as  in  the  frequency  domain,  the  time-domain  scattering  of  an 
electromagnetic  wave  by  a  conductor  can  also  be  formulated  in  terms  of 
an  electric-field  integral  equation.  The  starting  point  of  this  formula¬ 
tion  is  an  integral  representation  of  the  scattered  electric  field  in 
the  time  domain.  Using  (38),  (41)  and  (42),  one  can  establish  the 
following  integral  representation  for  the  scattered  electric  field 
E  (r,t)  at  a  point  r  exterior  to  the  scatterer  and  at  the  time  t,  in 
terms  of  the  retarded  values  of  the  surface  charge  density  p  and  the 
surface  current  density  3  induced  on  the  scatterer's  surface  S 


4ire 


Tr  Ptf'.f)  -  f  ^T-It  5(r',T)  (49) 


R  3t 


Hence,  if  one  now  lets  the  field  point  r  approach  the  surface  S  and 
Imposes  the  following  boundary  condition  on  S 

+f8(?,t)]-  0  (50) 

one  arrives  at  an  integro-dlfferential  equation  involving  p  and  5 
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(51) 


-tQ(r)  xf^r.t) 


Note  that,  with  the  operator  V  kept  outside  of  the  integral  in  (51),  the 
limit  of  the  integral  as  r  approaches  S  can  be  taken  without  special  ado. 

Eq.(51)  is  equivalent  to  two  scalar  equations,  but  it  contains  three 
unknowns:  p  and  the  two  components  of  3.  It  must  therefore  be  supple¬ 
mented  by  the  continuity  equation  (43).  The  latter  can  be  applied  to 
eliminate  p  from  (51).  Integrating  (43)  over  time,  one  has 


p(r\x) 


dT'V’-3(r',T') 


(52) 


One  has  also  assumed  that  in  the  infinitely  remote  past,  before  the 
incident  wave  reached  the  scatterer,  the  scatterer  was  uncharged.  Substi¬ 
tuting  (52)  into  (51),  one  obtains  the  following  final  form  of  the  time- 
domain  electric-field  integro-differential  equation  for  the  induced  surface 
current  density  J 


*»<*> « 


dx'V' *3(r' fT') 


-ln(r)  x  E^r.t) 


(53) 


This  is  a  fearsome-looking  equation,  but  can  be  handled  numerically  on  the 
computer  in  a  straightforward  fashion.  Again,  because  of  the  appearance  of 
the  retarded  time  x  on  the  left-hand  side  of  the  equation,  no  matrix 
inversion  is  involved  in  the  solution. 

If  one  wishes,  one  can  easily  extend  (53)  to  cover  the  case  of  finite 
scatterer  conductivity,  as  was  done  previously  in  the  frequency  domain. 


1.3. 1.4. 3  Time-Domain  Thin-Wire  Integral  Equation 

The  time-domain  electric-f ield  integral  equation  simplifies 
considerably  when  the  scatterer  is  a  thin  straight  wire.  The  thin-wire 
geometry  makes  it  possible  to  go  over  from  a  two-dimensional  problem  to 
a  one-dimensional  one.  Instead  of  taking  the  thin-wire  limit  of  (53), 
it  is  easier  to  derive  the  time-domain  thin-wire  integral  equation 
directly  from  the  Maxwell  equations. 

From  (38)  and  the  Lorentz  condition  (39)  one  finds  that 


1  52 

7  77 


•£8(?,t) 


With  A  given  by  (42)  and  the  boundary  condition 


(55) 


imposed  on  the  surface  of  the  wire,  one  obtains  the  following  time-domain 
thin-wire  integro-dif ferential  equation  for  the  total  axial  current  I 


/V  1  a2  \f‘ 


dz’I  z'.t  - 


g(z  —  z')  -  -  e  !|r  E*(z,t)  (56) 


where  the  wire  is  taken  to  stretch  from  z*0  to  zml.  The  kernel  is 
defined  by 


which  has  a  logarithmic  singularity  at  z=*z',  and  the  averaged  E*  is  defined 

z 

in  the  same  way  as  (34) . 

Examples  of  the  application  of  time-domain  integral  equations  can  be 
found  in  [13  -  16] . 


86 


1 . 3 . 1 . 5  Aperture-Penetration  Integral  Equation 

The  need  for  calculating  electromagnetic  penetration  through 
apertures  arises  frequently  in  the  analysis  of  EMP  interaction.  The 
typical  configuration  of  aperture  penetration  is  illustrated  in  Fig.  A. 


Fig.  A.  Penetration  of  an  incident  electromagnetic  wave  through  an 
aperture  into  the  interior  of  a  conducting  body. 


A  shell  made  of  perfectly  conducting  material  is  situated  in  free  space, 
and  encloses  a  cavity.  The  cavity  opens  onto  the  exterior  of  the  shell 
by  way  of  an  aperture  A.  Let  an  electromagnetic  wave  be  incident  on  the 
aperture  from  outside  the  shell.  It  is  required  to  calculate  the  electro¬ 
magnetic  fields  inside  the  cavity  as  a  result  of  aperture  penetration. 

Suppose  first  the  aperture  A  is  completely  plugged  up  by  a  perfectly- 
conducting,  inf initely-thin  cover.  This  cover  therefore  forms  with  the 
outer  surface  of  the  shell  a  closed,  perfectly-conducting  surface  S+, 
while  it  forms  with  the  cavity  wall  another  closed,  perfectly-conducting 
surface  S_.  The  incident  electromagnetic  wave,  assumed  time-harmonic  with 
time  factor  e"^ut,  is  scattered  by  the  external,  closed  surface  S+.  In  the 


aperture-penetration  problem,  the  solution  of  this  auxiliary  scattering 
problem  is  assumed  known. 

Let  the  total  external  fields  be 


-  tKih  +  V'>  •  '  5„c<3>  +  «x*  <58> 

and  the  total  internal  fields  be 


®int<?)  “  ^int^  “  S2(?)  (59) 


v' 


where  E  ,  S  are  the  short-circuited  fields  with  the  aperture  completely 
sc  sc 

plugged  up  by  a  perfectly-conducting  cover.  One  finds  that  [17] 

21(r)  -  f  JwsText(r,r').tfn<r')  *V*')JdS'  (60) 

s+  1 
with  r  exterior  to  S+>  and  that 


a2(r) 


jo)e  Tinfc(r ,r  * )  •  it  (r ' )  x  ^  (£  • )  ]  dS  ’ 


(61) 


with  r  interior  to  S  .  The  external  dyadic  Green's  function  r  _  charac- 

ext 

terizes  the  region  exterior  to  S. ,  and  the  internal  dyadic  Green's 
function  r£nt  characterizes  the  region  interior  to  S_.  They  both  satisfy 
the  differential  equation 


(V  x  v  x  -  k2)T(r,r')  -1  6(r-r') 


(62) 


and  the  following  so-called  boundary  condition  of  the  second  kind,  namely, 


t>-K  ."f  +f 

(r)  x  v  x  rext(r,r')  -  0  for  r  on  S+ 

(r)  x  v  x  r.  (r,r')  -  0  for  r  on  S 

n0  lnt  - 


(63) 
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j 

v 


The  advantage  of  this  boundary-condition  assignment  is  that  the  tangential 
components  of  and  ^  on  the  surfaces  S+  and  S_  now  depend  only  on  the 
tangential  components  of  and 

The  aperture-penetration  integral  equation  is  derived  by  matching 
the  tangential  components  of  the  external  and  internal  electromagnetic 
fields  across  the  aperture  A.  The  boundary  conditions  at  A  are 


t  (r)  xf  (r)  -  -1  (r)  4,(r) 
nl  1  n2  2 

i  (r)  X  [S  (r)  +  H.  (r)  ]  -  -  1  (r)  x  H_(r) 
n^  sc  l  ^  / 


(64) 

(65) 


The  tangential  component tj^x  Eac  is  identically  zero.  Substituting  (60), 
(61)  and  (64)  into  (65)  and  noting  the  relation  ■»  -1^  on  A,  one  finally 
arrives  at  the  aperture-penetration  integral  equation  in  the  form 


(r)  x  [  [T  (r,r*)  1  •  (*(?’>  x|  (?*)]dS' 

1  JA  * 


-  -1  (r)  xS  (£) 


sc 


(66) 


It  must  be  remarked  that  the  integrand  in  (66)  is  actually  non- 
integrable.  The  reason  is  that  the  Green's  functions  r^xt  and  r^nt  both 
contain  double  derivatives  of  the  inverse  distance  jr-r'|  In  order  to 
arrive  at  a  meaningful  limit  as  r  tends  to  r',  it  is  necessary  to  bring 
the  differential  operators  outside  the  integral,  and  (66)  is  to  be  inter¬ 
preted  in  this  sense.  Eq.(66)  is  therefore  an  integro-differential 
equation  for  the  tangential  aperture  electric  field tn^x its  solution 
can  be  used  to  calculate  the  total  external  and  internal  fields.  It  must 
be  noted  that,  before  one  can  apply  the  aperture-penetration  equation  (66) 
to  a  specific  problem,  one  has  first  to  determine  the  three  quantities 
H8C,  r  t  and  rint  appearing  therein  for  the  aperture  geometry  concerned. 
Very  often,  this  determination  is  an  arduous  task  in  itself. 


However,  when  the  aperture  A  lies  in  an  infinite,  conducting,  thin 
plane  screen  between  two  half-spaces,  (66)  can  be  written  out  explicitly 
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in  simple  form.  The  infinite  plane  screen  geometry,  although  an  outright 
idealization,  is  actually  a  good  approximation  to  many  aperture  configura¬ 
tions  encountered  in  practice.  Let  the  infinite  plane  screen  be  the 
x~y  plane  in  a  rectangular  coordinate  system,  as  shown  in  Fig.  5.  Let 


Fig.  5.  Penetration  of  an  incident  electromagnetic  wave  through  an 
aperture  in  a  conducting,  infinite,  plane  screen. 


the  incident  electromagnetic  wave  impinge  on  the  aperture  A  in  the  plane 
screen  from  the  upper  half-space  z  >  0.  Therefore,  the  exterior  region 
in  this  geometry  is  the  upper  half-space  z  >  0,  and  the  Interior  region 
the  lower  half-space  z  <  0.  The  unit  normal  vector tn  becomes  simply  . 
The  dyadic  Green's  function  for  a  half-space  satisfying  the  boundary 
condition  of  the  second  kind  can  be  expressed  in  closed  form 

-  ^  W  ^  [G(r,rl)  +  G(?,r")] 

-  2  G(r,r")f  I  (67) 

2  2 


r(r,r') 


n 
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where  G  is  the  free-space  Green's  function  given  by  (7)  and  r"  is  the  image 

4.  44 

of  r'.  For  the  external  Green's  function  r  ,  one  chooses  positive  z 
and  z1.  For  the  internal  Green's  function  r^t»  one  chopses  negative  z 
and  z'.  Upon  substitution  of  (67)  into  (66) ,  the  following  equation 
results 

4jwe  ^  •  |j  dx'dy 'G(x,y;  x' ,y')  ,y') ] 


-  ~V*sc<*.y) 


(68) 


where  V  is  the  tangential  gradient  operator 


V  -  it  —  +  J 

t  xax  y  3y 


(69) 


Note  that  in  (68)  all  differential  operators  occurring  in  the  dyadic 
Green's  functions  have  been  taken  out  of  the  integral  to  ensure  integra- 
bility,  as  has  been  discussed  previously. 

It  must  be  pointed  out  that  (66)  is  not  the  only  possible  integral- 
equation  formulation  of  the  aperture-penetration  problem,  although  it  is 
certainly  one  of  the  most  general.  Other  versions  do  exist,  especially 
when  one  restricts  oneself  to  specific  aperture  geometries.  Nevertheless, 
these  different  versions  all  share  a  common  characteristic,  in  that  they 
all  select  certain  field  quantities  at  the  aperture  opening  as  the  unknowns 
of  the  problem,  be  they  field  components,  their  various  derivatives  or 
appropriate  scalar  potentials.  Examples  of  the  application  of  integral 
equations  to  the  solution  of  aperturp-pegatration  problems  can  be  found 
in  [18-21]. 

1.3. 1.6  Intersecting  Cylinders 

Intersecting  cylinders  have  been  used  to  model  many  aeronautical 
systems  for  EMP  interaction  calculations.  The  most  common  applications  of 
the  model  pertain  to  aircraft  and  satellites.  In  this  section  the  basic 
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formulation  of  tbe  two-iutersecting-cyliader  problem  la  discussed*  while 
all  relevant  results  are  relegated  to  Fart  2  of  this  document. 

1.3. 1.6.1  Orthogonally  Intersecting.  Electrically  Thin  (ka  1  0.1)  Cylinders 

In  Fig.  6  are  shown  two  intersecting  rods  Immersed  in  a  time-harmonic 


Fig.  6.  Two  orthogonally  intersecting,  electrically  thin 

(ka, ,  ka-  1  0.1)  cylinders  in  a  time-harmonic 
A  J  + 

plane  wave,  k  lies  in  the  yz-plane. 


plane  wave  whose  electric  field  components  are  given  by 


E*  -  E^sin  (on  horisontal  wire) 


(70) 


E*  -  Eicos  >1/  sin  e  e  Co*  ®  ,  (on  vertical  wire) 
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iht  total  axial  currants  Induced  on  the  four  sections  of  the  rods  are 
denoted  by  Il8(s),  and  I4x(x)  which  satisfy  coupled  Integral 

equations  subject  to  boundary  conditions  at  the  four  ends  and  certain 
appropriate  conditions  at  the  junction.  The  boundary  conditions  at  the 
ends  of  the  four  eras  are 


v-v  *  w  ■  v-v  ■  wv  ■ 0 


The  conditions  at  the  junction  must  relate  the  currents  and  the  charges 

per  unit  length  In  the  four  eras.  Strictly,  the  conditions  must  involve 

these  quantities  at  electrically  short  distances  from  the  junction,  where 

the  currents  and  charges  are  still  rotationally  symmetric.  However,  since 

with  ks  <.  0.1  the  electrical  surface  area  of  the  junction  region  la  very 

2 

small  (of  the  order  (ka)  <0.01),  Its  shape  is  immaterial  and  the  total 
charge  on  its  surface  is  negligible.  Accordingly,  no  significant  error 
is  introduced  insofar  as  currents  and  charges  at  electrically  very  small 
distances  away  from  the  junction  are  concerned,  if  it  is  assumed  that 
each  am  and  its  rotationally  symmetric  current  and  charge  per  unit  length 
extend  to  the  Junction  point  (x"z-0)  as  if  concentrated  along  the  axes 
of  the  conductors.  The  Junction  conditions  can  then  be  imposed  at  this 
point.  For  a  vertical  conductor  with  radius  a^  and  a  horizontal  conductor 
with  radius  a^,  the  junction  conditions  Include  the  Kirchhoff  condition  on 
the  currents  [22] 


Ilz<0)  “  X2z(0)  +  X3x(0)  "  X4x(0>  "  0  (72) 

and  the  following  three  conditions  on  the  charges  q  per  unit  length  [23] 

q1(0)f1  -  q^O)^  -  q3&))4'3  -  q4(0)¥4  (73) 

where,  for  conductors  at  least  a  quarter  wavelength  long, 

•v 

^-*2  -  2Un(2/kax)  -  0.5772],  *3  -  2[An(2/ka3>  -  0.5772]  (74) 

/ 
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Kote  that  these  paraaeters  are  independent  of  the  lengths  of  the  conductors 
For  shorter  conductors,  the  length  is  of  Importance  and 


-  »2  -  2  ,  *3  -  *4  «  2  in(/t^/s3>  (75) 

When  the  radii  are  equal  (a^aj^a),  ■  F3  ■  in  (73)  and  this 

reduces  to  the  equality  of  charges  per  unit  length. 

The  use  of  thin-cylinder  theory  is  an  acceptable  approximation  only 
when  the  following  Inequalities  are  satisfied 

ka^  <<1;  a^  <<  h^,  s^  <<  h^ 

(76) 

ka3  <<  1;  a3  <<  << 


The  required  coupled  integral  equations  for  1  and  1  are  readily 

X  2 

derived  from  the  following  one-dimensional  boundary  conditions  on  the 
surface  of  the  conductors  [24.25] 

Ez(z)  -  E*  -  3$(z)/3z  -  jo>Az(z)  -  0,  -hj^  ±  z  <.  h2 

(77 

V*)  -  B*  -  a*(x)/3x  -  jo>Ax(x)  -  0.  -£1  <  x  <  %2 

When  the  integrals  for  the  scalar  potential  $  and  the  components  of  the 
vector  potential  it  are  substituted  in  (77) .  the  following  pair  of  simul¬ 
taneous  integral  equations  is  obtained  for  the  unknown  currents  Ix(x) 

and  I  (a) 
z 

r**2  ^2  ^2  1 

j  I2(z')K(z,z,)dz'  -  q(z')K(z,z,)dz'  +  f  q(x’)K(z,x')dx' 1 

-h.  k  ^  _o.  J 


-(j4n/u)u)E^(z) 

z 


***'  »,  *Krr  rt-r.i 


*2  r  ^2  ^2  i 

J  Ix<x')K(x.x*)dx'  -  J|  |  q(x')K(x,x’)dx’  +  j  q(z')K(x.z*)dz’ 

-*1  k  -hx  J 


-  -(j4w/u>u)E* 


(ft) 


where  E*(z)  and  E*  are  given  in  (70).  Note  that  q(z)  -  (j/«)3It(z)/3z 
*ad  q(x)  ■  (J/u)3Xx(x)/3x.  The  kernels  are  defined  as  follows: 


with 


K(z,z')  -  e*p(-jkRs)/Rg, 

K(x.x’)  •  exp(-JkRx)/Rx 

K(z,x')  -  exp(-JkR  )/R  , 

cz  cz 

K(x.z')  -  exp(-jkR  )/R 
CX  1 

Rz  -  [(z-z*)2  +  a2]**. 

Rx  «  l(x-x’)2  +  a2]** 

“c.  ■  l‘2  +  *'2  +  *?]\ 

Rcx  "  [x2  +  *'2  +  a2]14 

(80) 


Eqe.(78)  and  (79)  are  to  be  solved  for  I  (z)  and  I  (x)  subject  to  the  four 
end  conditions  in  (71)  and  the  four  junction  conditions  in  (72)  and  (73). 

Analytical  solutions  of  these  equations  have  been  obtained  when 
*1**3*«  for  two  different  cases,  nasiely,  (a)  the  case  of  a  normally 
incident  field  with  the  electric  vector  parallel  to  the  vertical  conductor 
and  arbitrary  arm  lengths  [26] •  and  (b)  the  case  of  a  general  incident  field 
and  equal  arm  lengths  [27].  More  general  cases  than  these  two  are  readily 
formulated  and  evaluated  by  analytical  or  numerical  methods.  Approximate 
currents  and  charges  have  been  calculated  for  a  wide  range  of  arm  lengths 
in  [24,25,27].  Measured  currents  and  charges  are  in  [28].  Details  of 
the  analytic  solution  and  explicit  formulas  for  the  coefficients  are 
given  in  [29]. 

1.3. 1.6. 2  Hon-Orthogonally  Intersecting.  Electrically  Thin  (ka  5.  0.1) 
Cylinders 

The  determination  of  the  currents  and  charges  on  the  surfaces  of 
conductors  intersecting  at  angles  A  other  than  90*,  as  shown  in  Fig.  7, 
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fig.  7.  Swept -wing  thin-wire  cross. 


out  bs  accomplished  for  electrically  thin  cylinders  by  a  generalization 
of  the  analytical  procedure  described  for  orthogonal  conductors.  All  of 
the  thin-cyllnder  conditions  previously  imposed  for  A  ■  90*  must  be 
satisfied  and,  in  addition,  a  restriction  of  the  angle  A  of  intersection 
must  be  enf oread.  This  is  needed  in  order  to  keep  the  junction  region 
electrically  saall  enough  to  preserve  the  validity  of  the  assumption 
that  the  total  charge  on  its  surfaces  is  negligible.  The  added  condi¬ 
tion  is 


| sin  A|  »  ka  (81) 

When  A  ■  90*,  this  reduces  to  the  previously  imposed  condition  ka  «  1. 

The  integral  equations  for  the  currents  in  the  swept-ving  configura¬ 
tion  shown  in  Fig.  7  are  derived  in  the  sane  manner  as  those  for  the 


i 


i 

1 


t 
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orthogonal  croaa  but  several  additional  terms  and  integrals  occur,  since 
the  crossed  conductors  are  now  coupled  inductively  as  well  as  capacitively. 
In  order  to  permit  the  ready  correlation  with  the  equations  for  the 
orthogonal  cross,  the  notation  shown  in  Fig.  7  is  used.  As  before,  the 
vertical  member  extends  from  z  -  -h^  to  *  -  h2  with  the  junction  at  the 
origin.  The  arms  are  taken  to  be  equal  and  of  length  l  with  the  variable 
s  ranging  from  s  ■  -A  to  s  ■  0  along  the  left  arm  and  from  8  -  0  to  s  ■  £ 
along  the  right  arm.  Hots  that  when  A  -  90°,  s  becomes  x  and  the  entire 
notation  reduces  to  that  of  the  orthogonal  cross. 

The  boundary  conditions  requiring  the  vanishing  of  the  tangential 
component  of  the  electric  field  on  the  surfaces  of  the  conductors,  each 
with  radius  a.  now  have  the  form 

E  (z)  -  E*  -  3*(z)/3z  -  j«A  (z)  -  0,  -  h.  <  z  <  h9  (82) 

2  Z  i  Li 

E  (s)  ■  -  Eicos  A  -  34>,(a)/ds  -  jtuA,  (s)  -0,  ■  tisiO  (83) 

S  Z  J  JS 

Efl(s)  ■  E*cos  A  -  3^(s)/3s  -  jwA4g(s)  *  0,  0  <.  s  <.  £  (84) 

for  a  normally  incident  field,  £*  •  1  E*.  A  consequence  of  symstetry  is 

2  2 

that  the  currents  and  charges,  and  the  vector  and  scalar  potentials  on 
the  two  side  arms  satisfy  the  following  relations: 


i3a(-«0  ■  -  i4s<8>»  *3<»)  *  q4(-«> 

Ajg(-8)  -  -  A48(s)»  ^3(-s)  -  *4(s) 


(85) 


Hence,  it  is  necessary  to  determine  only  Ilz(z),  I2z(z),  and  I4g(s).  With 
the  relations  (85) .  the  vector  and  scalar  potentials  in  (82)  are 


Ag(z)  -  (u/4ir) 


f  2  f* 

I^z'Wz.z^dz'  +  2  cos  A  I  I^s'^z.s'.AJds' 
-h 


(86) 
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Integration  by  parts 


n2 

[  [32Iz(z,)/3z'2  +  k^Cz'mCz.z'Jdz'  -  F2(z.A)  -  F3(z)  -  F4(z,A) 

-h.  . 


.  _  Ei 

uy  z 


(92) 


[32Ig(s')/3s’2  +  ^(s'JJWs^')  -  K(s,s,,A)]ds'  -  F2(s,A)  -  F3<s,A) 


where 


and 


-  F,(s,A)  -  F-(s,A)  ■  -  E^cos  A 

4  5  WU  z 


F2(z,A)  -  2jdi(3/3z)  f  q(a')K(z,s' ,A)dB' 
F3(z)  -  -  ju[q(h2)K(z,h2)  -  qC-h^Rtz.-h^] 


F4(z,A)  -  2k  cos  A 


I  (s')K(z,s' ,A)ds' 
s 


[2 

F2(s,A)  -  j«(3/3s)  I  q(z’)K(s,z ' , A)dz ' 

'hl 

F3(s,A)  -  2juq(£)[K(s,£)  -  K(s,£,A)] 
h2 

F,(s,A)  *  k2cos  A  [  I  (z')K(s,z' ,A)dz' 

"hl  Z 

2  f* 

F^Cs.A)  •=  k  tl  +  cos  2A)  I  Ig(s')K(s,s' ,A)ds' 


(93) 


(94) 


(95) 


Zero-order  current  and  charge  distributions  for  any  4  and  normally 
incident  fields  have  been  obtained  in  [30]  by  solving  (92)  and  (93)  with 
the  end  conditions  (71)  and  the  junction  conditions  (72)  and  (73). 
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1.3.2  TRANSMISSION-LINE  APPROACH 


This  section  presents  the  formulation  and  solution  of  the  basic 
differential  equations  describing  the  EMP  induced  voltages  and 
currents  on  a  group  of  conductors  forming  a  transmission  line. 
Throughout  this  section  the  cross-sectional  dimensions  of  the 
transmission  line  are  assumed  to  be  small  compared  with  a  wavelength. 

The  propagation  of  a  pure  TEM  mode  on  a  two-conductor  lipe  is 
first  discussed.  Its  simple  concepts  are  then  generalized . to  a 
multiconductor  line.  Energy  propagation  on  a  multiconduc^or  line 
can  be  described  by  the  prr  agation  of  a  number  of  independent  field 
configurations  or  modes. 

Previous  efforts  in  applying  transmission-line  theory  to  EMP 
problems  have  been  restricted  to  simple  transmission-line  configura¬ 
tions,  such  as  two  cascaded  sections  or  a  simple  branching  of  lines. 
Recently,  work  has  begun  on  the  development  of  a  computer  code  for 
analyzing  a  network  of  arbitrarily  interconnected  transmission  lines 
(both  single  and  multiconductor  lines) .  In  this  work  a  large  matrix 
equation  is  derived  for  all  of  the  unknown  currents  at  each  of  the 
junctions,  or  nodes,  of  the  transmission-line  network,  and  then  these 
currents  are  determined^^y  matrix  inversion.  This  process  permits 
the  inclusion  of  much  mor£  complex  types  of  transmission-line  networks, 
such  as  those  having  closed{  loops,  than  what  has  been  previously 
analyzed. 

In  the  case  of  lossy  conductors  an  axial  component  of  electric 
field  exists  in  the  vicinity  of  the  conductors,  so  that  propagation 
is  only  nearly  TEM,  or  quasi-TEM.  Deviation  from  strict  TEM  propa¬ 
gation  also  occurs  when  the  dielectric  medium,  although  homogeneous 
in  the  direction  of  propagation,  displays  inhomogeneous  properties 
in  the  transverse  plane.  These  departures  from  the  ideal  case  can 
introduce  severe  analytical  difficulties  in  solving  transmission- 
line  problems. 
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1.3. 2.1  The  Two-Conductor  Line 


Consider  Fig..  8  in  which  the  conductor  axes  of  a  uniform  trans¬ 
mission  line  are  parallel  to  the  z-axis  of  a  rectangular  coordinate 
system.  Assume  the  conductors  to  be  lossless  and  embedded  in  a 
homogeneous  isotropic  dielectric  with  constitutive  parameters  e,  y,  a. 
The  integral  form  of  one  of  Maxwell's  equations  gives 


t-t  dA 
n 


(96) 


where  C  is  a  curve  enclosing  the  area  A,  and  s  «*  jw  on  the  joi-axis  of 
the  complex  frequency  s-plane.  If  A  lies  completely  in  a  plane 
transverse  to  the  z-axis,  then  the  fact  that  H  is  transverse  implies 
that 


L 


E*di  -  0 


(97) 


Which,  in  turn,  implies  that  in  any  transverse  plane,  £  can  be 
*  * 

expressed  as  the  negative  -gradient  of  a  scalar  potential  <f> 


E 


v  .  (|±t  +  |it  \ 

tY  \3x  x  3y  y / 


(98) 


X 


Fig.  8.  Two-conductor  line. 
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with  upper  and  lower  signs  for  forward  and  back  waves,  respectively. 

The  charge  Q'  per  unit  length  bounded  by  the  electric  field  is 

Q'  -  C'V  (105) 

where  C'  Is  the  capacitance  per  unit  length  between  conductors.  The 
current  diverted  through  the  dielectric  Is 

-  G'V  (106) 

where  G'  is  the  leakage  conductance  per  unit  length.  Finally,  the 
magnetic  intensity  linking  the  conductors  induces  a  counter-emf  in 
series  with  the  lii  *  given  by 

V.'  -  s  L'l  (107) 

la 

where  L'  is  the  inductance  per  unit  length  represented  by  the  magnetic 
flux  linkages,  and  1  is  the  line  current. 

In  Sec.  1. 3.2.4  the  line  parameters  C',  G'  and  L*  will  be  discussed. 

1.3. 2. 1.1  Line  Excitation 

A  transmission  line  may  be  excited  by  an  EMP  field  in  a  variety 
of  ways.  In  the  simplest  case  the  line  is  in  "free  space"  (i.e.,  far 
from  other  objects  compared  to  its  cross-sectional  dimensions)  and  is 
excited  by  an  electromagnetic  wave.  It  may  be  situated  above  ground 
so  distant  that  its  propagation  characteristics  are  unaffected  by 
the  ground  parameters,  but  close  enough  that  it  is  exposed  to  both 
incident  and  ground-reflected  components  of  an  EMP.  It  may  be  within 
the  interior  of  a  coaxial  cable,  which  may  have  a  solid  shield  or  a 
braided  shield  for  its  outer  conductor.  In  the  latter  case  fields 
may  be  coupled  locally  into  a  line  by  incomplete  shielding  at  cable 
connectors,  at  flanges  joining  sections  of  solid  conduit  enclosing 
the  line,  or  at  shield  apertures  that  are  required  for  other  functions. 


In  all  caaaa  it  ia  convenient  to  consider  the  incident  field  to 
be  resolved  into  components  transverse  to  the  line  and  those  parallel 
to  it.  The  transverse  coaponents  may  be  due  to  coupling  from  another 
distant  line.  The  axial  coaponents  of  aagnetic  and  electric  field 
affect  the  line  differently.  The  axial  aagnetic  component  induces 
currents  that  circulate  around  the  peripheries  of  the  conductors  but 
produce  no  axial  transmission  line  current.  The  axial  ..electric  field, 
on  the  other  hand,  induces  antenna-mode  currents  on  the  conductors, 
which  for  the  most  pert  do  not  flow  through  the  line  terminations. 
However,  because  of  the  physical  separation  of  the  line  conductors, 
there  ia  generally  a  small  difference  in  the  excitation  of  the  indi¬ 
vidual  conductors  by  an  axial  electric  field,  which  induces  excitation 
sources  in  series  with  the  line.  This  difference  is  entirely  accounted 
for  (via  Faraday's  Induction  law)  by  the  transverse  magnetic  field. 

1.3. 2. 1.2  Line  Differential  Equations 

TWo  fundamental  laws  underlie  the  derivation  of  the  line  equations: 
Faraday's  law  (96)  and  the  law  of  current  continuity  (43). 

Fig.  9  represents  a  small  increment  of  a  two-conductor  line. 
Although  represented  here  as  two  conductors  of  finite  cross  section. 
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Fig.  9.  Small  increment  of  a  two-conductor  line* 
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it  should  be  noted  that  one  conductor  could  be  an  "infinite"  ground 
plane.  Alternatively,  one  conductor  could  be  enclosed  in  the  other, 
as  in  a  coaxial  line.  To  develop  expresalons  for  the  line  excitation 
for  the  special  case  of  a  two-conductor  line,  we  begin  by  applying 
(96)  to  the  contour  C  in  Fig.  9.  The  right  member  of  (96)  is  propor7 
tlonal  to  the  aagnetic  flux  4  through  the  area  A  enclosed  by  C.  The 
magnetic  field  H  is  positive  when  directed  as  the  translation,  of  a 
right-hand  screw  turned  clockwise.  Thus,  -4  is  positive  when  directed 
in  the  positive  y  direction. 

The  total  magnetic  flux  linking  the  conductors  has  two  sources:  . 
the  incident  magnetic  field  S*-  and  the  magnetic  field  due  to  the 
transmission  line  current . 

Antenna-mode  currents  I  ^  and  l^  are  induced  by  the  axial 
electric  field.  The  total  currents  1^  and  in  the  conductors 
are,  respectively. 


Il“ 


I  +  I 


cl 


I  +  I 


c2 


(108) 


Performing  the  Integration  indicated  in  the  left-hand  side  of 
(96)  we  have 


*  l*dt  -  -  V(z)  +  0  +  V(z  +  Aa)  +  0  -  V(z  +  Az)  -  V(z)  ■  AV  (109) 
JC 

the  integration  along  the  conductors  contributing  nothing  since  l£»d it  ■  0 
at  the  surface  of  lossless  conductors. 

For  the  two  components  of  magnetic  flux  per  unit  length  we 
introduce  4^  and  4^  with 

4£  =  L'l,  4^  =  -  lV  (110) 

where  L*  is  a  constant  measured  in  henries,  and  is  the  component 
of  the  incident  magnetic  field  perpendicular  to  the  plane  containing 
the  axes  of  two  conductors  of  the  line. 


The  total  flux  In  the  Increment  Az  is  then  given  by 

.1  s  > 

$'Az  -  (L'l  -  lSiJja*  (111) 

Substituting  (109)  and  (111)  in  (96),  dividing  by  As  and  passing 
to  the  limit,  we  obtain 


~  +  sL’I  -  shSii  (112) 


which  is  the  first  equation  for  the  transmission  line  voltage  and 
current  in  the  s-domain. 

To  derive  the  second  line  equation  we  integrate  the  continuity 
equation  and  obtain  (see  Fig.  9) 

AI  +  I^Az  +  sQ'Az  ■  0 

Bearranging,  dividing  by  Az  and  passing  to  the  limit,  we  obtain 


H  +  1}  -  -  •«'  <1“) 

which  becomes,  with  the  aid  of  (106), 

+  g'V  •  -  sQ’  (114) 


The  charge  Q*  has  two  sources:  the  TEM  potential  difference 
between  conductors  and  the,  transverse  impressed  electric  field.  Calling 
these  two  charges  and  ye  have 


Qv 


% 

C'V  (from  line  voltage  V) 

(115) 

(from  incident  electric  field 
*  perpendicular  to  the  axes  of  conductors) 


where  C 


i 


is  a  constant  of  proportionality 


measured  in  farads. 
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Thu*,  th*  second  line  tquab^pih  b*co— a 

|j  +  (G'*f*C')V  «  -  aC1!*  (116) 

*, 

The  determination  of  the  line  parameter*  L' ,  C*.  G',  mod  the  coupling 
i  i 

parameters  L  and  C  will  be  disdusad1  in  Sec.  1.3. 2*4. 


Finite  conductivity  of  the  line  conductors  affects  the  behavior  of 
th*  line  in  tvo  ways:  it  causes  'slight,  modifications  in  th*  line 
parasietera,  effects  which  are  usually  ignored  at  high  frequencies;  and 
it  results  in  additional  attenuation  .af  waves  on  the  line,  thus  affecting 
th*  value  of  th*  propagation  constant:  For  the  case  of  the  two-conductor 
line,  th*  second  effect  can  be  incorporated  into  the  line  equations 
without  difficulty.  „  *  - 

Eqs.(112)  and  (116)  are  the  baai^ transmission  line  equations  in 
the  s -domain  and  they  may  be  summarized  in  the  following  convenient 
fora: 


g*yx-V« 

_|£  +  y  ty  m  j?  (*) 


(117) 


where  V* 


<■>  ,.<•> 


are  the  per-wuit -length  sources  to  denote  respec¬ 
tively  th*  right-hand  sides  of  (112^  and  (116),  and  Z*  and  Y*  are  the 
per-unit-lengtb  impedance  and  admittance  of  the  line  given  by  Z'  ■ 

R' +aL’  and  Y'  *  G'+sC'.  Here,  ,1s  the  line  resistance  to  be 
discussed  in  Sec.  1.3. 2. 4. 

Recently,  a  new  set  of  tr&nsaisalon-llne  equations  has  been 
proposed,  which  incorporates^!*  effect  of  th*  "antenna-mode"  current* 
131]. 

let  I,  and  1  be  defined  by" 
o  c 


Let  1^  and  12  ba  th*  total  currants  on  tha  two  conductors  and 


h  "f 


5/ 

hml<h  +  l  i> 


(118) 
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It  can  b*  shown  that  for  the  esse  of  an  incident  plane  wave  one  has  [31] 


sL’Id  -  -  sL’aIc 

dl.  ^ 

8c'V  -  -  sC'  h**1  +  sa<^ 

idiers  Q'  -  -  (l/s)(d/ds)I  ,  S  and  a  are  given  by  (see  Fig.  10) 

C  C 

h-  |S| 

a  •  C'(2ire)  *[arccsch(2b/h)  -  arccsch(2a/h) ] 


<U9) 


(120) 


for  two  conductors  of  circular  crosa-sactions  with  radii  a,  b. 

There  are  two  points  of  paramount  importance  about  (119).  First, 
if  one  sets 

1  -  I.  +  uI  0-21) 

a  C 


Fig.  10.  Two-wire  line  of  unequal  radii. 
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vhare^I  la  tha  lisa  currant  of  (117),  than  (119)  reduces  to  (117). 
SecoSdly,  tha  "no— on-wods1*  (or  antenna-mode)  currant  Ic  defined  by 
(118)  is  aqual  in  magnitude  and  dir act ion  on  both  conductors ,  and 
hanca  la  saro  at  tha  terminating  impedances  of  a  lina  of  two  aqual- 
length  conductors.  In  this  casa,  I  and  Id  will  have  tha  same  and 
conditions.  (Kota  that  one  aay  define  a  co— on  ends  current  In  such 
a  way  that  it  will  not  appear  In  (119).)  This  weans  that,  as  far  as 
the  currents  at  the  terminating  Impedances  are  concerned,  one  aay 
use  (W?)  instead  of  (119).  On  the  other  hand,  if  one  la  interested 
in  the  total  currents  at  other  points  along  tha  line's  conductors 
or  the "casa  where  the  line's  conductors  are  of  unequal  length,  one 
should  resort  to  (119). 

1.3. 2. 2  Multiconductor  Linas  and  Cables 

v.  '  "  "  """  '  — 

Fig.  11  depicts  a  aulticonductor  transmission  line  embedded  in  a 
homogeneous  Isotropic  dielectric.  For  this  case,  the  discussion  in 
Sec.  1.3. 2.1  up  to  and  including  (104)  applies  erectly  hare,  except 
that  we  are  now  thinking  in  terns  of  (N  + 1)  conductors  rather  than 
two.  The  reasons  for  selecting  a  general  line  of  (N  +  l)  conductors 
(rather  than  N)  are  two:  first,  among  (N  +  l)  conductors  there  are 
only  N  independent  potential  differences;  second,  the  total  TEM 
current  flowing  in  any  cross  section  of  the  line  must  be  zero,  so 


Fig,  11  (N  +  l) -conductor  line. 


-A 


that  one  of  the  currents  may  be  expressed  es  e  linear  sum  of  the 
reeelning  H,  implying  the  existence  of  only  N  independent  currents. 

Thus,  the  behavior  of  an  (N  + 1) -conductor  line  is  characterised  by 
N  independent  potentials  and  h  independent  currents.  Such  a  line 
may  then  be  referred  to  as  an  H-line.  According  to  this  definition 
the  conventional  two -conductor  line  is  a  1-line  characterized  by  a 
single  potential  difference  and  a  single  independent  value  of  current. 

Instead  of  speaking  of  potential  differences  it  is  convenient 
to  choose  one  conductor  as  the  reference  or  zero-potential  conductor. 

The  potential  of  any  conductor  is  then  its  potential  with  respect  to 
the  reference  or  common  conductor.  When  necessary,  the  reference 
conductor  is  called  the  "zeroth"  conductor.  Conductors  other  than 
the  common  conductor,  when  forced  to  zero  potential,  are  said  to 
be  "grounded." 

The  potentials  of  the  respective  N  conductors  are  denoted  by 
the  vector  (VQ).  As  before,  in  the  transverse  plane  the  potential  4> 
satisfies  Laplace's  equation  and  the  conductors  are  equipotentials. 

Consequently,  electric  charges  O'  (for  n-  1 . N)  exist  on  the 

conductor  surfaces,  and  standard  theory  relates  these  charges  to 
the  potentials  by  [32] 

°‘1 . »  <i22> 

®"i 

or,  in  matrix  notation, 

The  quantities  are  Maxwell's  coefficients  of  capacitance 
with  the  following  properties  (33,34] 

1  0  for  every  n 

<  0  for  every  m  4  n  (124) 

C'  -  C'  for  every  n,o 

Tim  TUT! 
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Hie  quantities  are  defined  fund  mentally  as  follows.  Let 

be  different  from  zero,  while  V  -0,  a  j*  k;  that  is,  suppose  all 

m 

conductors  are  grounded  except  the  ktb.  Then  (123)  becomes 


ak 


Q^/Vk,  n  ■  1,  .  .  . ,  N 


»'  t1 


(125) 


Evaluation  of  the  for  specific  configurations  will  be  discussed  . 

In  Chap *  2.4. 

Because  steady  current  flow  in  conductors  obeys  Laplace's  equation 
with  equipotential  conditions  on  lossless  conductors,  analogous  results 
apply  to  the  currents  flowing  bet we'  .  conductors  in  a  lossy  dielectric, 

namely 

<*d  >  "  <Gm>(V  <126) 

n 

where  1^  is  the  total  current  per  unit  length  in  the  dielectric  leaving 
the  nth  wire,  and  are  coefficients  of  conductance  with  the  properties 

G*  >0  for  every  n 
nn 

G'  £  0  for  every  n  f  o  (127) 

nro 

GL "  GL  for  every  a’n 

« 

Furthermore,  if  Vm»0  for  n  s<  k,  then  (126)  gives 


Gnk  "  zd  /Vk’  n“1 . N 


(128) 


Finally,  the  magnetic  flux  linking  the  nth  conductor  and  ground 
is  the  resultant  of  currents  flowing  in  the  N  independent  conductors 


*'  ’  <L'  ) (I  ) 

torn  tn 


(129) 
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where  the  L^,  all  positive  or  zero,  are  the  line  coefficients  of 
inductance.  Furthermore,  the  individual  inductance  coefficients  are 
given  by,  with  currents  on  all  conductors  being  zero  except  the  kth, 

Lnk  “  *L  /Xk  '  n  "  1 . N  (130) 

n 


To  derive  the  line  equations  for  the  total  line  voltage,  one  may 
visualize  a  generalization  of  Fig.  9  and  then  considers  .only  the  nth 
and  reference  conductors.  The  path  C  in  Fig.  9  may  be  any  path  whose 
contour  is  confined  to  the  z-  and  (z  + Az) ^planes  and  tangent  to  the  nth 
and  reference  conductors.  Following  the  same  procedure  that  leads  from 
(109)  to  (117)  we  get,  in  matrix  form, 

0-31). 

I?  <V  +  (wy  +  »<c») )  <V  ■  -  •<cui)>El1) 

1.3. 2. 2.1  Multiconductor  Line  With  Lossy  Conductors 

la  general,  conductor  losses  depend  on  the  distribution  of  current 

around  the  conductor  peripheries.  When  the  conductors  are  cylinders 

of  small  radii  compared  to  conductor  apaclugs,  an  extra  term  (R'  )(I  ) 

nm  m 

may  be  added  to  the  left  member  of  the  first  equation  of  (131) ,  where 
(K^)  is  a  diagonal  matrix  in  which  is  the  resistance  (ft/m)  of  the 
nth  conductor,  readily  evaluated  by  standard  means  [32].  At  frequencies 
sufficiently  high  that  the  conductor  skin  depth  is  small  compared  to 
the  conductor  radius  of  curvature,  the  effect  of  conductor  losses  can 
be  accounted  for  by  finding  the  peripheral  current  distributions  on 
all  conductors  (assumed  temporarily  lossless)  for  a  given  current 
vector,  and  integrating  the  loss  over  all  conductors.  The  attenuation 
constant  representing  these  losses  is  then  determined  from 

ac  -  -  |  £n(l  -  Wc/Wo)  (132) 
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where  a  is  the  part  of  the  attenuation  constant  due  to  conductor  losses 
c 

(neper /m) ;  W  is  the  total  conductor  power  loss  in  one  meter  of  line, 
c 

and  \1Q  Is  the  total  transmitted  power  at  the  point  of  conductor  loss 
evaluation.  An  alternative  expression  is 


Where  the  approximations  used  above  are  not  justified,  effective 
conductor  resistance  must  be  determined  by  complicated  bounder y-value 
procedures,  generally  requiring  numerical  analysis. 

Further  discussion  on  this  subject  appears  in  Sec.  1.3. 2. 4. 

1.3. 2. 2. 2  Multiconductor  Transmission  Line  Modes 

To  solve  a  multiconductor  transmission-line  problem  (131)  subject 
to  appropriate  boundary  (or  load)  conditions  at  the  ends  of  the  trans¬ 
mission  line,  one  may  first  obtain  the  source-free  solutions  on  the 
multiconductor  line  by  solving  the  homogeneous  version  of  (131)  and 
one  may  then  construct  a  particular  solution  with  the  excitation  sources 
and  loads  present. 

Let 

(ZM  -  s(L') 
am  nm 

(134) 

’  “  <G'  )  +  s(C'  ) 

nm  nm  nm 


to  be  the  series  impedance-per-unit  length  and  shunt  admit tance-per- 
unit-length  matrices  of  the  line.  With  no  sources,  (131)  becomes 


h  <V„>+  <Znra>  <Im>  "  0 

dz  n  nm  m 

(135) 

h  +  ‘  0 

3z  n  nm  m 
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from  which  one  obtains 


dz 


2  (I)  *  (Y*  )(Z!  )(I  ) 
z  n  tun  tun  n 


(136) 


dz 


2  <  V  “  (U  <Yn  J  <V 

z  n  run  nm  n 


These  equations  seem  difficult  to  solve  at  first,  since  the  propa¬ 
gation  matrices  (Y'  )(Z’  )  and  (Z'  )(Y'  )  are  full  matrices.  It  is 
tun  nm  nm  nm 

possible,  however,  to  diagonalize  the  propagation  matrices  by  a 
transformation  matrix  (T  )  consisting  of  the  eigenvectors  of  the 
•atrix  (Y^XZ 4,).  1..., 


<T„„,)'1<Y’  HZ'  XI  J  -  (v)2 
nm  nm  nm  nm  nn 


(137) 


where  (y^)  is  a  diagonal  matrix  with  elements  equal  to  the  corres¬ 
ponding  eigenvalues. 

Because  (Z'  )  and  (Y*  )  are  symmetric,  the  matrix  (Z '  )(Y'  )  can 
nm  nm  J  N  nm  nm 

also  be  diagonalized  by  T^,  viz.. 


:j(T„m)T  1  *  >2 

nm  nm  nm  nm  nn 


(138) 


where  the  superscript  T  denotes  the  transpose. 

Let 

(i  )  -  (T  )-1(I  ),  (v  )  -  (T  )T(V  ) 
v  n'  v  nm'  v  n'  ’  v  n'  v  nm'  v  n' 


(139) 


where  iQ  and  vn  represent  the  modal  amplitudes  of  the  nth  eigenmode. 
Then  (136)  can  be  put  in  the  form 

,2 


72  ‘V  -  <W>2<V 

dz 


7T  <V  * 

dz 


(140) 
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For  a  straight  section  of  multiwire  line  consisting  of  perfect 

conductors  immersed  in  a  simple  medium,  the  propagation  matrix 

(Y '  ) (Z*  )  has  identical  eigenvalues.  In  the  case  of  an  N-wire  line 
run  nm 

plus  a  reference  conductor,  this  matrix  can  be  written  as 

(Y1  _)<Z'  )  -  su(a  +  s e)(«  )  -  Y2(6  )  (141) 

nm  nm  nm  nm 


where  (6  )  is  the  unit  matrix.  This  yields  the  value  of  y  as  in  (101) . 

For  this  degenerate  but  extremely  important  case,  any  linearly  indepen¬ 
dent  set  of  modes  may  be  used  for  describing  the  behavior  of  the 
multiconductor  transmission  line. 


In  the  general  case,  however,  the  eigenvalues  of  the  propagation 

matrix  will  be  different.  This  occurs  when  the  transmission-line 

cross  section  consists  of  a  number,  of  dielectrics  with  different 

parameters.  When  this  is  the  case,  the  eigenvectors  of  (Y'  )(Z'  ) 

^  nm •  nm 

corresponding  to  a  particular  eigenvalue  ynn  are  uniquely  determined 

(except  for  a  scale  factor)  and  are  subsequently  used  to  define  the 

transformation  matrix  (T  ) . 

nm 


1.3. 2. 2. 3  Load  Voltage  and  Current  Responses 


The  voltage  and  current  modes  derived  in  the  last  section  can 
be  used  to  calculate  the  currents  on  a  driven  multiconductor  trans¬ 
mission  line.  Consider  the  case  of  an  (N  +  l)-wire  transmission  line, 

as  illustrated  in  Fig.  12.  At  a  position  z  there  are  two  vector 

/  \  /  >  s 

sources  (V^  )  and  (1^  '),  each  consisting  of  N  generators.  For  this 

line,  there  are  N  independent  modes  which  propagate  and  contribute 

to  the  total  current  on  the  line.  At  each  end  of  the  transmission 

line  there  is  a  matrix  load  impedance  (ZT  )  terminating  the 

i*nm 

transmission  line.  The  diagonal  elements  (ZT  )  correspond  to 

knn 

the  value  of  the  impedance  between  the  N  wires  and  the  reference 


conductor,  and  the  off-diagonal  terms  Z^  correspond  fo  the 
impedance  elements  between  the  ith  and  J til  conductor. 
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On  a  section  of  multiconducr.or  line  with  no  sources  the  total 
current  and  voltage  can  be  viewed  as  a  combination  of  positive  and 
negative  traveling  modes  which  must  satisfy  (140), the  solution  of 
wbich  is  given  by 


-(y__)z  (y__)z 

<in>  "  e  (V  +  e  1111  (Bn) 


<V  ■  e 


8  ^n5  +  e  <Dn> 


(142) 


where  (A^) ,  (Bn) ,  (Cq)  and  (Dn)  are  N-vectors  which  must  be  determined 
from  the  load  and  excitation  conditions. 


lig.  12.  A  single  length  multiconductor  transmission 
line  with  loads  and  lumped  sources. 
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With  the  aid  of  (139) ,  the  total  line  currents  and  voltages  on 
the  source-free  section  of  the  line  can  be  expressed  as 


(In)  •  (T  )e 
n  run 


“(Y  )z 

'  *  nn 


DU 


<V  +  <Tu»)e 


<*na>s 


<V 


T-1  -(y__)z  t-1  <Ynn)z 

<V  ■  <V  *  V  +  e  <v 


(H 


By  writing  an  equation  in  the  form  of  (143)  for  each  source-free 
section  of  the  multiconductor  line,  and  then  using  the  impedance  and 
source  boundary  conditions,  as  done  in  the  case  of  the  two-conductor 
line,  the  following  matrix  equation  can  be  developed  for  the  currents 
flowing  at  the  matrix  load  impedances 


r«*nm>  +  <ri  » 

o 

i 

_ 1 

*■ 

nm 

.ana». 

.(0  ) 
nm 

«*nm>  +  (r2  »■ 

nm 

(1 


- 1 

1 

I-1 

(T  )e  m  (T  )  1 
nm  nm 

-i 

.  -V  1 

a 

»-* 

• 

(Yn  H  1 

.(T  )e  mi  (T  )  1 
“  nm  nm 

1 

1 

1 

CM 

C*e 

1 

where  the  terms  q“l»2  represent  the  source  terms  on  the  multi- 

conductor  line  and  are  referred  to  as  the  combined  current  sources. 
These  terms  are  given  by 


<Vl  -  f  <Tnm>e 


(Y  z 

‘nn 

(Y.  J  (i  “  z  ) 


1  "l(«c  >'1<v‘8)>  +  (4*))) 


nm 


(1 


nm 


Notice  that  the  matrix  equation  iu  (144)  has  matrices  as  its  elements 
Thus  it  is  referred  to  as  a  supermatrix  equation. 


The  terns  (r.  )  and  (r,  )  are  the  generalized  voltage  reflection 

Anm  Anm 

coefficients  defined  as 


(ri  )  -  +  <z  )l 1  [ 

Tin  *•  nm  Cnn  ^ 


«£“>  -  «  )] 
nm  nm 


(146) 


for  the  impedance  load  at  z-0,  and  similarly  for  (T  )  at  z  -  l  with 
(2)  ^nm 

(Z  J)  as  the  load  impedance.  In  this  equation,  the  term  (Z  ) 
nun  cnm 

represents  the  characteristic  impedance  matrix  of  the  multiconductor 

line  and  is  given  by  the  relation 


(Z  )  -  <Y’  ^(T  )(Yn ^(TJ*1  (147) 

c  nm  nm  nn  nm 

nm 

The  treatment  of  distributed  excitation,  as  opposed  to  the 

discrete  excitation  described  above,  can  be  regarded  as  a  simple 

Cs ) 

extension  of  the  above  formulae,  by  integrating  over  the  (V'  ) 

(\  ^ 

and  (I''8')  source  distributions.  For  this  case,  the  terms  (»9  ), 
n  n  JL 

and  (t?  )9  in  (145)  take  the  form 
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which  follows  directly  from  superposition.  Notice  that  now  the 
voltage  and  current  sources  are  per-unit-length  quantities,  and  hence 
are  denoted  by  a  prime. 

Once  the  transmission-line  currents  at  the  loads  have  been 
determined  from  (144)  the  line  voltages  at  the  loads  can  be  determined 
as 
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(Vn(0)) 

(vn(i)) 

Note  that  here,  only  the  terminal  reapon aea  of  the  multiconductor 
line  have  been  dlacusaed.  The  general  line  responae  for  a.  multiconductor 
line  can  be  evaluated  using  the  same  technique  as  for  the  two-wire  line, 
but  the  results  are  generally  not  too  useful  for  EMP  applications. 

It  should  be  noted  in  passing  that  it  ia  possible  to  develop  an 
alternate  formulation  for  the  response  of  a  multiconductor  line, 
involving  voltage  reflection  coefficients,  the  voltage  elgenmodes 
and  propagation  constants,  and  the  combined  voltage  sources.  There 
is  no  reason  for  preferring  one  formulation  to  another,  since  each 
requires  an  equal  amount  of  work  for  computations. 

1. 3.2.3  Analysis  of  Transmission  Line  Networks 

The  previous  sections  have  discussed  the  solution  for  voltage 
and  current  of  a  single  section  of  two-wire  transmission  line,  and 
on  a  general  multiconductor  transmission  line.  In  actual  situations 
a  single  section  of  transmission  line  may  not  accurately  model  the 
physical  configuration  of  conductors.  Many  cascaded  transmission-line 
sections,  branching  transmission  lines,  or  lines  forming  closed  loops 
may  be  required  for  an  accurate  model  of  an  electrical  system. 

As  will  be  shown  in  this  section,  a  general  interconnected 
transmission-line  network  can  be  described  by  an  equation  similar  to 
that  of  (144) .  By  using  the  electrical  properties  of  the  individual 
transmission-line  sections  which  comprise  the  transmission-line  network 
(here  referred  to  as  transmission  tubes) ,  as  well  as  details  of  the 
interconnection  of  the  transmission  lines  at  the  junctions,  it  is 
possible  to  solve  for  the  various  load  currents  or  voltages  in  a 
direct  fashion,  as  discussed  in  [35  -  37]. 

Consider  a  multiconductor  transmission-line  network,  with  four 
interconnected  uniform  transmission  lines  and  a  common  reference 
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conductor,  u  illustrated  in  Fig.  13a.  It  is  desired  to  compute  the 
voltage  or  current  response  at  various  junctions  within  the  network. 
To  facilitate  the  analysis,  it  is  convenient  to  represent  the  network 
by  a  linear  graph,  consisting  of  junctions  and  tubes,  as  shown  in 
Fig.  13b.  This  network  can  be  described  mathematically  by  one  or 
more  interconnection  matrices  [36]  which  indicate  how  the  tubes  and 
junctions  are  connected.  For  example,  there  are  tube-tube,  junction- 
junction,  junction-tube  and  tube-junction  matrices.  Furthermore, 


Fig.  13.  (e)  A  simple  multiconductor  transmission-line  network,  and 

(b)  its  associated  graph. 


since  Che  propagation  analysis  on  the  multiconductor  tubes  involves 
forward  and  backward  propagating  waves*  it  is  possible  to  define  a 
wave-wavs  inter connect ion  matrix  for  which  a  typical  element  relates 
a  particular  incident  wave  at  a  junction  to  all  the  scattered  waves 
at  the  seme  junction. 

In  Sec.  1.3. 2. 2. 2  the  propagation  relations  for  voltage  and 

current  waves  on  a  multiconductor  line  have  been  developed.  A  slightly 

different  (but  equivalent)  method  for  determining  these  propagation 

relations  has  been  developed  in  [36],  and  involves  the  concept  of  a 

combined  voltage  quantity,  (V  )  ,  which  is  defined  as 

"*  4 

•  V 

<Vq  “  <V  +  *<2c  >(V  1  <uo> 

H  .  na 

The  quantity  q  is  +1  or  -1,  depending  on  whether  the  combined  voltage 
wave  is  forward  or  backward  propagating,  and  (VQ)  and  (IQ)  are  the 
usual  tube  voltage  and  current  vectors. 

The  combined  voltage -differential  equation  describing  the  propa¬ 
gation  along  tbs  tube  comes  directly  from  the  Telegrapher's  equations 
and  has  the  form 

h  +  <‘(Z^)(Yn»)(Vn)a  "  (151) 

ds  u  q  dm  no  QQ  n  <j 

where  is  a  combined  voltage  source  term  involving  the  actual 

distributed  voltage  and  current  sources,  (Y^*^)  end  (I^8^),  and  is 
given  by 

<V'(,))  -  (V«(S))  +  <1<Z  >(l’<8))  (152) 

n  q  n  cnm  ® 

Eg. (151)  can  be  solved  using  the  same  diagonalization  procedure 
used  for  (136)  with  the  result  that 
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H«c«  the  nodal  matrix  (Twm)  and  the  diagonal  eigenvalue  matrix  (y  ) 
are  defined  in  (137)  or  (138) . 

Note  that  (153)  relates  the  combined  voltage  at  z  to  the  same 
quantity  at  z  ■  0  and  to  the  distributed  sources  along  the  line.  It 
is(  essentially,  a  relation  for  forward  and  backward  propagating 
voltage  waves  on  the  line.  The  total  voltages  on  the  line  can  than 
be  determined  as 

<v-H<v++<v-]  a 

and  the  line  current  is 


To  apply  (153)  to  the  problem  of  analyzing  a  transmission-line 
network,  it  ia  possible  to  obtain  two  independent  relations  for  the 
waves  propagating  away  from  the  ends  of  the  tubes  in  terms  of  the  waves 
incident  on  the  tube  ends.  For  a  single  tube  of  length  i,  this  takes 
the  form 
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where  the  matrix  (P  )  is  given  by 
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and  the  source  terms  (V  are  obtained  from  (153)  with  z  *  SL  as 
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Eq.(156),  which  is  a  matrix  equation  whose  elements  are  themselves 
matrices,  is  called  a  supermatrix  equation  and  can  be  written  in  a  more 
compact  form  as 

«Vv>  ■  <“■«.> uv):«Vu>  +  «v„('>>v)  (l59) 

where  the  subscripts  v-1,2  and  ual,2,  and  the  propagation  supermatrix 
((^nmJuv)  denotes  the  sparse  supermatrix  containing  the  P  terms  in  (156) ; 
For  v  - 1  the  term  (Vn)  represents  the  n-vector  combined  voltage  reflected 
from  the  tube  at  i»0.  Similarly,  the  v»2  term  represents  combined 
voltage  reflected  at  z-  £, 

For  a  transmission-line  network  consisting  of  tubes,  there  will 
be  Nt  equations  like  (156)  describing  the  line  currents.  These  may 
be  expressed  in  supermatriy  form  as  in  (159)  with  u,v»l,2,  .  .  .  2N^. 

Xn  constructing  this  supermatrix  equation,  it  should  be  noted  that 
the  wave-wave  interconnection  matrix  describes  the  ordering  of  the 
individual  block  matrices,  (P  ) ,  within  the  supermatrix. 

In  addition  to  (159) ,  it  is  necessary  to  develop  a  relationship 
between  incident  and  reflected  combined  voltage  waves  at  the  network 
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junctions  to  be  able  to  solve  for  the  network  response.  For  s  junction 
containing  k  tubes,  the  relationship  between  the  reflected  and  scattered 
components  can  be  expressed  as 


«Vv>  * 


(160) 


where  the  supervectors  ((Vn)u)  sad  ((VQ)v)  consist  of  k  vector  components 

and  the  supermatrix  ( (S  )  )  is  a  kxk  block  supermatrix.  The  elements 

nm  uv 

of  ((sjuv)  depend  upon  the  details  of  the  interconnection  between 
the  various  tubes  at  the  junctions,  the  characteristic  impedance  of 
the  tubes,  as  well  as  any  impedance  discontinuities  (or  loading)  which 
may  be  present  at  the  junction.  This  is  discussed  in  more  detail  in  [35]. 

The  indices  u  and  v  here  are  not  simply  equal  to  1*2,  .  .  .  k  ,  but 
depend  on  the  values  of  u  and  v  assigned  to  the  k  tubes  connected  to , the 
junction  under  consideration,  as  described  by  the  junction-wave  inter¬ 
connection  matrix.  Eq. (160)  is  also  valid  for  the  entire  network  by 
letting  u  and  v  run  over  all  possible  values  found  in  the  network,  i.e. , 
u, v  *  1,2,  .  «  .  2Nt . 

After  reordering  the  elements  in  the  scattering  equation  (160),  so  as 
to  correspond  to  the  wave-wave  interconnection  matrix,  it  is  possible  to 
develop  a  single  equation  for  all  components  of  the  combined  incident 
voltages  at  the  junctions  of  the  network  by  equating  ((Vn)v)  in  (159)  and 
(160).  We  then  obtain 

«vu>  ■  [«=„>„„>  -  <i61> 


The  total  voltage  at  the  ends  of  each  tube  in  the  network  is  then 
expressed  via  (154)  and  (160)  as 


«Vk>  ■  2  [«Vu>  +  «Vv>  ]  •  I  [‘“wV  +  «S,»>uv>l  ! 
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where  k«l,2,  .  .  .  2nt  and  is  the  total  number  of  tubes  within  the 
transmission-line  network. 

The  expression  in  (162)  is  one  form  of  the  BLT  equation,  which  has  « 
been  named  after  the  authors  of  [36].  Other  variations  of  this  formula 
may  be  written  for  the  total  current.  The  above  BLT  equation  describee 
the  voltage  response  at  an  arbitrary  complex  frequency  s  for  the  entire 
network.  Transient  results  for  the  network  can  be  obtained  using 
Laplace  or  SEM  methods. 

1. 3.2.4  Determination  of  Line  Parameters 

1.3. 2. 4.1  Line  Capacitance.  Conductance  and  Inductance 

We  have  already  seen  that  (C^m)  can  be  determined  by  solving  a 

two-dimensional  electrostatic  problem.  It  can  be  shown  that  (L*  )  and 

nm 

(G"  )  are  simply  related  to  (C'  ).  The  field  coupling  coefficients  (L^) 
nm  /• ,  v  nm  m 

anri  (cv  ')  can  also  be  solved  as  electrostatic  problems  when  the  incident 
m 

field  is  essentially  uniform  throughout  the  line  cross  section. 

It  is  worthwhile,  therefore,  to  devote  some  brief  consideration  to 
the  solution  of  the  two-dimensional  electrostatic  problem.  For  more 
detail  one  may  consult  131-  34,  38-48]. 

Three  general  methods  of  solution  are  available:  mathematical, 
experimental  and  numerical.  Mathematical  methods  depend  on  solving  (122), 
or  the  inverse  equation 
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where  the  S'  ,  called  elastance  coefficients,  are  defined  by 
nm 


(163) 


sk  -  V^k 


n,k  ■  1,  .  .  .  ,  N 
0  for  m  i1  k 


In  matrix  notation, 


<V  -  (s«> 


(164) 
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whence 


«i>  ■  <*k>'l<V 

(165) 

<c^><V  -  -  <«»> 

Some  results  of  analysis  are  given  in  Chap.  2.4. 

Capacitance  may  be  measured  directly  by  standard  methods,  or,  if 
more  convenient,  a  scaled  model  of  the  actual  configuration  may  be  used. 
Analog  measurements  using  an  electrolytic  tank  or  a  conductive  sheet 
(Teledeltos  paper)  may  be  employed  [43]. 

Numerical  methods  use  high-speed  digital  computers  to  solve  large 
sets  of  simultaneous  linear  equations  derived  by  writing  the  Laplace 
differential  equation  as  a  finite  difference  equation,  or  to  approximate 
the  integral  of  Poisson's  equation 


V 


as  a  finite  sum  [43-48],  Space  limitation  precludes  discussion  of  this 
interesting  subject  in  detail. 

The  conductance  coefficients  are  readily  determined  from  the 
capacitance  coefficients.  The  relation  is 

(Gm>  '  !  <Ci»>  <166> 

In  fact,  (166)  is  the  basis  for  determination  of  capacitance  by  the 
electrolytic  tank  and  conductive  sheet  methods  [38,43]. 

The  inductance  matrix  (L^m)  may  also  be  computed  from  the  capaci¬ 
tance  matrix  and  the  constitutive  parameters.  It  may  be  shown  that 
the  matrices  (L^)  and  (C^)  obey  the  relationship 

(L'  )(C'  )  -  (C'  )(L'  )  -  ue(6  )  (167) 

am  am  nm  nm  am 

for  lines  in  homogeneous  isotropic  media. 
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For  media  varying  in  the  cross-sectional  dimensions  o£  the  line 
coefficients  are  frequently  computed  as  though  the  system  were  electro¬ 
static,  while  the  inductance  coefficients  are  determined  as  though 
the  medium  permittivity  were  uniform. 

1.3. 2. 4. 2  Effects  of  Conductor  Losses.  Discontinuities  and  Inhomogeneties 

In  some  cases,  the  conductors  comprising  the  transmission  line 
cannot  be  considered  to  be  perfectly  conducting  but  are  good  conductors, 
defined  by  the  inequality 

1  (W 

A  plane  wave  traveling  over  the  surface  of  a  semi- infinite  plane 
conductor  induces  surface  current  J  (A/m)  in  the  conductor.  The  loss 
in  a  surface  one  meter  wide  and  one  meter  long  in  the  direction  of 
propagation  is 

W.  -  J2R  watts/m2  (169) 

a*  0 

where  Rq  is  the  effective  resistance  in  ohms  per  square  of  a  section 
of  the  conductor  one  meter  wide  and  one  meter  long.  If  5  is  the  skin 
depth,  then 


RQ  ■  1/  (o<5)  “  /ufu/u 


(170) 


For  conductors  with  curvilinear  cross  sections,  but  with  radii  of  cur¬ 
vature  much  greater  than  the  skin  depth,  (170)  is  a  good  approximation 
for  the  peripheral  unit  resistance,  and  is  commonly  used.  Thus,  the 
resistance  (ft/m)  of  a  solid  round  conductor  of  radius  a  is 
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(171) 


If  f  is  in  MHz,  a  in  mm,  and  o  *  5.8  xlO'u/m  for  copper  conductors. 


then 


R'  <*  0.0415/f/a  ft/m 
a 


(172) 
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Eq. (171)  assumes  that  current  is  distributed  uniformly  around  the 
conductor  cross  section.  For  a  two-conductor  lfpa  with  conductor  radii 
equal  to  a,  the  line  resistance,  assuming  uniform  current  distribution. 


is  2R^, 


1#  e. , 


R'  -  2R'  -  -  /fu/ircr- 


(173) 


However,  when  the  conductors  are  in  close  proximity,  the  current 
distribution  is  disturbed.  In  that  case,  we  can  derive  the  conductor 
resistance  through  the  solution  of  an  electrostatic  problem.  For  instance, 
for  a  round  conductor  of  radius  a  and  a  circumferential  linear  current 
density  J,  the  conductor  power  loss  per  meter  of  line  is 
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The  conductor  resistance  R'  is  then  given  by 
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where 


f2ir 
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and  p  is  the  conductor  surface  charge  density  along  the  circumference 
of  the  wire,  determined  as  the  solution  of  an  electrostatic  problem.  For 
instance,  the  correct  value  for  the  two-conductor  line  resistance  previously 
given  by  (173)  is 
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where  D  is  the  separation  of  the  lines. 

Thus,  given  a  system  of  conductors  with  an  assigned  set  of  conductor 
potentials,  the  various  charge  distributions  and  therefore  the  effec- 
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tive  resistances  can  be  found.  It  must  be  emphasized  that  every  different 
set  of  potentials  results  in  a  (generally)  different  set  of  charge 
distributions,  therefore  different  values  of  line  attenuation.  The 
only  exception  is  the  two-conductor  (N  ■  1)  line. 

Line  discontinuities  may  occur  for  a  variety  of  reasons :  (a)  line 

terminations  themselves  constitute  discontinuities;  (b)  the  line  may 
pass  near  one  or  more  objects  that  constitute  geometric  disturbances 
in  the  uniformity  of  the  line  cross  section;  (c)  cables  may  contain 

occasional  holes  or  slots  that  disturb  cross-section  uniformity.  All 
such  disturbances  give  rise  to  higher-order  modes  of  propagation  which, 
because  of  the  line’s  small  electrical  cross  section,  attenuate  rapidly 
in  the  vicinity  of  the  discontinuity.  Their  effect  can  be  accounted 
for  by  a  simple  lumped-constant  network  at  the  point  of  discontinuity. 

A  number  of  examples  of  such  equivalent  circuits  is  given  in  [49,50]. 

When  a  multiconductor  line  is  embedded  in  an  inhomogeneous 
dielectric,  as  occurs  frequently,  for  instance,  in  a  multiwire  cable, 
propagation  is  no  longer  in  a  pure  TEM  or  single  mode.  Strictly 
speaking,  the  U3e  of  static  values  of  capacitance,  inductance  and 
conductance  is  erroneous;  however,  when  the  line  cross  section  is 
small  compared  to  a  wavelength,  the  errors  are  not  expected  to  be 
serious.  Evaluation  of  such  errors  is  generally  very  complicated. 

Some  elem*. ,  \ry  cases  have  been  analyzed  to  obtain  information  regarding 
the  error  order  of  magnitude  to  be  expected  [38], 

1.3. 2. 4. 3  Experimental  Determination  of  Line  Parameters 

In  many  practical  situations,  it  may  be  difficult  to  compute 
the  transmission-line  parameters  from  a  knowledge  of  the  geometrical 
properties  of  the  line.  An  alternate  approach  is  to  measure  voltages 
and/or  currents  on  the  line  with  various  load  configurations,  and  then  to 
evaluate  the  line  parameters.  A  description  of  various  techniques  for 
single  and  multiwire  transmission  lines  is  given  in  [51], 

One  approach  to  the  problem  of  determining  the  parameters  of  a 
two-wire  line,  assumed  to  be  lossless,  is  to  perform  transient  measure¬ 
ments  at  one  end  of  the  transmission  line  with  a  time-domain  reflectometer 


(TDR) .  The  TDR  launches  a  very  sharp  voltage  step  into  the  line  and 
then  measures  the  total  (reflected  plus  incident)  voltage  at  the  line’s 
input  as  a  function  of  time.  The  TDR  records  the  instantaneous  voltage 
reflection  coefficient  Tv  given  by 
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where  Z  is  the  characteristic  line  impedance  seen  by  the  TDR  and  Z 

C  Q 

is  the  internal  impedance  of  the  TDR.  With  a  measurement  of  Tv  from 
the  TDR  the  impedance  of  the  two-wire  line  being  measured  is  given  by 
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For  most  TDR's  the  generator  impedance  Z  is  50  ft. 

g 

In  addition  to  measuring  the  impedance  level  on  the  transmission 
line,  the  TDR  can  be  used  to  determine  the  imaginary  part  of  the 
propagation  constant  y  on  the  line.  This  is  done  by  noting  the  time 
interval  At  between  reflections  at  the  near  and  far  ends  of  the  cable. 
For  a  line  of  length  l,  this  time  is  given  by 
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where  v  is  the  speed  of  propagation  on  the  line.  The  imaginary  part 
of  the  propagation  constant  can  then  be  expressed  as 

8  -  Im(Y)  -  J  “  “  '2l  (180) 


where  u  is  the  angular  frequency. 

The  imaginary  part  of  the  series  impedance  per  unit  length  of 
the  line  is 
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which,  together  with  (178) ,  gives  a  series  Inductance  per  unit  length 
as 
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and  a  shunt  capacitance  per  unit  length 
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For  multiconductor  lines,  the  TDK  measurements  are  somewhat  more 
complicated  due  to  the  fact  that  multiple  propagation  constants  can 
exist  on  the  line.  In  this  case  an  alternate  set  of  measurements  In 
the  frequency  domain  can  be  used  to  determine  the  parameters  of  a  loss¬ 
less  multiconductor  line  [51] .  This  approach  involves  measuring  the 

input  Impedance  matrix  (Z  )  of  the  line  at  one  end  with  the  other  end 

oc 

shorted  and  the  dual  quantity,  the  input  admittance  matrix  (Y  ),  with 

|ltn 

the  other  end  in  an  open  circuit  configuration.  If  the  line  is  assumed 
lossless  and  the  transmission  line  is  electrically  short,  i.e.,  m£/c  «  1, 
these  open  and  short  circuit  measurements  lead  directly  to  the  per-unit- 
length  line  parameters  as 
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where  £  is  the  line  length  and  the  general  complex  frequency  s  has  been 
replaced  by  ju>. 

1.3. 2. 5  External  Coupling  Parameters 

Transmission  lines  and  cables  are  excited  by  external  fields  in  a 
variety  of  ways.  Perhaps,  the  prototypical  example  is  that  of  an  isolated 


two-conductor  line  subject  to  a  plane  wa\ j.  at  arbitrary  incidence.  Other 
situations  include  (a)  distributed  excitation  of  systems  of  one  or  more 
wires  close  to  a  metal  surface  or  to  conducting  earth;  (b)  distributed 
excitation  of  the  interiors  of  cables  through  penetration  of  solid  or 
braided  shields;  (c)  localized  excitation  of  the  interiors  of  cables 
through  leaks  at  connectors;  (d)  "point"  excitation  of  conduit  interiors 
through  leaks  at  conduit  joints. 

It  is  convenient  to  separate  the  incident  electric  and  magnetic 
field  into  components  parallel  to  the  line  axis  and  those  transverse 
to  the  axis.  Components  transverse  to  the  axis  appear  ordinarily  to 
be  most  important  in  exciting  the  line,  and  will  first  be  discussed 
below.  By  Faraday's  induction  law,  variation  in  the  axial  component 
of  electric  intensity  across  the  line  is  equivalent  to  the  transverse 
magnetic  field  linking  it. 

1.3. 2.5.1  Incident  Field  Components  Transverse  to  a  Two-Conductor  Line 

Because  of  the  small  transverse  dimensions  of  the  line  it  is 
possible  to  solve  for  the  transverse  coupling  parameters,  or  to  measure 
them  experimentally,  by  treating  them  as  electrostatic  quantities, 
i.e.,  capacitances  or  combinations  of  capacitances.  This  situation 
can  be  appreciated  intuitively  by  imagining  the  excitation  fields  to 
be  the  result  of  a  wave  on  a  parallel-plate  transmission  line  enclosing 
the  given  line  (Fig.  14).  The  parallel  plates  are  sufficiently  sepa- 


H-line* - 

E- lints - 
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rated  from  the  line,  so  that  the  reaction  of  currents  and  charges  on 
the  line  does  not  affect  the  values  of  current  and  charge  on  the 
plates.  Thus,  the  E-field  coupling  problem  is  reduced  essentially 
to  that  of  capacitance  coupling  between  the  two-conductor  line  and 
the  plate  line.  The  H-field  coupling  is  one  of  inductive  coupling, 
which  is  directly  related  to  an  electrostatic  problem.  Some  problems 
using  this  concept  are  solved  in  [38] . 

An -elegant  theoretical  approach  starting  with  fundamental  concepts 
is  used  in  [31] .  For  a  line  of  two  conductors  with  arbitrary  cross 
sections  in  a  uniform  field,  the  incident-field  forcing  functions  of 
(117)  are  given  by  the  first  terms  on  the  right  side  of  (119).  For  a  plane 
wave  incident  on  an  isolated  two-conductor  line,  a  simple  relation 
exists  between  V'^  and  i'^  of  (117)  if  the  Poynting  vector  of  the 
incident  wave  makes  an  angle  6  with  the  line  axis,  and  the  E-vector 
is  parallel  to  the  plane  containing  the  conductors'  axes.  Then 
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where  H  ,  E  are  the  magnetic  and  electric  field  incident  on  the  line 
o  o 

at  zmQ,  Zq  is  the  free-space  impedance, and  is  the  line  characteristic 
impedance . 

For  a  single  conductor  over  a  lossless  ground  plane,  the  above 

equations  can  also  be  used  for  determining  the  line  excitation.  Because 

of  reflection  from  the  ground,  the  effective  values  of  H  and  E  cos  0 

oo 

are  doubled  in  (185) ,  while 

h  ■  D  f  1  -  (a/D  )2J  (186) 

S  L  6  J 


where  a  is  the  conductor  radius  and  Is  the  height  of  the  conductor 

center  above  the  ground  plane.  The  value  of  Z  also  changes  accordingly. 

c 
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1.3. 2. 5. 2  Transverse  Field  Coupling  to  a  Coaxial  Cable  Near  a  Perfectly 

Conducting  Ground 

One  important  transmission-line  configuration  often  used  for  EMP 
analysis  is  a  coaxial  cable  whose  inner  conductor  is  excited  by  an 
incident  EMP.  The  EMP  field  is  Incident  on  the  cable  exterior*  with 
coupling  parameters  computed  as  though  it  were  a  solid  conductor.  The 
induced  current  on  the  cable  exterior  gives  rise  to  a  series  distributed 
voltage  in  the  interior  of  the  cable  given  by  [32,53] 

V,(s)-Z^It  (187) 

where  It  is  the  total  current  flowing  on  the  cable,  and  Z^,  is  the  transfer 
impedance  which  will  be  discussed  in  Chap.  2.4. 

The  geometry  of  a  braided  shield,  however,  is  such  as  to  preclude 
any  possibility  of  a  tractable  mathematical  model  that  resembles  closely 
an  actual  shield.  A  number  of  ingenious  approximate  models  have  been 
suggested  and  analyzed  [54-60]  and,  in  at  least  one  case,  compared  with 
measured  data  [54] .  In  spite  of  the  fact  that  some  of  the  experimental 
data  had  been  based  on  partly  erroneous  concepts  concerning  the  coupling 
mechanism  [61]  the  calculated  and  measured  values  agreed  within  a  factor 
of  about  3  to  1.  A  developed  section  of  a  braided  shield  is  shown  in 
Fig.  15.  As  a  result  of  the  incomplete  coverage  of  the  criss-crossed 
wire  braids,  small  diamond-shaped  apertures  occur  through  which  both 
electric  and  magnetic  fields  can  penetrate,  the  penetrability  increasing 
with  frequency.  In  addition,  magnetic  field  diffuses  through  the  solid 
portion  of  the  shield,  diminishing  with  increasing  frequency.  The  deter¬ 
mination  of  the  distributed  sources  (V'^)  and  (l'^)  can  be  found  in 

n  n 

Chap.  2.4. 

1.3. 2. 5. 3  Axial  Field  Coupling  to  Transmission  Lines 

For  conductors  with  electrically  small  cross  sections,  an  incident 
axial  magnetic  field  component  is  of  no  practical  importance.  An  axial 
electric  field  component,  on  the  other  hand,  affects  TEM  transmission  in 
two  ways.  First, the  variation  of  this  field  component  across  the  line 


t 

I 

j  due  primarily  to  space  phase  shift  can  be  accounted  for  by  the  transverse 

I 

j.  magnetic  field  component,  which  has  already  been  considered.  Second,  the 

average  value  of  the  axial  electric  intensity  induces  antenna-mode  currents 

I  and  charges  Q'  on  the  conductors,  as  defined  in  (118).  For  more  details 
c  c 

the  reader  is  referred  to  [31]. 

1.3. 2. 5. 4  Field  Coupling  to  a  Multiconductor  Line 

The  determination  of  the  field  excited  sources  (V*^)  and  (1*^) 
i  n  n 

has  been  discussed  recently  in  [62],  For  a  general  coaxial  multiconductor 

i  • 

line  these  sources  take  the  form 

( 

(V'js)(z))  «  (ZJ.  (z))It(z)  +  l  <ZT  (z))ffl(H*(z)) 

■  n  m=l  n 

;  (188) 

■  2 

(i;(s)(z))  -  (0  (z))Q*(z)  +  l  (a  (z))m(D^(z)) 

n  mral  n 

In  this  relation  It  and  Q^.  represent  the  total  current  and  charge  per 
unit  length  on  the  outer  sheath  of  a  coaxial  multiconductor  line.  The 
other  terms,  which  are  summed  over  m  (the  three  orthogonal  vector 


Fig.  15.  Braid  pattern  developed  on  a  plane. 
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direction* i  with  a*  3  corresponding  to  the  direction  of  propagation  on 
the  line), relate  the  sources  to  the  appropriate  components  of  the  inci¬ 
dent  t1  and  S*  fields  through  the  transfer  impedance  vectors  (Z^  (z))B 

and  the  charge  transfer  functions  (0-,  <z))  . 

n  m 

The  determination  of  the  source  terms  for  an  open  multiconductor 
transmission  line  has  also  been  discussed  in  [38,63]  for  the  special 
case  of  round  conductors  with  radii  small  compared  to  their  separation. 
Under  this  assumption  of  no  interactions  among  the  small  conductors  these 
source  terms  take  the  form 
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where  dQ  represents  the  distance  from  the  reference  conductor  to  the  nth 
conductor,  H*  is  the  perpendicular  component  of  the  incident  magnetic 

Q 

field  passing  through  the  area  between  the  reference  and  the  nth  conduc¬ 
tor,  and  df  is  the  transverse  component  of  the  incident  electric  field 
n 

between  the  conductors.  For  lines  with  cross  sections  small  compared 
with  a  wavelength,  such  that  and  E*  do  not  vary  appreciably  over 
the  cross  section,  these  terms  can  be  approximated  as 


<v;(,)«)  - 


(190) 


For  a  more  general  multiconductor  cable  whose  wire  radii  may  be 
comparable  to  the  wire  separation,  (190)  is  not  valid  due  to  the  non- 
uniform  distribution  of  charges  and  currents  around  the  wires.  The 
above  source  terms  for  thick  wire  conductors  as  well  as  the  antenna-mode 
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excitation  for  a  mult iconduc tor  transmission  line  have  not  bean, investi¬ 
gated  in  detail,  and  remain  an  area  open  for  future  research. 

An  alternate  approach  to  determining  the  external  coupling  vectors 
'  for  a  atilt iconduc tor  cable  is  to  measure  them  experimentally.  This 
approach  will  require  a  generalization  of  the  accepted  technique  of 
exciting  the  cable  through  an  auxiliary  coaxial  cylinder  surrounding 
it  [64-66].  However,  care  must  be  taken  that  the  results  are  inter¬ 
preted  properly  [61]. 

1.3.3  CIRCUIT  APPROACH 

The  circuit  approach  is  essentially  a  low-frequency  method  useful 
for  wavelengths  much  greater  than  the  overall  dimensions  of  the  system 
under  consideration.  When  this  assumption  holds,  the  electrical  response 
of  the  system  can  be  described  by  the  conventional  circuit  theory.  This 
theory  is  expressed  in  two  laws,  the  Kirchhoff  current  and  voltage  laws. 
These  two  laws  take  extremely  simple  mathematical  form,  namely,  the  form 
of  algebraic  and  ordinary  differential  equations.  For  this  reason  the 
circuit  approach  quickly  leads  to  simple  and  physically  interpretable 
results.  Besides  the  analytical  ease  of  this  approach,  the  circuit 
concept  is  a  powerful  tool  for  qualitative  thinking,  often  shedding 
valuable  light  on  the  many  electromagnetic  interactions  taking  place 
within  a  complex  system.  But  two  important  points  must  be  borne  in 
mind  in  applying  the  circuit  concept  to  EMP  interaction  problems.  The 
circuit  approach  is  an  approximation  to  the  transmission-line  approach 
(Sec.  1.3.2)  which,  in  turn,  is  an  approximation  to  the  integral-equation 
approach  (Sec.  1.3.1).  Another  point  is  that  the  circuit  approach  is 
incomplete  in  the  sense  that  it  gives  no  information  on  the  value  of 
the  lumped  circuit  elements  (the  resistance,  inductance,  and  capacitance) 
of  the  object  under  consideration.  These  elements  must  be  deduced  from 
either  field  theory  or  experimental  measurements. 

In  this  section  we  will  first  discuss  the  relationship  of  Kirchhoff 's 
circuit  theory  to  Maxwell's  field  theory  starting  from  Maxwell's  equations 
in  integral  form.  This  relationship  is  then  re-examined  from  the  customary 
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viewpoint  of  the  electrical  engineer  through  the  use  of  vector  and 
scalar  potentials.  Ue  then  proceed  to  derive  the  circuit  properties 
of  an  object  in  Infinite  space  with  the  aid  of  the  complex  Poynting 
theorem  expressed  in  terms  of  current  and  charge  densities  on  the 
external  surface  of  the  object.  With  this  theorem  the  positive  real 
Cp.r.)  characteristics  of  the  driving-point  impedance  or  admittance 
can  be  proved,  the  resonance  condition  can  be  established,  and  the 
damping  of  each  resonant  (natural)  mode  by  radiation  can  be  calculated. 
This  theorem  also  leads,  at  the  low-frequency  limit*  to  the  concept  of 
energy  functions  in  terms  of  which  the  Kirchhoff  voltage  law  can  be 
re-derived  by  the  Lagrangian  method.  To  end  this  section  we  will 
briefly  discuss  the  equivalent  circuit  representations  of  discontinuities 
in  an  otherwise  uniform  transmission  line  or  waveguide,  and  the  circuit 
descriptions  of  the  dynamic  behaviors  of  several  different  kinds  of 
modes,  such  as  the  waveguide  modes,  the  cavity  modes,  the  leaky  modes, 
and  the  natural  modes. 

1.3. 3.1  Circuit  Theory  via  Maxwell's  Equations  in  Integral  Form 

A  close  relationship  between  circuit  theory  and  field  theory  can 
be  found  in  Maxwell's  equations  written  in  integral  form  [67  -  69] 


<191) 

(192) 


where  the  surface  S  spans  the  contour  C  (Fig.  16),  I  is  the  total 
conduction  current  crossing  the  surface  S,  and  the  circle  through  the 
integral  sign  is  used  to  denote  that  the  contour  is  a  closed  curve. 

Mote  that  in  (191)  and  (192)  all  spatial  coordinates  are  integrated 
out,  as  is  the  case  with  Kirchhoff's  laws  in  circuit  theory. 

To  illustrate  how  (191)  can  be  applied  to  EMP  interaction  problems 
we  consider  a  conducting  loop  immersed  in  a  slowly  time-varying  magnetic 
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field  $*(t)  and  calculate  the  induced  current  I  in  the  loop  (Fig.  17a). 

Let  us  taka  the  contour  C  anywhere  inside  the  loop.  Then,  using  Ohm's 
law  X.  ■  at,  one  gets  from  the  left-hand  side  of  (191) 

|  l*d£  »  SI  (193) 

C 

where  R  is  the  loop's  resistance  and  is  given  by 

*-f£  <194) 

c 

if  is  uniformly  distributed  over  the  cross-section  A  of  the  wire.  The 
direction  of  the  induced  current  I  is  dictated  by  Lexiz' s  rule,  which 
states  that  the  direction  of  the  induced  current  in  the  loop  is  such 
that  it  tends  to  oppose  the  change  of  flux  linking  the  loop  [67,70]. 

To  evaluate  the  right-hand  side  of  (191)  we  write  &  as  the  sum  of 
the  incident  and  scattered  magnetic  fields,  and  obtain 
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Fig.  16.  A  surface  S  spanning  the  closed  curve  C. 


where  #"  and  are,  respectively,  the  total  flux  of  the  incident  and 
scattered  field  ^  and  iJ8  linking  the  loop,  and  is  equal  to  tines 
the  affective  area  of  the  loop,  namely  L71] 

"  "  i*ic£  (19 

g 

Since  $  is  proportional  to  the  induced  current  I  we  write 

*s(t)-LI(t)  (19 

where  the  proportionality  constant  L  is  the  so-called  self-inductance  of 
the  loop.  Substitution  of  (193),  (195)  and  (197)  in  (191)  gives 
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^8*  17.  (a)  A  conducting  loop  in  a  time-varying  magnetic  field, 

(b)  Equivalent  circuit  of  (a). 


which  expresses  Che  Kirchhoff  voltage  law  for  a  RL  network  that  the 
total  voltage  drop  around  a  closed  loop  is  zero.  The  circuit  represen¬ 
tation  of  (198)  is  shown  in  Fig.  17b. 


Ue  now  turn  to  (192)  and  see  how  it  can  be  applied  to  calculate  the 
induced  voltage  on  a  hatch  in  a  large  ground  plane  exposed  to  a  slowly 
tine-varying  electric  field  (see  Fig.  18a).  Ue  first  split  the  contour 
C  into  C++C_  and  the  surface  S  into  S++S_,  where  the  subscripts  ±  refer 
to  the  upper  and  lower  surfaces  of  the  geometry  of  the  problem,  as  shown 
in  Figs.  18a, b.  With  the  direction  of  the  conduction  current  I  in  the 
gaikat  as  defined  in  the  figures,  the  left-hand  side  of  (192)  gives 


.  (a)  A  hatch  aperture  with  a  conducting  gasket  in  a  time-varying 

electric  field,  (b)  cross-sectional  view  of  (a),  in  which 
©(•)  points  out (into) the  pages,  and  (c)  equivalent  circuit 
of  (a). 


Fig.  18 
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(204) 


I 

sc 


which  is  the  Kirchhoff  current  law  stating  that  the  total  current  flowing 
inti  >r  leaving  a  node  is  zero.  The  circuit  representation  of  (204)  is 
shown  in  Fig.  18c. 

In  circuit  theory  Fig.  18c  is  said  to  be  the  dual  of  Fig.  17b,  and 
vice  versa  [72].  In  field  theory  the  duality  is  a  direct  consequence 
of  certain  symmetries  in  Maxwell's  equations  [73],  uianifesting  itself 
in  the  principle  of  Babinet  for  a  plane  screen  [74].  If  the  resistive 
loop  of  Fig.  17a  is  the  exact  complement  of  the  impedance-loaded  slot 
of  Fig.  18a,  the  Babinet  principle  says  that  there  exist  definite 
relations  bet’-’.en  the  quantities  L,  R,  I,  VQC,  A^  of  Fig.  17b  and 
the  quantities  C,  G,  V,  Igc,  A  of  Fig.  18c.  The  relations  are 
summarized  in  table  l  [75]. 


TABLE  1.  RELATIONSHIP  BETWEEN  DUAL  QUANTITIES 


1.3. 3. 2  Circuit  Theory  via  Scalar  and  Vector  Potentials 


In  the  preceding  section  we  saw  how  an  equivalent  circuit  can  be 
constructed  by  integrating  out  all  the  spacial  variables  of  Maxwell's 
equations.  There  is  another  method  which  leads  to  the  Kirchhoff  circuit 
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theory  from  the  Maxwell  field  theory.  This  method,  perhaps  more 
appealing  to  the  electrical  engineer,  is  to  make  use  of  the  electric 
scalar  potuitial  $  and  the  magnetic  vector  potential  A  [76,77].  Consider, 
for  example,  a  conducting  loop  immersed  in  an  incident  field  E  ,  as 
shown  in  Fig.  19a.  Within  the  conductor  we  have 

Vx2  -  (a  +  ju>e)S  (205) 

.which  gives,  upon  integration  over  the  cross-section  S  of  the  conductor. 


KO 


(c  +  ja»e)E?dS 


(206) 


where  I  is  the  total  current  crossing  S.  Next,  we  split  the  total  field 

i.  8 

Er  into  the  incident  and  scattered  field  E,.  and  E-,  and  write 
4  4  4 


E_  ■  +  E® 

4  4  4 
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€  3  t  at 


(207) 


Fig.  19.  (a)  A  conducting  loop  with  capacitor  and  generator  in  an 

incident  field,  (b)  equivalent  circuit  of  (a). 
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where  I  Is  assumed  to  have  no  variation  along  the  l*»p,  and  Z*  is  the 
total  internal  impedance  of  the  loop  and,  for  all  ctical  applications, 
is  equal  to  R  given  by  (194) .  The  first  term  on  the  xeft-Uand  side  of 
(212)  can  be  identified  with  the  voltage  drop  across  an  inductor  and  the 
second  term  represents  the  voltage  drop  across  a  capacitor  or  the  voltage 
jump  acrocs  a  voltage  generator.  Any  voltage  generator  can  be  combined 
with  the  right-hand  side  of  (212)  to  form  the  total  electromotive  force 
6.  Thus,  (212)  is  in  fact  the  Kirchhoff  voltage  law 

+  +  Zl)  1  ■  e  (213) 

The  circuit  appropriate  to  (213)  is  shown  in  Fig.  19b. 

One  may  also  apply  the  above  procedure  to  obtain  an  equivalent 
circuit  for  the  complementary  geometry  of  Fig.  18a,  but  the  details 
are  omitted  here. 

1.3. 3. 3  Circuit  Properties  of  an  Object  in  Free  Space 

The  lumped  circuit  elements  L  and  C  are  intimately  associated  with 
the  total  stored  magnetic  and  electric  energies,  while  the  other  lumped 
element  R  is  a  measure  of  the  heat  dissipated  either  through  ohmic  losses 
or  by  way  of  radiation.  This  interpretation  of  the  lumped  elements  works 
well  for  a  finite  region  of  space  such  as  the  space  confined  by  a  cavity, 
but  it  meets  with  serious  difficulty  for  an  unbounded  region,  as  in  the 
case  of  an  antenna  radiating  into  an  infinite  space.  The  difficulty  lies 
in  the  fact  that  the  total  electric  and  magnetic  energies  of  a  radiated 
field  are  infinite  in  an  unbounded  region  because  the  field  decays  only 
as  the  Inverse  distance  at  infinity  from  the  antenna  or  scatterer.  One 
way  out  of  this  difficulty  is  to  define  the  magnetic  energy  as  arising 
from  the  interactions  among  the  surface  currents  and  the  electric  energy 
from  the  interactions  among  the  surface  charges.  This  definition  avoids 
the  consideration  of  field  energy  density  distributed  throughout  the 
infinite  space,  and  leads  to  the  usual  definition  of  magnetostatic  and 
electrostatic  energies.  In  the  following  we  will  first  discuss  this 
point  with  the  aid  of  the  complex  Poynting  theorem.  With  this  theorem 
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we  will  establish  that  the  total  interaction  energy  is  a  positive-real 
function  of  which  the  driving-point  impedance  or  admittance  of  an  antenna 
is  a  special  case. 


1.3. 3. 3.1 


slex  Povnting's  Theorem 


The  complex  Poynting  theorem  provides  an  essential  link  between 
the  field  theory  and  circuit  theory.  It  has  been  often  used  by  the 
field  theorist  to  derive  equivalent  circuits  for  resonators,  waveguides, 
and  other  microwave  devices  [78,79]. 


Let  us  start  with  the  E-field  equation  for  a  perfect  conductor  in 
an  incident  field  viz.,* 


1  xJ1 

n 


JGdS'  +  -  f  x  V  [  p  GdS' 
e  n  I 


(214) 


where  J  and  p  are  the  surface  current  and  charge  densities,  G  is  the 
free-space  Green's  function,  and!  is  the  outward  unit  vector  normal  to  : 
the  surface  S  of  the  conductor.  Scalarly  multiplying  (214)  by  H  , 
the  complex  conjugate  of  the  magnetic  Intensity  H  and  integrating  over 
S,  we  obtain 


-H  ■+-* 

E  •  J  dS 


Jf*-  f  f  t (r)*JCr')G(r,r')dS’dS 
S  S 


(215) 


p*(r)p (r? )G(r,r ' )dS'dS 


where  the  factor  1/2  h*  3  been  inserted,  so  that  the  left-hand  side  of 
(215)  can  be  Interpreted  as  a  time-average  quantity.  Separating  out 
the  real  and  imaginary  parts  of  the  right-hand  side  of  (215)  we  get 


*We  leave  it  to  the  interested  reader  to  generalize  expressions  (214) 
through  (223)  to  the  complex  s-plan^ . 
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(216) 


|  f  I i*J*ds  -  i  +  p 

s 

with  the  total  time-average  energies,  tfj  and  Wp ,  and  the  total  time-average 
radiated  or  scattered  power  P  given  by 

t,  -  {  JJ  J *(*>•!(*•>  dS'dS  (217) 

9„  -  £  |j  P*(i)ptf’)  ^5^  dS-dS  (218) 

P  •  «i  JJ  [f  J* (r)4(r')  -  £  p*(r)p(r')]  -^jjp  dS'dS  (219) 

where  R  «  |r  -  r' | .  Eq.(216)  has  the  following  physical  meaning:  the 

time-average  power  that  the  incident  field  E*  spends  in  creating  J  and 

p  on  the  surface  of  a  perfect  conductor  is  equal  to  J2u  times  the 

difference  of  the  time-average  energy  associated  with  the  surface 

current  J  and  the  time-average  energy  associated  with  the  surface 

charge  p  plus  the  total  time-average  power  scattered  by  the  conductor. 

Note  that  WT,  W  and  P  are  all  well-defined  quantities  and  that  for 
**  P  _  _ 

low  frequencies  2Wj  and  2Wp  reduce  respectively  to  the  magnetostatic 
and  electrostatic  energies;  that  is,  for  u  0 


2W 

P 


dS'dS 


(221) 

> 


Before  proceeding  to  the  applications  of  (216)  It  should  be 
mentioned  that  (216)  is  equivalent  to  the  complex  Poyatiag  theorem 
expressed  in  the  familiar  form 
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!  J  f^dS  -  (t8*^8*  -  j^S^dY  +  |  (222) 

®  »  to 

where  the  superscript  s  is  used  to  denote  scattered  field*  and  is  the 
volume  bounded  by  the  surface  S  of  the  conductor  and  the  surface  Sa  at 
infinity.  It  is  important  to  note  that  unlike  V.  and  W  the  total  time- 

^  — “O 

average  magnetic  and  electric  energies  of  the  scattered  field*  4T  and 

Vs,  given  by 
© 

>5  - 1  f  v 

*  ,  (223) 

i?  -  i  f  l».p‘dv 

00 

are  infinite  as  VM  becomes  infinite.  At  the  static  lloit ,  however,  lP 

and  tf8  respectively  tend  to  WT  and  W  given  by  (220)  and  (221) 
e  j  p 

1.3. 3. 3. 2  Natural  Frequencies 

As  a  first  application  of  (215)  we  will  show  how  it  directly  leads  to 
a  stationary  expression  for  calculating  the  natural  frequencies  of  a 
finite-sized  object  in  free  space.  Corresponding  to  esch  natural 
frequency  there  is  a  RLC  network*  and  hence  the  circuit  properties  of 
an  object  are  characterized  by  its  natural  frequencies  [80]. 

the  condition  for  natural  resonance  or  free  oscillation  of  a  body 
is  given  by  (215)  in  the  absence  of  the  incident  field  E  .  Thus, 

p  JJ$*(r)-J(r,)G(£,r,)dS’dS  -  ^  jj  p*(£)p(£’)G(r,rJ>dS’dS  (224) 

Making  use  of  the  continuity  equation 

V-J-.-Jmp  (225) 

one  obtains  from  (224) 


149 


(226) 


2  XX  $*(*)•  [w'-GCr.r'sk)]  •  J(r’)dS'dS 
ye  XT  5*(r)*3(r')G(r,r' ;k)dS'4S 

The  following  points  should  be  noted  about  (226)  (see,  for  example,  {81] 
for  proofs) : 

■>  -v* 

(a)  Let  3  tJi>l  ]  be  the  functional  denoting  the  right-hand  side  of 
(226).  One  can  show  by  the  calculus  of  variations  that  the 
problem  of  maximizing  or  minimizing  3  la  equivalent  to  solving, 
the  E-field  equation  (214)  with 

2 

(b /  Eq. (226)  is  a  stationary  representation  for  u  in  the  sense 

that  a  trial  function  5  or  ?*,  which  is  good  to  first  order, 

2 

will  yield  an  approximate  u  which  is  good  to  second  order. 

(c)  The  functional  3  depends  on  the  parameter  k  through  the  Green's 
function  G.  This  parameter  should  be  determined  by  the  process 
of  maximizing  or  minimizing  3  after  evaluation  of  integrals  for 
a  chosen  tr&al  function. 

For  slender  structures  such  as  a  thin  rod  or  a  stick-model  aircraft 
the  damping  due  to  radiation  can  be  treated  as  a  perturbation.  In  this 
case  (226)  can  be  simplified  considerably.  Let  sn  and  3^  be  the  natural 
frequency  and  natural  current  mode  of  the  nth  mode,  and  let 


s_  ■  a  +  Jui 
n  a  n 


k  “  a)  /c 

n  n 


Then,  a  simple  manipulation  of  (226)  gives 


(227) 


^n  2wnye 


JT  %<?>•  [  (kj  i-  w')  1  -V' 

^  ^  ^  .  cos  k  R 


(228) 


where  1  is  the  unit  dyad,  and  the  resonance  angular  frequency  is 
calculated  approximately  from  the  simple  transmission-line  theory. 
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The  approximate  expression  (228)  for  a  can  also  be  derived  from 
the  concept  of  Q,  the  so-called  quality  factor.  Since  the  bandwidth 
of  the  nth  mode  is  given  by  2aQ,  and  [72] 


one  has 


(229) 


(230) 


where  WT  and  P  are  given  by  (217)  and  (219)  for  k*k  ,  .  and 

ju  q  n  u 

p  -  pn<  Substituting  the  values  of  P^  and  Wjn  in  (230)  one  obtains  (228) . 

For  a  thin  rod  expression  (228)  gives  an  aQ  value  identical  to  that 
obtained  by  the  Halldn  asymptotic  antenna  theory  [82] .  This  expression 
has  been  used  to  calculate  the  damping  constants  of  the  natural  modes  of 
a  stick-model  aircraft  [83]. 

1.3. 3. 3. 3  Positive  Real  Functions 

As  a  second  application  of  (215)  we  will  demonstrate  that  the 
driving-point  impedance  or  admittance  of  an  antenna  is  a  positive  real 
(p.r.)  function.  As  is  well  known  in  circuit  synthesis,  the  p.r.  property 
of  a  function  is  a  necessary  and  sufficient  condition  to  ensure  its 
physical  realizability,  by  which  it  is  meant  that  a  p.r.  function  aan 
be  synthesized  with  passive  lumped  circuit  elements  [84].  A  function 
is  said  to  be  p.r.  if  in  the  complex  frequency  s-plane 

(a)  it  is  real  for  real  values  of  s,  and 

(b)  it  has  a  positive  real  part  in  the  right  half  s-plane. 

The  requirement  (b)  can  be  replaced  by  the  requirement  that  it  be  analytic 
in  the  right  half  s-plane  and  have  a  nonnegative  real  part  on  the  Ju-axis. 

'  Let  Z | X [  denote  the  left-hand  side  of  (215)  with  the  proportionality 

i  i2 

factor  | X |  ,  i.e., 
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Z(jw)  = - - — x  [  (r,ju»)ds  (231) 

liwr  4 

Then,  with  •  raplacing  jw  and  ?(-»)«  p(-a)  caplacing  3* (Ju),  p*(j<*0 
respectively  In  (215)  we  Ivava 

2(a)  *  iffl'lW  [*W  fl 

-  ~  j|  p(r,-a)p(r,,8)G(r,r,s«)dS,dS j 


(232) 


It  la  eaay  to  aaa  that  Z  la  real  whan  a  la  real,  thanka  to  the  symmetry 
of  G  in  x  and  r ’ .  On  the  ju-axia  the  real  pact  of  Z  is  given  by 


Be  Z(Jw)  - - "2 

(1/2) |l(ju) jZ 


(233) 


where  F  la  the  total  average  acattacad  or  radiated  power  given  by  (219) 
aud  la  certainly  nonnagatlva.  Furthermore,  Z  la  analytic  In  the  right 
half  e-plane  because  3  and  p  satisfy  the  cauaality  condition.  Thus,  Z 
la  a  p.r.  function  and  la  physically  realisable  with  paaaive  lumped 
elements. 

Tor  a  transmitting  antenna  energized  by  a  sliced  voltage  generator, 
the  Incident  field  In  (231)  takes  the  form 


B^(r,a)  ■  V(a)$(r-r0>  (234) 

In  this  case  the  expression  (232)  for  Z  Is  the  driving-point  Impedance, 
This  expression  has  been  used  by  some  Investigators  as  the  starting 
point  for  a  variational  calculation  of  the  driving-point  impedance  of 
e  cylindrical  antenna  (85,86). 


1.3. 3. 3. 4  Energy  Function*  i  • 

Whan  the  acatterer  la  electrically  snail,  l.t. ,  whan  k&  «  1,  one 
nay  expand  cos  kR  and  sin  kR  In  powers  of  kR.  One  than  obtains  from 
(217),  (218)  and  (219) 


^ -ife  II  £i¥s£i  «'«♦••  • 

5„  -  xfc  ||  -  4r<  ||  »‘<?>P<?'>«ds'ds+ ■  ■ 

?  -  **•  Jj  3*<?>-J(?’)dsMS  +  ||  p*(t)p(r')R^dS'dS  +  .  . 


where 


p(r)dS  ■  0 


(235) 


.  (236) 


.  (237) 


(238) 


has  been  used  for  a  scatterer  with  no  net  charge.  3y  using  the  continuity 
equation  (225)  one  can  show  that  with  denoting  the  unit  vector  of  $ 
one  obtains 

|J  p*(r)p(r')R  dS'dS  -  -  \  JJ  |  $*(r)«fr  -  .J(?')dS'dS  (239) 

|f  p*(r)p(r')R2dS’dS  «  -  JJ  J* (r)  •$(£’) dS'dS  (240) 


Substitution  of  (240)  into  (237)  gives 


p  “  ft*  jj  <*)•$<** )dS'dS 


(241) 


If  one  recalls  the  definition  of  the  dipole  moment  p  [73] 


J  ?  dS  •  jwp 


153 


<£*£} 


04  J) 

where  T,  V  and  F  are  the  so-called  time-average  energy  functions  la 
circuit  theory  [72]  and  are  given  by 

T  -  |  ||  3^  ^*(?)  •  [t+t^]*J(?’)dS’dS  (244) 

(245) 

(246) 

where  Z  is  the  free-space  impedance.  Note  that  X  consists  of  two 
parts:  the  part  associated  withal  can  be  identified  as  one-half  the 
usual  Neumann  formula  for  magnetic  energy,  while  the  other  part  is 
one-half  the  tfeber  formula  for  magnetic  energy,  which  is  little  known 
nowadays  but  was  a  subject,  of  considerable  controversy  in  the  middle 
of  last  century  until  Helmholtz  showed  that  the  two  formulas  give  the 
same  result  for  closed  circuits  [88].  The  total  magnetic  energy 
given  in  (244)  is  similar  to  the  one  derived  by  Lamb  [89]. 

To  find  the  counterpart  of  (243)  in  the  time  domain,  one  starts 
with  the  time  domain  E-field  equation,  scalarly  multiplies  with  the 
total  S,  integrates  the  resulting  equation  over  the  entire  surface  of 
the  scatterer,  and  obtains 


r  -kA  -a.  4.  4. 

J  (r)*J(r,)dS,dS 


then  the  expression  (241)  can  be  written  as 


which  is  the  total  time-average  power  radiated  by  a  dipole  (87). 
Substituting  (235) ,  (236) ,  (239)  and  (241)  into  (216)  we  «et 

|  S1,  J* dS  -  2  ju(T  -  V)  +  2F 
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|  ^(r.t)  *J(r,t)dS  -  £  ||  |J(r,t).  ^  3(t  -  R/c,r')dS'dS 

+  ]j  |  p(t  -  R/c,r')  p(r,t)dS'dS 


(247) 


For  times  larger  than  the  transit  time  R/c  across  the  scatters?  one 
may  expand  p(t-R/c)  and  J(t-R/c)  In  Taylor's  series  about  t.  Hence, 
one  obtains  from  (247) 


|  ^1(r,t)*J(r,t)dS  -  ~  (T  +  v)+F 


(248) 


with  the  instantaneous  magnetic  energy  T,  electric  energy  V,  and 
scattered  power  i  given  by 


T  “  16*  ||  R  5(r,t)*ff  +  •?(?'  ,t)dS'dS 


(249) 


v-g^|||p(r,t)p(r,,t)ds'ds  (250) 

F  -  -  ||  ^(r,t).  ^  +  ^(r’.t).  ^  3(r,t)j  dS'dS  (251) 

*v 

Note  that  the  Integrands  In  (249)  -  (251)  are  symmetric  in  r  and  r'. 

Now,  If  one  approximates  the  integrals  of  (249)  -  (251)  by  some  quadra¬ 
ture  formulas,  one  may  write  these  equations  in  a  discrete  form 


1 '  *  £  VA 


VA 


(252) 


(253) 


-  2  dt2  +ikdt2  ; 


(254) 


where  L, ,  and  S. .  are  the  elements  of  the  Inductance  and  elaatanca 
ij  ij  2 

matrices ,  R^  has  the  dimension  of  ohm- (second)  and  Is  proportional  to 

th.  co.i™  of  the  angle  between  Jfy  end  ^  ^  1.  the  charge 

on  the  jth  subarea  of  the  scattarer. 

We  are  now  In  a  position  to  go  directly  to  the  Lagrangian  descrip¬ 
tion  of  the  Kirchhoff  voltage  law.  Let  be  the  generalized  coordinate , 
X  be  the  Lagrangian  defined  by 


X  -  T  -  V 


(255) 


and  F  be  the  Rayleigh  dissipation  function.  Theil,  the  Euler-Lagrange 
equation  is  [90] 


d_  /  3X  \  3X  9F  . 

dt  V  i 


(256) 


where  q .  -  i .  and  &.  denotes  all  electromotive  forces  such  as  the 

J  J  J 

incident  electric  field  E  or  the  field  due  to  a  voltage  generator 
on  the  surface  of  the  acatterer.  Use  of  (252)  -  (254)  in  (256)  gives 
the  Kirchhoff  voltage  law 


i(l*£ 


+  V>t +  V 


■)‘V 


j  -1,2,  .  .  .  ,n 


(257) 


It  should  be  noted  that  the  dissipation  term  is  proportional  to  the 
second  time  derivative  of  the  currant  rather  thati  the  current  itself 
as  in  the  case  of  ohmic  loss,  the  dissipation  ttrm  in  (257)  is  due  to 
the  radiation  loss  and  is  identical  to  the  radiation  reaction  in  the 
non-relativistic  equation  of  motion  of  a  charged  particle  [77]. 


1.3. 3. 4  Circuit  Description  of  Modes  and  Discontinuities 


In  the  preceding  sections  we  saw  the  intimate  connection  between 
Maxwell’s  field  theory  and  Kirchhoff's  circuit  theory,  first  in  the 
integral  form  of  Maxwell's  equations,  then  through  the  scalar  and 
vector  potentials,  and  finally  in  the  Lagrangian  formulation.  The 
common  assumption  we  employed  is  that  the  wavelengths  in  the  surrounding 
medium  are  much  greater  than  the  dimensions  of  the  object  under  consider¬ 
ation.  This,  however,  does  not  mean  that  the  circuit  approach  is 
useful  only  for  electrically  small  objects.  In  many  instances,  the 
electromagnetic  behavior  of  an  object,  regardless  of  its  electrical 
size,  may  be  described  by  a  set  of  independent  modes  ^(r) ,  i.e., 


<Kr,s)  =  l  a  (s)$n(r)  (258) 

n 

in  which  the  modal  amplitudes  an(s)  may  be  represented  by  equivalent 
circuits.  We  will  discuss  the  types  of  modes  often  found  in  EMP 
interaction  problems. 

Another  area  where  the  equivalent-circuit  approach  has  invariably 
bean  used  is  the  problem  of  describing  the  effect  of  a  discontinuity 
in  a  uniform  wave-guiding  structure  on  the  dominant  mode.  The  justi¬ 
fication  for  such  a  description  is  that  the  energies  of  the  higher- 
order  modes  created  by  the  discontinuity  are  confined  to  the  neighborhood 
of  the  discontinuity.  In  the  following,  several  types  of  discontinuities 
commonly  encountered  in  EMP  interaction  problems  will  be  described. 

1.3, >3. 4.1  Modes 

Fig.  20  shows  some  typical  structures  on  which  the  most  common 
types  of  modes  exist.  They  are  the  natural  modes  of  a  body  in  free 
space  (Fig.  20a),  the  normal  inodes  inside  a  cavity  (Fig.  20b),  the 
leaky  modes  on  two  parallel  plates  of  finite  width  (Fig.  20c),  and 
the  waveguide  modes  within  a  coaxial  cable  (Fig.  20d). 
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Natural  modes:  They  are  the  solutions  of  source-free  Maxwell's 
equations  subject  to  some  prescribed  boundary  conditions  on  the  surface 
of  a  body  and  the  outgoing  wave  condition  at  infinity.  The  modal 
functions  $n(r)  increase  exponentially  at  infinity.  The  modal  ampli¬ 
tudes  an(s)  are  meromorphic  and  holomorphic  respectively  in  the  left 
half  and  right  half  s-plane  [91],  which  is  to  say,  the  only  singularities 
of  an(s)  are  poles  in  the  left  half  s-plane  (Fig.  21).  Corresponding 
to  each  pole  there  is  an  equivalent  RLC  circuit  [80].  It  should  be 
remarked  that  the  above  consideration  excludes  the  singularities  of 
the  excitation,  if  any,  which  may  be  contained  in  a^Cs). 

Cavity  normal  modes:  These  modes  form  a  complete  orthogonal  set 
and  are  regular  everywhere  within  the  cavity.  They  are  a  special  case 
of  the  natural  mode.  For  a  lossless  cavity  the  modal  amplitudes  an(s) 
have  simple  poles  on  the  jm-axis,  each  of  which  corresponds  to  an 
equivalent  LC  circuit  (Fig.  21a). 


Fig.  20. 


Structures  for:  (a)  natural  modes,  (b)  normal  modes, 
(c)  leaky  modes  and,  (d)  waveguide  modes. 
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Leaky  modes:  These  modes  are  in  many  ways  similar  to  the  natural 
modes  except  that  a  leaky-mode  structure  is  two-dimensional,  while  a 
natural-mode  structure  is  three-dimensional.  The  modal  functions  $n(r), 
except  for  the  TEM  mode,  increase  exponentially  along  a  direction 
transverse  to  the*  axis  of  the  structure  and  decrease  exponentially 
along  the  axial  direction  of  the  structure.  Let  z  be  the  axial 
direction  and  x,y  be  the  transverse  directions.  Then  one  may  write 

+  Snz 

\(r)  **  <j>n(x,y)e  (259) 


Tne  singularities  Cn  are  shown  in  Fig.  21b  in  the  so-called  improper 
(bottom)  sheet  of  the  double  Riemann  surface  [92,93].  The  other  sheet 


(a) 


♦ 


+ 

+ 


Im(*) 

+ 

+ 

;; 

+ 


Im(£) 


Fig.  21.  (a)  Natural  and  resonance  frequencies  of  the  natural  and 

normal  modes  in  the  s-plane,  (b)  complex  propagation 
constants  c  of  leaky  modes  in  the  improper  (bottom) 
sheet  where  the  second  and  fourth  quadrant  are  referred 
respectively  to  +z  and  -z. 
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(the  top  sheet  of  Fig.  21b)  is  called  the  proper  sheet  in  which  the 
leaky  modes  are  absent.  For  each  mode  it  should  be  possible  to 
construct  a  transmission-line  analogue  with  the  help  of  the  complex 
Poynting  vector  theorem,  in  much  the  same  way  as  in  the  case  of  a 
waveguide  mode  [79]. 

Waveguide  modes:  These  modes  form  a  complete  orthogonal  set  and 
are  regular  everywhere  within  any  cross  section  of  a  waveguide.  They 
are  a  special  case  of  the  leaky  modes.  In  the  complex  t~plane  the  only 
singularities  are  poles  which  are  located  either  on  the  jw-axis  or  the 
real  axis.  The  jw-axis  poles  correspond  to  propagating  modes,  whereas 
the  real-axis  poles  are  associated  with  evanescent  modes  along  the 
z-axis  (Fig.  20d)  of  the  guide.  For  each  mode  there  is  a  transmission¬ 
line  analogue  [79], 

In  addition  to  the  four  different  types  of  modes  discussed  above 
there  are  other  kinds  of  modes,  such  as  the  eigenmedes  [94]  and  the 
characteristic  modes  [95].  Circuit  synthesis  of  these  modes  has  not 
yet  been  attempted. 

1,3. 3. 4. 2  Discontinuities 

In  Fig.  22  we  show  some  typLcal  discontinuities  often  encountered 
in  EMP  interaction  problems.  A  discontinuity  in  a  uniform  wave-guiding 
structure  may  take  the  form  of  an  obstacle  (Fig.  22a),  or  simply  a 
termination  (Fig.  22d) .  The  question  usually  asked  is,  what  effect 
does  a  given  discontinuity  have  ou  the  dominant  mode  of  a  given  guiding 
structure?  The  most  popular  (and  rigorous)  method  to  account  for  this 
effect  is  first  to  determine  the  equivalent  circuit  of  the  discontinuity , 
The  lumped  elements  of  this  circuit  can  be  either  measured  experimentally 
or  calculated  by  one  of  the  many  analytical  techniques  appropriate  to 
the  problem  at  hand  [49,96,97],  Alongside  the  discontinuities  of 
Fig.  22  we  show  the  equivalent  circuits,  some  of  which  will  be  taken 
up  for  more  detailed  discussion  in  part  2. 


160 


a«Mgg»saK«rniiiiBi'  r  niTm ~  r  — r-nr — n — - fn  •" 


Some  exemplary  discontinuities  and  their  equivalent  circuits 
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CHAPTER  1.4 

FREQUENCY  AND  TIME  DOMAIN  METHODS 


The  preceding  chapter  dealt  with  various  approaches  to  the 
formulation  of  EMP  interaction  problems.  In  this  chapter  various  methods 
based  on  frequency-domain  considerations  are  discussed  for  solving  EMP 
interaction  problems.  If  the  interaction  between  an  object  (e.g.,  an 
aircraft)  and  the  nuclear  EMP  is  viewed  in  the  frequency  domain,  a 
crucial  numerical  parameter  of  this  interaction  is  the  ratio  of  the 
characteristic  dimension  a  of  the  object  to  the  characteristic  wavelength 
X  of  the  incoming  EMP.  When  the  ratio  a/X  is  very  small,  the  interaction 
is  said  to  be  in  the  low-frequency  region,  and  an  approximate  procedure 
for  calculating  this  interaction  can  be  developed  by  expanding  the 
quantities  of  interest  in  a  power  series  of  the  small  parameter  a/X. 

This  case  will  be  treated  in  Sec.  1.4.1.  When  the  ratio  a/X  is  very 
large,  the  interaction  is  said  to  be  in  the  high-frequency  region,  and 
the  appropriate  method  of  approximation  is  that  of  asymptotic  expansion 
of  the  quantities  of  interest  in  the  large  parameter  a/X.  Sec.  1.4.3 
is  devoted  to  the  discussion  of  this  region.  In  between  the  low-frequency 
and  high-frequency  regions  lies  the  intermediate-frequency  region  for 
which  the  singularity  expansion  method  offers  one  of  the  most  efficient 
techniques  to  calculate  the  interaction.  This  method  and  its  applications 
will  be  elucidated  in  Sec.  1.4.2.  From  the  low-frequency,  intermediate- 
frequency,  and  high-frequency  solutions  one  can  respectively  derive  by 
Laplace  transforms  the  late-time,  intermediate-time,  and  early-time 
behaviors  of  the  interaction  process  in  the  time-domain  description. 

1.4.1  LOW-FREQUENCY,  LATE-TIME  REGION 

When  the  wavelengths  of  an  incident  radiation  are  considerably 
greater  than  the  relevant  dimensions  of  the  seatterer  or  when  the 
external  fields  change  slowly  in  a  time  interval  comparable  to  the 
transit  time  of  the  scatterer,  one  then  has  an  "almost  static" 
situation.  In  this  section  we  will  discuss  the  interaction  problem 
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under  this  low-frequency  or  slow  time-variation  assumption.  We  --ill  begin 
with  a  rigorous  formulation  of  the  interaction  problem  via  the  nagnetic- 
field  integral  equation,  and  from  it  develop  the  Rayleigh  series  for  the 
induced  current  and  charge  densities.  The  first  two  terms  of  this  series 
will  be  examined  critically  and  their  relation  to  the  magnetic  and  electric 
dipoles  discussed.  We  will  then  go  on  to  examine  small  objects  on  a 
large  structure  (for  example,  a  blade  antenna  or  a  window  on  an  aircraft) 
and  see  how  their  interaction  properties  can  be  characterized  by  dipoles 
and  how  the  polarizabilities  of  various  objects  are  interrelated.  Finally, 
vTe  will  discuss  the  behaviors  of  the  induced  current  and  charge  densities 
in  their  late-time  state,  quasi-stationary  state,  and  steady  state  and 
their  relations  to  the  low-frequency  solution. 

1.4. 1.1  Rayleigh  Series 

The  so-called  Rayleigh  series  is  a  power  series  in  frequency.  In 
the  s-plane,  the  Rayleigh  series  is  a  Taylor  series  about  the  origin  s *  0. 
The  fact  that  this  series  exists  and  possesses  a  finite  radius  of  conver¬ 
gence  has  been  proved  for  a  smooth,  finite,  perfectly  conducting  object 
[1,2],  It  is  believed  that  the  radius  of  convergence  is  equal  to  the 
absolute  value  of  the  lowest  natural  frequency  of  the  object  and,  hence, 
within  this  circle  of  convergence  the  Rayleigh  series  should  converge  to 
the  exact  solution.  However,  one  seldom  goes  beyond  the  first  few  terms 
which  usually  suffice  for  most  practical  purposes. 

Consider  a  perfect  conductor  immersed  in  a  time-harmonic  field 
Let  J  and  p  be  the  induced  current  and  charge  densities  with 
the  following  low-frequency  expansions 
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J  -  J  +  J.  +  J„  +  .  .  . 
0  12 

p  “  Po  +  P1  +  P2  +  ‘  *  ‘ 


(1) 


where  the  ratio  of  two  consecutive  terms  (e.g.,  Pj/pq>  etc*^  *s 

proportional  to  s. 


To  find  J  ,  J,  ,  p  ,  etc.  one  may  follow  the  approach  of  Stevenson 
O  J.  o 

[3,4],  which  starts  with  a  low-frequency  expansion  of  Maxwell's  equations. 
Each  term  in  the  expansion  requires  only  the  solution  of  standard  problems 
in  potential  theory  from  which  Jq,  J^,  pq,  etc.  can  be  determined  straight¬ 
forwardly.  An  elegant,  and  perhaps  most  efficient,  method  is  to  start 
with  the  low-frequency  expansion  of  the  H-field  integral  equation.  The 
shortcoming  of  this  method,  however,  is  that  the  H-field  integral  equation 
applies  only  to  a  perfect  conductor  with  nonzero  thickness.  For  a  con¬ 
ductor  with  finite  surface  impedance  or  a  perfect  conductor  of  vanishingly 
small  thickness  (e.g.,  a  thin  metallic  sheet)  one  may  start  with  a  low- 
frequency  expansion  of  the  E-field  equation  and  arrive  at  a  set  of 
equations  for  the  determination  of  3^,  pQ,  and  so  on.  As  will  be 
seen  below,  for  a  smooth  finite  body  of  infinite  conductivity  the  set 
of  equations  resulting  from  the  E-field  equation  is  far  more  complicated 
than  the  set  deduced  from  the  H-field  integral  equation. 

The  integral-equation  method  has  been  utilized  in  the  past  to 
obtain  a  low-frequency  expansion  of  the  solution  for  a  scalar  boundary- 
value  problem  [5].  For  the  electromagnetic  boundary-value  problem  the 
Helmholtz  integral  representation  for  the  field  has  been  employed  to 
examine  the  low-frequency  scattering  and  the  equivalent  dipole  moments 
in  terms  of  potential  functions  [6] . 

The  point  of  departure  is  the  H-field  integral  equation  for  the 
current  density  3  induced  by  an  incident  wave  on  the  surface  of 

a  perfect  conductor  (Fig.  1) ,  namely 


*  — 


Fig.  1. 


A  plane  wave  Impinging  upon  a  scatter er.  I  is  the 
outward  unit  normal. 


(4a) 


(4b) 


In  the  case  of  an  incident  plane  wave  with  propagation  vector  kQ  and 


magnetic  field  5*  given  by 


s1  - 1;11"'' 

O 


(5) 
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one  has 


Jf  ji.'JIxS  , 

o  no  1  o  n  o 


% "  pf  •  •  • 


(6) 


The  chain  of  equations  (4)  enables  one  to  determine  a  Rayleigh 

4 

series  for  J  from  which  the  Rayleigh  series  for  p  follows  via  the  conti¬ 
nuity  equation.  There  are  several  important  points  which  should  be  noted 
about  (4) : 


(a)  All  orders  satisfy  the  same  integral  equation  except  for 
the  source  terms  on  the  right-hand  sides. 

(b)  Eq.  (4a)  is  an  integral  formulation  of  the  magnetostatic 
boundary-value  problem,  while  (4b)  contains  the  corresponding 
formulation  of  the  electrostatic  boundary-value  problem.  In 
fact,  if  one  takes  the  surface  divergence  of  (4b)  and  makes 
use  of  the  continuity  equation 


V  •  J  «  -  sp 
s 

one  obtains 
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(7) 


(8) 


which  is  the  formulation  of  an  electrostatic  boundary-value 
problem  in  terms  of  an  integral  equation  of  the  second  kind. 


(c)  It  can  be  shown  from  (4a)  that 

VJo  -  0  (9a) 

if  and  only  if  V  “0.  It  is  true  that  V  **  0  for  a 
J  s  o  so 

plane-wave  field  but  not  for  the  field  due  to  moving  charged 


; 
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particles  [7].  If  one  substitutes  the  expansion  (1)  in  the 
continuity  equation  (7)  and  equates  terms  of  like  orders  of 
magnitude,  one  will  see  that  the  first  term  gives  (9a)  while 
the  second  term  yields 

V*1  =  "  spo  (9b) 

-y 

Before  we  proceed  to  explore  the  properties  of  Jq  and  J^,  which  are 
the  most  important  quantities  in  low-frequency  considerations,  let  us 
examine  briefly  what  light  the  E-field  formulation  may  shed  on  these  two 
quantities.  On  the  surface  of  a  perfect  conductor  one  has  the  well-known 
E- field  equation 

syt  x  G  t dS ’  +  -  1  x  V  G  p  dS '  4  xf1  (10a) 

n  e  n  n  ' 

together  with  the  continuity  equation  (7).  However,  (7)  and  (10a)  are  not 
well  suited  for  low-frequency  expansions.  One  way  out  of  this  difficulty 
is  to  abandon  the  continuity  equation  and  to  use  instead  the  following 
integral  relation  between  ^  and  p,  namely 

\  p  +  — ^  p  dS '  +  sue  1  •  J  G  dS '  ■  z  E1  (10b) 

4  3n  n  I  u 

which  can  be  obtained  by  taking  the  t^-dot  of  the  Helmholtz  integral  repre¬ 
sentation  of  the  E-field,  in  much  the  same  way  as  (10a)  can  be  obtained  by 
taking  the  l^-cross  of  that  representation  [8],  Now  making  a  low-frequency 
expansion  of  (10a)  and  (10b)  one  obtains 

’‘''jsKV*8'  j  (lla> 

K  +  f^(*skJS'  -kk'  uiH 
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(12a) 
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and  similar  sets  of  coupled  equations  for  (^J 2 * P 3) »  and  so  on* 

Eqs.(lla)  and  (lib)  can  be  recognized  as  the  formulation  of  an  electro¬ 
static  boundary-value  problem,  since  (11a)  leads  to 
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p  dS'  +  (J.1 
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constant 


(13a) 


where  <j>^  is  the  electrostatic  potential  of  ^  and  the  constant  is  determined 
by  (lib)  which,  upon  integration  over  the  surface  of  the  body,  gives 


PQdS  “  0 


(13b) 


If  one  wishes,  one  can  solve  (lib)  directly  and  it  can  be  shown  that  the 
solution  of  (lib)  will  automatically  satisfy  (11a).  On  the  other  hand, 
(12a)  and  (12b)  for  (30»P^),  and  similar  equations  for  etc.,  are 

sets  of  coupled  equations  with  the  number  of  eouations  equal  to  the  number 
of  unknowns. 


It  is  evident  from  the  above  considerations  that  Rayleigh's  series 
can  be  obtained  with  ease  from  the  H-field  formulation  but  not  from  the 
E-field  formulation. 


1.4. 1.2 


Properties  of  JQ  and 


We  have  just  seen  that  the  first  two  terms,  3  and  3^,  in  the  Rayleigh 
series  satisfy  respectively  the  integral  equations  (4a)  and  (4b)  and  also 
the  differential  equations  (9a)  and  (9b) .  Integration  of  (9a)  and  (9b) 
over  the  patch  A,  which  is  a  part  of  the  entire  surface  S  of  the  body, 
gives  (see  Fig.  2) 


(14) 
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Fig.  2.  Geometry  for  (14).  t,  ■  unit  binoraal  tangent  to  S, 

b 

C-  closed  curve  on  S  bounding  A,  A  *  area  of  patch  on  S, 
S  -  surface  of  body. 


These  equations  imply  that  the  lines  of  3q  form  closed  loops  on  the  surface 
S,  whereas  the  lines  of  3^  terminate  at  charges.  Thus,  3q  has  nothing  to 
do  with  the  total  Induced  current  flowing  across  any  cross-section  of  the 
body  [9],  such  as  the  total  axial  current  on  a  cylinder. 

As  is  evident  from  (9b) ,  a  knowledge  of  3^  is  sufficient  for  the 
determination  of  pQ  but  the  reverse  is  generally  not  true.  In  certain 
special  cases,  however,  3^  is  obtainable  directly  from  pQ.  For  example, 
in  the  case  of  two-dimensional  geometries,  31  and  pQ  have  the  same  peri¬ 
pheral  distributions  [10] .  For  three-dimensional  bodies  with  rotational 
symmetry,  such  as  the  right  circular  cylinder,  the  prolate  spheroid,  the 
disk,  etc.,  3^  “ay  be  obtained  directly  from  pQ  via  the  second  equation  of 
(14)  if  the  domain  A  (Fig.  2)  of  integration  is  appropriately  chosen  (see 
Figs .  3a  -  c) . 

In  the  case  where  the  magnetic  field  and  the  propagation  vector  cf 
an  incident  plane  wave  are  respectively  parallel  and  perpendicular  to  the 
axis  of  symmetry  of  a  body  as  shown  in  Fig.  3d,  one  can  relate  3q  and  pQ 
by  [11,12] 


2eE  cos  $ 
o  T 
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(a)  right  circular 
cylinder 


(c)  circular  disk 


(d)  axisymmetric  body 


Fig.  3.  Examples  of  axisymmetric  geometries. 


la  this  case  the  total  axial  current  is  zero.  For  the  other  polarization 
where  the  electric  field  and  the  propagation  vector  of  the  incident  plane 
wave  are  respectively  parallel  and  perpendicular  to  the  axis  of  symmetry, 
no  similar  relationship  exists  between  and  pQ. 

It  is  not  unexpected  that  and  give  rise  to  a  magnetic  and  an 
electric  dipole  respectively,  since  lines  of  from  closed  loops  while 
lines  of  are  terminated  at  charges.  Recalling  the  usual  definitions 

**■  -y 

for  magnetic  dipole  moment  m  and  electric  dipole  moment  p  [13] 


+  1 
m  -  j 


r  x  j  dS 


r  p  dS  “  ~  j 


J  dS 
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(16) 


■  w 


one  sees  that  JQ  and  give  respectively  the  static  magnetic  and 
electric  dipole  moments. 

1.4. 1.3  Small  Objects  on  a  Large  Structure 

On  the  surface  of  an  aerospace  vehicle  such  as  an  aircraft  there 
are  many  small  objects  or  inhomogeneities  (see  Fig.  4).  These  objects  are 


Fig.  4.  Small  objects  on  an  aircraft. 


physically  small  in  comparison  with  the  overall  dimensions  of  the  vehicle. 
In  addition,  they  are  electrically  small  over  the  important  portion  of  a 
typical  EMP  spectrum.  Hence,  their  mutual  interactions  as  well  as  their 
perturbational  effect  on  the  overall  external  interaction  of  the  entire 
structure  with  EMP  can  be  characterized  by  their  dipole  moments  [14], 

To  find  the  induced  dipole  moments  for  each  object  one  will  have 
to  solve  a  magnetostatic  and  an  electrostatic  boundary-value  problem 
which,  among  other  things,  involve  the  local  geometry  of  the  object. 

Fig.  5  shows  the  appropriate  static  boundary-value  problems  one  needs  to 
solve  for  a  stub,  a  depression,  and  an  aperture  in  an  infinite  ground 
plane.  The  approximation  of  the  local  geometry  of  the  large  structure 
by  an  infinite  ground  plane  becomes  better  the  larger  the  local  radii 
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E 


Fig.  5.  Illustrations  of  static  electric  and  magnetic  field  in 
the  neighborhood  of  (a)  a  stub,  (b)  a  depression,  and 
(c)  an  aperture . 

of  curvature  of  the  large  structure  are  in  comparison  to  the  maximum 
dimension  of  the  object.  Generally  one  may  have  to  use  some  canonical 
geometries  of  finite  radii  of  curvature,  such  as  a  sphere,  an  infinite 
cylinder,  or  an  ellipsoid,  to  model  the  local  geometry  of  the  large 
structure.  But  these  canonical-shaped  structures  introduce  an  enormous 
amount  of  complexity  to  the  analysis.  On  the  other  hand,  an  infinite 
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ground  plane  will  not  introduce  any  complexity  to  the  problem  at  hand, 
and  it  will  only  lead  to  larger  induced  dipole  moments. 

There  are  two  important  points  about  the  static  boundary-value 

problems  depicted  in  Fig.  5.  The  exciting  fields  are  the  "short-circuit" 

fields  (£  ,  &  ) .  By  a  "short-circuit"  field  we  mean  a  field  that  would 

sc  sc 

exist  at  the  location  of  the  scatterer  if  the  scatterer  were  removed.  This 
means  that  if  the  scatterer  were,  an  aperture  or  a  depression,  the  aperture 
or  the  depression  would  be  covered  by  isotropic  conductors.  In  the  language 
of  boundary-value  problems  a  "short-circuit"  field  is  the  total  field  far 
away  from  the  scatterer  on  an  infinite  plane.  This  field  is  related  to 
surface  current  density  J  and  surface  charge  density  p  by 


E 

sc 


(17a) 


(17b) 


where  is  the  outward  unit  vector  normal  to  the  surface  of  the  large 

structure.  To  find  3  and  p  one  has  to  solve  an  external  interaction  problem 

in  which  all  small  objects  are  "removed"  from  the  surface  of  the  large 

structure.  It  is  thus  seen  that  ?  and  5  will  contain  those  resonances 

sc  sc 

of  the  large  structure  whose  resonance-wavelengths  are  much  greater  than 
the  dimensions  of  the  small  object. 

To  solve  the  static  boundary-value  problems  of  Fig.  5  for  the  dipole 
moments  one  may  start  with  the  Laplace  equation  for  the  magnetic  scalar 
potential  <j>m  and  the  electric  scalar  potential  (j),  viz., 


v2<fi  -  0 

Tm 

(18a) 

VZ<j>  *=  0 

(18b; 

with  -*■  -  r  •  Hgc  and  <f>  -*■  -  r  •  Egc  for  observation  points  r  far  away  from 
the  object,  and  the  usual  boundary  conditions  that  ( 8 / 3rv) 4>m  and  $  vanish 
on  the  conductor's  surface.  There  are  many  methods  of  solving  (18).  If 
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the  surface  of  the  object  permits  separation  of  variables,  the  eigen¬ 
function  expansion  method  is  the  natural  one  to  use.  If  the  object  is 
of  arbitrary  shape,  the  integral  equation  method  aided  by  numerical 
quadrature  is  more  promising.  The  integral  equations  derived  on  the 
basis  of  (18)  and  the  corresponding  boundary  conditions  are  scalar  and, 
hence,  are  much  simpler  than  their  vector  counterparts  (4a)  and  (4b) . 

But  it  must  be  emphasized  that  (18b)  together  with  the  corresponding 
boundary  condition  does  not  in  general  yield  a  complete  information  on 
J^,  the  second  term  in  the  Rayleigh  series.  Eq.(18b)  gives  the  informa¬ 
tion  on  the  surface  charge  density  which,  however,  is  sufficient  for  the 
determination  of  the  electric  dipole  moment  and,  of  course,  all  electric 
multipoles. 

The  above  considerations  can  be  put  on  a  firm  mathematical  basis  by 
taking  the  low-frequency  limit  of  the  integral-equation  formulation  of 
the  problem  appropriate  for  Fig.  4.  Such  a  formulation  would  involve 
the  dyadic  Green's  functions  of  the  first  and  second  kind  [15],  G1  and 

4 _ y 

G^,  which  satisfy  the  boundary  conditions 

t  x& (?,?')  =  0,  t  xvxt (r,P)  =  0  (19) 

n  i.  n  l 


on  the  surface  of  the  large  structure.  It  suffices  to  mention  here  that 
G.  is  useful  for  the  problem  of  a  small  stub  on  a  large  structure,  while 

{ -  f 

G2  is  appropriate  for  the  problem  involving  an  aperture  or  a  depression 
in  the  surface  of  a  large  structure. 

1.4. 1.4  Dipoles  and  Polarizabilities 

In  this  section  formulas  will  be  given  to  calculate  the  dipole  moments 
and  polarizabilities  of  an  object  in  free  space,  an  aperture  in  a  ground 
plane,  a  boss  on  a  ground  plane  and,  finally,  a  depression  in  a  ground 
plane.  There  exist  certain  important  relationships  among  the  components 
of  the  electric  and  magnetic  polarizability  tensors.  These  relationships, 
among  other  properties  of  the  polarizabilities,  will  be  discussed. 


1.4. 1.4.1  Object  in  Free  Space 


The  static  dipole  momenta  of  an  object  in  free  space  are  given  by 
the  static  limit  of  the  general  definition  (16),  viz., 
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p  dS 
Ko 


(20) 


where  S  is  the  surface  of  the  object.  Since  m  and  p  are  linearly  related 
to  the  incident  fields  and  ^  respectively,  one  has  the  following 
general  relationship 


-*  -*i 

p  =  e  P  *E  , 
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'  1?  •  H1 


(21) 


where  "?  and  "l?  are  respectively  called  the  electric  and  magnetic  polariz¬ 
ability  tensors.  No  matter  how  tortuous  the  surface  of  the  object  may 
be  so  long  as  the  object  is  composed  of  reciprocal  material,"*?  and are 
always  symmetric,  i.e., 


ij 


■ji’ 
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.. .  -=  M. . 
il  ji 


(i, j  “  1,2,3) 


(22) 


This  symmetry  property  follows  from  a  general  theorem  on  the  "generalized 
susceptibility"  (16].  Thus,  in  general  there  are  only  six  independent 
components  in  P^  or  ^ .  Furthermore,  since  they  are  real  and  symmetric 

there  always  exists  a  coordinate  system  in  which  P^  or  is  diagona¬ 
lized;  that  is  to  say,  there  exists  a  coordinate  system  in  which  only 

■4-+  4 — y 

three  parameters  are  needed  to  characterize  P  or  M. 


In  addition  to  the  existence  of  many  inequalities  among  the  components 
— y  "4 — y  "4  y  a 

of  P  and  M  [17,18],  there  are  certain  special  cases  where  P  and  M  are 

directly  related  to  each  other.  For  a  body  rotationally  symmetric  about, 

say,  the  3-axis  one  has 
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where  the  last  relation  follows  from  (15)  and  the  first  two  are  obvious 
from  the  symmetry  of  the  problem.  Even  among  the  non-vanishing  para¬ 
meters  of  (23)  there  exist  a  number  of  conditions.  For  more  detail  the 
reader  may  consult  [18] . 

For  an  ellipsoid,  which  can  degenerate  into  a  prolate  spheroid,  an 
oblate  spheroid,  a  sphere,  an  elliptic  disk,  or  a  circular  disk,  there 
are  many  interesting  relations  among  the  P^  and  [19] .  Let  V  denote 
the  volume  of  the  ellipsoid  and  let  the  coordinate  axes  be  along  the 
principal  axes  of  the  ellipsoid.  Then  [19] 
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(24) 


Eqs.(24)  show  that  one  needs  only  two  independent  parameters  to  characterize 
the  low-frequency  interaction  properties  of  an  ellipsoid. 

Once  p  and  m  are  known,  the  field  can  be  calculated  by  [13] 

E  “  -  —  V  x  (p  x VG)  +  jup  m  x  VG 

6  (25) 

3  «  -  7  *  (m  x 7G)  -  jrn  p  x  7G 

where  G  is  the  free-space  Green's  function  given  by  (3). 

1.4. 1.4. 2  Aperture  in  Ground  Plane 

The  dipole  moments  of  an  aperture  in  an  infinite  ground  plane  are 
tricky  to  define  because  of  the  presence  of  the  ground  plane  (Fig.  5c) . 

For  one  thing,  the  ground  plane  divides  the  entire  space  into  illuminated 
and  shadow  regions,  making  it  necessary  to  have  oppositely  directed  dipoles 
for  the  scattered  field  in  each  of  these  two  regions.  What  is  more,  the 
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relevant  excitation  field  in  the  low-frequency  limit  is  the  short-circuit 
field  (S  ,3  ),  implying  that  factors  of  2  will  crop  up  here  and  there  [20]. 

8  C  SC 

In  view  of  the  duality  between  £  and  H  in  Maxwell's  equations,  one 
would  naturally  introduce  pQ  and  m  as 

a  a 


(26) 


in  complete  analogy  to  the  general  definition  (16) .  Here  A  is  the  surface 

of  the  aperture,  and  and  are  the  magnetic  surface  current  and  charge 

densities  related  to  the  total  aperture  electric  field  £  by 
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(27) 


where  1  is  the  unit  normal  vector  pointing  into  the  illuminated  region. 

^  1 ,  -  ^ 

With  the  definition  (27)  one  can  show  that  p  and  m  ,  as  defined  by  (26) , 

a  a 

give  the  correct  total  penetrant  field  in  the  shadow  region  via  formula 
(25) .  Substituting  (27)  in  (26)  and  taking  the  low-frequency  limit  one 
obtains  a  simpler  working  definition  for  p  and  m  ,  namely 

a  3L 


where  <j>  is  the  electrostatic  potential  and  Hn  is  the  normal  component  of 
the  magnetic  field  [20]. 

Although  p  and  m  give  the  total  penetrant  field  via  the  free-space 
dipole  field  formula  (25) ,  they  are  not  too  convenient  to  use  for  most 
interaction  calculations  because  a  cavity  and/or  cables  often  exist 
behind  an  aperture,  in  which  cases  the  ground  plane  is  part  of  the  cavity 
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or  part  of  the  transmission  line.  This  means  that  the  dipole  moments , 
p  .  and  m  . ,  defined  in  the  presence  of  the  ground  plane,  are  preferable 
to  p  and  m  .  They  are  related  simply  by 

U  £L 


■al 


■IV 


m 


ai 


1  -*■ 

2  ma 


(29) 


Next,  we  introduce  the  electric  and  magnetic  polarizabilities  ag  and 


through 
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(30) 


where  the  -  sign  in  the  second  equation  of  (30)  is  needed,  so  that  the 

-  y 

components  of  are  positive.  Again,  it  is  important  to  remember  that 
Pa^  and  m^  are  defined  for  the  shadow  region  and  that  their  directions 
must  be  reversed  for  the  illuminated  region. 

Since  E  is  always  perpendicular  to  the  ground  plane,  has  only 
SC  G 

one  non-vanishing  component.  On  the  other  hand,  S  may  have  two  inde- 
pendent  components  for  a  given  coordinate  system,  and  hence  c»m  is  a 
two-dimensional  symmetric  dyad  which  can  always  be  diagonalized  by  an 
orthogonal  transformation.  There  exists  a  relationship  between  (a^cO 
of  an  aperture  and  (P  ,1?)  of  the  complementary  disk  via  the  Babinet 
principle.  It  can  be  shown  that  [21] 


i 

'  4  disk’ 


++  =  1. 

°m  4  disk 


(31) 


Thus,  the  polarizabilities  of  an  ellipsoid  discussed  previously  can  yield 
in  its  limiting  forms  the  polarizabilities  of  an  elliptical  and  a  circular 
hole. 

1.4. 1.4. 3  Boss  on  Ground  Plane 

A  boss  is  a  protrusion  on  a  ground  plane  (Fig.  5a).  The  blade 
antennas  on  an  aircraft  are  one  such  example.  Let  p^  and  m^  be  the  dipole 
moments  giving  the  total  scattered  field  via  the  free-space  dipole  field 
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foraula  (25) .  Let  p^  and  m^  be  the  dipole  moments  radiating  in  the 
presence  of  an  infinite  ground  plane.  Then,  with  denoting  the  surface 

of  the  boss  one  has 
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IfV^and^fare  the  polarizabilities  in  free  space  of  the  boss  plus  its 
image,  then  it  is  obvious  that 


(33) 


1.4. 1.4. 4  Depression  in  Ground  Plane 

Flush-mounted  antennas  on  aircraft  are  examples  of  depressions  in  a 
ground  plane  (see  Fig.  5b).  Except  for  a  hemispherical  bowl  [22]  there 
are  no  known  solutions  for  other  three-dimensional  depressions.  Let  p^ 
and  m,  be  the  dipole  moments  that  give  the  total  scattered  field  via 
formula  (25)  and  let  pdi  and  be  the  dipole  moments  defined  with  the 
ground  plane.  The  situation  is  similar  to  that  of  an  aperture  except 
that  now  there  is  only  the  illuminated  region.  Thus 
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where  A  is  the  area  of  the  depression's  mouth.  For  a  hemispherical 

depression  "V"  has  an  exact  closed  form,  whereas  can  be  obtained  only 
©  m 

approximately  [22].  As  would  be  expected,  the  polarizability  values 

are  smaller  than  the  corresponding  values  of  a  circular  aperture.  Thus, 

it  is  reasonable  to  assume  that  the  polarizabilities  of  the  aperture  A 

in  an  infinite  ground  plane  (i.e.,  when  the  volume  of  the  depression 

becomes  infinite  while  its  opening  remains  unchanged)  give  the  upper 

bounds  of  "V  and  . 

1  e  'm 

At  this  point  it  is  a  good  idea  to  summarize  the  above  results. 

>)•  ^ 

The  total  fields  £,  H  radiated  by  the  dipoles  p,  m  are  given  by  (25). 

The  values  of  p  and  m  to  be  used  in  (25)  for  the  four  different  situations 
discussed  above  are  tabulated  in  table  1.  It  should  be  pointed  out  that 


TABLE  1.  DIPOLE  MOMENTS  TO  BE  USED  IN  EQUATIONS  (25) 


Body  in 
Free  Space 

Aperture  in 
Ground  Plane 

Boss  in 
Ground  Plane 

Depression  in 
Ground  Plane 

p 

eY-l1 

2  ea  •  f 

e  sc 

2eV 

-y 

4— >■  -*i 

2VJ.c 

2 V  •  $ 

'm  sc 

m 

M  *H 

-2  a  •  H 
m  sc 

in  the  case  of  an  aperture  in  a  ground  plane  the  values  of  p  and  m  in 
table  1  when  substituted  in  (25)  give  the  total  fields  In  the  shadow  region 

The  above  discussions  have  been  focused  on  three-dimensional  objectt 
and  two-dimensional  apertures.  In  the  case  of  two-dimensional  objects 
or  one-dimensional  apertures,  the  magnetic  polarizability  per  unit  length 
is  directly  related  to  the  electric  polarizability  per  unit  length 
V* .  The  truth  of  this  statement  can  be  seen  from  the  following  simple 
considerations.  Let  the  z-axis  be  the  axis  of  a  two-dimensional  object, 
the  y-axis  be  directed  along  the  incident  magnetic  field  and  the 
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x-axis  along  the  Incident  electric  field  f*.  Then  the  electric  and 
magnetic  scalar  potentials  and  4>m  form  the  complex  potential  W,  namely 
[23] 


W  -  *  + 


(35) 


which  satisfies  the  Laplace  equation.  From  the  theory  of  conjugate  func¬ 
tions  one  can  show  that  the  electric  polarizability  tensor  V*  and  the 
magnetic  polarizability  tensor "wT'  are  related  by 

V’  -1  xlf*  (36) 

z 


The  discussions  thus  far  have  been  limited  to  perfectly  conducting 
bodies.  It  should  come  as  no  surprise  that  the  low-frequency  interaction 
properties  of  a  dielectric/permeable  body  are  predominantly  characterized 
by  its  electric  and  magnetic  polarizabilities.  For  more  detail  the 
interested  reader  should  refer  to  [24]. 

1 . 4 . 1 . 5  Quasi-Statlonary,  Late-Time  Considerations 

As  is  evident  from  (4)  each  term  of  the  Rayleigh  series  for  the 
current  density  is  given  by 


i  -  r-  j1 

O  0 


(37) 
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and  so  on,  where  X  is  the  static  dyadic  integral  operator  inverse  to 
the  integral  operator  on  the  left-hand  side  of  (4).  For  separable 
surfaces,  X  takes  a  very  simple  form.  For  example,  in  the  case  of  an 
infinitely  long  cylinder  (Fig.  6a)  we  have 
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Fig.  6a.  Incident  magnetic  field  perpendicular  to  the  axis 
of  an  infinite  cylinder. 

£■-  it,*,-  lJ--t,H0.l»*  (38) 

and  in  the  case  of  a  sphere  (Fig;  6b)  we  l Lave 

1 V*.  ^--^V1”6  <39) 

The  time-domain  series  corresponding  to  (37)  is 

Ve>  -  ?.ftt) 

Jx(t)  -  ^-3*(t)  (40) 

3,(0  -  ^  •  3*(t)  +-^  ft  x(t  xl)dS’ 

2  2  8uc2  n  R  0 

and  so  on,  where  the  double  dots  denote  two  time-differentiations  and 
is  the  unit  vector  in  the  direction  of  it  (see  Fig.  1).  The  dependence  of 
3q,  3^,  etc.  on  r  (the  position  on  the  surface  of  the  object)  should  be 
understood  and  has  been  omitted  for  simplicity.  It  is  reasonable  to  call 


Fig.  6b.  Incident  magnetic  field  along  the  polar  axis  of  a  sphere. 

(40)  a  quasi-stationary  series,  since  this  series  holds  true  if  the  electro¬ 
magnetic  phenomena  are  slowly  varying  during  a  time  interval  comparable 
to  the  characteristic  or  transit  time  tc  of  the  body.  In  fact,  the  series 
(40)  can  also  be  obtained  by  expanding  the  time-domain  H-field  integral 
equation,  the  inverse  Fourier  transform  of  (2),  In  powers  of  tc>  Thus, 
the  quasi-stationary  series  makes  sense  if  the  pulse  width  of  the  incident 
wave  is  much  larger  than  t  (Figs.  7a, b),  or  if  the  speeds  of  the  charged 
particles  are  very  small  compared  to  the  speed  of  light  in  the  surrounding 
medium  (see  Fig.  7c),  as  is  often  the  case  in  most  SGEMP  interaction 
problems.  Of  course,  the  prerequisite  for  the  series  to  be  valid  is 
that  all  early-time  transient  effects  have  subsided;  that  is  to  say,  the 
object  is  well  immersed  in  the  incident  pulse  or  the  charged  particles 
have  long  ceased  their  violent  motions.  In  this  sense  (40)  may  also  be 
termed  a  late-time  series. 
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(a) 


Fig.  7.  (a)  A  pulse  incident  on  a  body,  (b)  a  Btep-function  wave 

Incident  on  a  body,  and  (c)  a  charged  particle  q  moving 
with  velocity  v  near  a  body. 

Let  a  plane-wave  pulse  travel  along  the  positive  x-direction  and 
impinge  on  an  object  as  shown  in  Fig.  7a.  Then,  the  incident  current 
^(r.t)  la  given  by 

J^r.t)  -t^^fCt-x/c)  (41) 

where  x  lies  between  x-0  and  x-&.  Expanding  £  in  a  Taylor  series  and 

introducing  t  ■  1/ c  one  gets 
c 

^  2 

f(t  -x/c)  -  f(t)  -  Y  tgfft)  +  )  t^f(t)»...  (42a) 

which  is  a  convergent  series  if 

|f|  >  |tc£|,  |f|  >  |tcf|,  .  .  .  (42b) 
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In  physical  terms  this  means  that  the  incident  waveform  docs  not  vary 

much  during  a  time  interval  equal  to  the  transit  time  t  .  When  this 

c 

condition  is  met  one  then  has,  according  to  (40), 

JQ(r,t)  -  £Q(r)f(t) 

l^r.t)  -  £^(r)ii(t) 

32(r,t)  -  <$2<r)f(t)  (43) 


J  (r,t)  -  2  (r)f(n)(t) 
n  n 

where  f ^  denotes  the  nth  time  derivative  of  f  and  C  ,  ,  etc.  are 

vector  functions  depending  only  on  the  observation  point  r  on  the  surface. 
If  one  reconstructs  the  waveform  for  the  induced  current  J(r,t)  from  the 
quasi-statlonary  or  late-time  series  (43) ,  J  will  be  different  from  the 
waveform  of  the  Incident  pulse  because  the  ii^’s  are  generally  different 
from  the  coefficients  of  the  Taylor  series  (42a) . 

Fig.  7b  depicts  a  step-function  plane  wave  striking  an  object.  In 
this  case  we  have 

f (t  —  x/c)  -  u(t-x/c)  (44) 


where  u  is  the  unit  step  function.  Clearly,  after  all  the  initial  transient 
phenomena  have  subsided  there  remain 


J0£.t)  -  SQ(?) 


(45) 


where  the  second  equation  follows  from  integrating  the  time-domain  version 
of  the  continuity  equation  (9b)  from  to  t  with  the  help  of  the  second 
equation  of  (43) . 


If  the  incident  wave  is,  say,  a  step-function  sine  wave  with  angular 
frequency  u}q,  the  induced  current  and  charge  densities  will  eventually 
oscillate  at  u)Q  with  different  phase  shifts.  This  state  of  affairs  is 
called  the  steady  state,  as  is  well  known  in  all  branches  of  the  physical 
sciences.  Of  course,  the  static  state  (45)  is  a  special  case  of  the 
steady  state. 


1.4.2  INTERMEDIATE-FREQUENCY,  INTERMEDIATE-TIME  REGION 

Following  the  low-frequency,  late-time  region  is  the  intermediate- 
frequency,  intermediate-time  region  which  is  characterized  by  the  ratio 
a/ X  (ratio  of  characteristic  dimension  of  scatterer  to  characteristic 
wavelength  of  incoming  EMP)  that  is  neither  very  small  nor  very  large 
compared  to  unity.  Therefore  a  power  series  expansion  or  an  asymptotic 
expansion  in  a IX  cannot  be  carried  out  to  good  advantage,  if  at  all.  On 
the  other  hand,  the  intermediate-frequency  region  can  be  very  important 
in  electromagnetic  problems  involving  a  broad-band  source  of  excitation 
like  an  EMP.  An  efficient  mathematical  technique  to  calculate  intermediate- 
frequency  scattering  and  intermediate-time  behavior  is  therefore  much  in 
demand  for  analyzing  the  EMP  interaction.  The  singularity  expansion  method 
offers  one  such  technique  that  is  short  of  solving  the  interaction  problem 
exactly  [25  -  27] . 

1 . 4 . 2 . 1  Singularity  Expansion  Method 

The  singularity  expansion  method  (sometimes  known  as  SEM)  consists  of 
characterizing  the  physical  quantities  in  EMP  interaction  problems  by  their 
singularities  in  the  complex  frequency  plane.  The  idea  has  its  origin  in 
the  classical  analysis  of  the  transient  responses  of  lumped  network  cir¬ 
cuits,  and  can  be  introduced  in  this  connection. 

1 . 4 . 2 . 1 . 1  Transient  Analysis  of  a  Lumped  Network  Circuit 

Consider  the  simple  LRC  series  shown  in  Fig.  8.  It  is  driven  by  a 
transient  voltage  source  v(t).  As  a  consequence  the  circuit  develops  a 
transient  response  in  the  form  of  a  current  i(t) .  This  time-dependent 
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Fig.  8.  A  lumped  LRC  series  circuit  driven  by  a  transient 
voltage  source  v(t). 


phenomenon  is  described  by  a  second  order,  nonhomogeneous ,  linear 
differential  equation  in  time 


T  +  Rit  +  J)1(t>  -!rv(t) 


The  current  i(t)  can  be  calculated  by  solving  an  initial-value  problem. 

The  classical  tool  for  analyzing  initial-value  problems  is  the 
Laplace  transform.  Let  f(t)  be  the  time-domain  response  of  a  physical 
system,  such  as  the  LRC  circuit,  to  a  transient  excitation.  One  can 
introduce  a  complex  frequency  s,  and  write  the  frequency-domain  response 
F(s)  as  the  two-sided  Laplace  transform  [28]  of  f(t) 


e  st£(t)dt 


If  f(t)  Is  reasonably  smooth  and  vanishes  sufficiently  rapidly  as  t  -*■  ±®, 
F(s)  is  an  analytic  function  of  s  except  at  a  set  of  singularities.  The 
location,  number,  and  type  of  the  singularities  are  determined  by  the 
physical  characteristics  of  the  syctem  and  the  excitation.  In  fact, 
most  of  these  s-plane  singularities  can  be  put  In  a  one-to-one  corres¬ 
pondence  with  certain  so-called  natural  oscillation  frequencies  of  the 
system. 


The  inverse  Laplace  transform  of  (47)  is  given  by 


f(t) 
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eStF(s)ds 


(48) 


Here  fl  is  a  real  constant  so  chosen  that  the  singularities  of  F(s)  all 
lie  to  the  left  of  the  path  of  Integration.  The  confinement  of  the 
singularities  of  F(s)  to  the  left  half-plane  of  the  s-plane  is  guaranteed 
by  the  principle  of  causality.  It  follows  from  the  identical  vanishing 
of  the  response  f(t)  before  the  arrival  of  the  excitation. 

Applying  the  Laplace  transform  to  (46)  ,  one  obtains  the  solution 
in  the  frequency  domain 

I(s)  -  Y (s)V(s)  (49) 


where  Y(s)  is  the  admittance  of  the  LRC  circuit  at  complex  frequency  s, 
given  by 

Y(s) - - - S -  (50) 

Ls  +  Rs  +  1/C 


The  singularities  of  I(s)  in  the  s-plane  are  contained  in  Y(s)  and 
V(s).  Eq.(50)  shows  that  Y(s)  has  two  simple  poles  situated  at  s «* s+ 

with 

8±  -  -  -k  *  /(s;)2  <5: 

Both  these  poles  are  located  in  the  left  half-plane,  since  Re  s+  <  0. 
Depending  on  the  sign  of  the  discriminant  in  (51) ,  s+  and  s  are  either 
both  real  (in  which  case  the  poles  both  lie  on  the  real  axis)  or  they 
are  complex  conjugates  (in  which  case  the  poles  lie  symmetrically  with 
respect  to  the  real  axis) .  This  symmetry  in  the  pole  distribution 
with  respect  to  the  real  axis  is  a  consequence  of  the  fact  that  L,  R  and 
C  are  all  real  physical  quantities. 


The  admittance  Y(s)  in  (50)  can  be  rewritten  in  the  following  partial- 
fraction  form 


Y(s) 


(52) 


This  is  in  fact  a  singularity  expansion  of  Y(s).  That  is,  Y(s)  is  here 
expressed  as  a  sum  of  terms,  each  one  of  which  exhibits  one  of  its 
singularities. 

A  singularity  expansion  of  V(s)  can  be  performed  in  like  manner. 
For  definiteness,  take  v(t)  to  be  a  step  function: 


0,  t  <  0 

v(t)  - 

V  ,  t  >  0 
o 


(53) 


That  is  to  say,  the  applied  voltage  source  is  switched  on  instantly  at 
t*0  to  full  strength  VQ,  and  maintained  at  this  value  for  all  time 
t  >  0.  Its  Laplace  transform  is 

V 

v(s)  -  -p-  (54) 

This  expression  is  already  in  the  form  of  a  singularity  expansion,  showing 
a  simple  pole  at  s  =  0. 

The  singularity  expansion  of  I(s),  which  is  really  what  is  most 
interesting  as  far  as  solving  the  transient-response  problem  is  concerned, 
can  be  derived  by  combining  (52)  and  (54).  One  obtains 


I(s) 


(55) 


This  expansion  shows  two  simple  poles  at  s  ■  s+  corresponding  to  the  two 
natural  frequencies  of  the  LRC  series  circuit.  Note  that  in  this  particular 


example  the  pole  of  V(s)  at  s  *  0  is  eliminated  by  the  factor  s  in  the 
numerator  of  Y(s)  in  (50),  and  does  not  figure  in  the  singularity 
expansion  of  I(s).  But,  in  general,  the  source  introduces  singularities 
into  the  response,  which  do  not  correspond  to  natural  frequencies  of 
the  system. 

The  transient  response  current  i(t)  can  be  obtained  by  performing 
the  inverse  Laplace  transform 


i(t)  - 


estI(s)ds 


In  this  case  the  constant  ft  can  be  chosen  equal  to  0.  The  integral  is 
easily  evaluated  by  the  method  of  residues,  since  the  open  straight 
contour  can  be  closed  by  a  right  semi-circle  at  infinity  for  t  <  0, 
and  by  a  left  semi-circle  at  infinity  for  t  >  0.  The  result  of  the 
integration  is 

/  0,  t  <  0 


i(t)  - 


v  r  s ,  t  s  1 1 

— - - r  Le  -e  J,  t>0 

s+  -  s_)  u  J 


Each  pole  in  l(s)  is  seen  to  contribute  a  damped  sinusoid  to  i(t). 

1.4. 2. 1.2  Generalization 

The  above  transient-response  analysis  of  a  simple  lumped  network 
circuit  by  means  of  the  Laplace  transform  contains  practically  all  that 
there  is  to  SEM.  In  the  application  of  SEM  to  more  advanced  electro¬ 
magnetic  problems,  certain  complications  will  inevitably  arise.  But 
the  basic  features  of  the  analysis  will  persist.  One  anticipated 
complication  will  be  the  appearance  of  spatial  dependence.  As  soon  as 
one  goes  beyond  lumped-parameter  circuits,  one  encounters  distributed 
systems.  These  are  described  by  partial  differential  equations  or 
integral  equations,  which  differ  from  the  ordinary  differential  equation 


(46)  in  the  dependence  on  spatial  coordinates.  Another  anticipated 
complication  is  that  the  number  of  natural  frequencies  will  be  much 
larger  for  a  distributed  system,  and  thus  many  more  singularities  will 
show  up  in  the  s-plane. 

A  feeling  of  the  state  of  affairs  in  the  s-plane  representing  the 
transient  response  of  a  distributed  system,  such  as  the  response  of  an 
aircraft  to  an  EMP,  can  be  gleaned  from  the  following  somewhat  simplistic 
picture.  Nevertheless,  this  picture  actually  obtains  when  one  uses 
approximate  numerical  methods  to  perform  the  singularity  expansion. 

Let  the  applied  excitation  reach  the  system  at  time  t**0,  and  let  the 
system's  response  be  denoted  by  a  real  function  of  space  and  time 
f(r,t).  This  function  can  either  be  a  scalar  (such  as  the  surface 
charge  density)  or  a  vector  (such  as  the  surface  current  density)  or 
some  other  more  exotic  physical  entity.  Its  Laplace  transform  F(r,s) 
will  be  analytic  in  the  right  half-plane  Re  s  >  0.  Its  singularities 
are  confined  to  the  left  half-plane  Re  s  <  0.  Very  often,  they  consist 
of  a  host  of  simple  poles  lying  either  along  the  real  axis  or  occuring 
in  complex-conjugate  pairs  as  shown  in  Fig.  9.  This  symmetry  of  the 
singularity  distribution  with  respect  to  the  real  axis  is  a  consequence 
of  the  reality  of  f(r,t),  so  that  one  can  deduce  from  (47),  the  Schwarz 
reflection  principle 

F*(r,s)  -  F(r,s*)  (58) 


where  the  asterisk  denotes  the  complex  conjugate. 

Let  F(r,s)  be  written  in  the  form  of  the  following  singularity 
expansion 
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The  natural  frequencies  s 
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negative.  The  residues  R 


ra 


can  be  complex  with  Re  s  <  0  or  real  and 

m 

can  be  complex  or  real  and  are  functions  of 
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Fig.  9.  Example  of  the  complex-frequency-plane  singularity  pattern 
of  a  physical  system . 


position.  They  are  proportional  to  the  natural  modes  of  oscillation  of 
the  system  at  the  respective  natural  frequencies.  The  constants  of 
proportionality  measure  the  extent  to  which  these  modes  are  agitated  by 
the  source  of  excitation. 

Eq.(59)  is  not  the  most  general  expansion  for  ’’(r,s) .  One  can  clearly 
add  an  arbitrary  entire  function  to  the  right-hand  side  without  affecting 
the  singularity  pattern  in  the  finite  s-plane.  However,  this  entire 
function  will  alter  the  asymptotic  behavior  of  F(r,s),  making  it  approach 
a  nonzero  value  as  s  *  ».  Indeed,  the  entire  function  is  closely  related 
to  the  high-frequency  response  of  the  system.  But  if  the  excitation 
applied  to  the  system  is  a  pulse,  its  high-frequency  components  are 
vanishingly  small.  The  response  F(r,s)  can  be  expected  to  approach  zero 
as  s  -*■  as  is  the  case  in  (59) . 

The  Inverse  Laplace  transform  can  again  be  performed  by  the  method  of 
residues,  and  one  finds  that  for  t  >  0 


M 


f(r,t)  -  l 

m-1 


*  n 

smt  *  -*■  am^ 
yr)e  +  Km(r)e 


(60) 
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This  shows  the  time-domain  response  £(r,t)  as  a  sum  of  damped  sinusoids. 
Each  term  describes  the  exponential  decay  of  a  natural  mode  after  its 
excitation  by  the  applied  source. 

Eq.(59)  is  an  expression  for  studying  the  system's  response  to  an 
intermediate-frequency  excitation.  The  response  of  the  system  in  the 
frequency  domain  is  given  by  the  value  of  F(r,s)  along  the  jw-axis  of 
the  s-plane.  At  real  excitation  frequency  m,  the  response  is  F(r,j«). 
From  (59),  it  is  clear  that  the  contributions  to  F(r,Jw)  come  mainly 
from  those  poles  of  F(r,s)  that  lie  close  to  the  point  In  fact, 

a  few  nearest  poles  in  the  singularity  expansion  will  generally  repre¬ 
sent  the  response  with  sufficient  accuracy.  Thus  one  sees  that,  at 
low  and  high  excitation  frequencies,  the  usual  expansion  of  the 
frequency-domain  response  of  a  system  is  in  terms  of  the  ratio  of 
the  system  dimension  to  the  wavelength,  whereas  at  intermediate 
excitation  frequencies,  a  useful  expansion  is  a  singularity  expansion 
in  terms  of  the  set  of  natural  frequencies  of  the  system. 

Eq. (60)  is  valuable  for  studying  the  system's  time-domain  response 
at  intermediate  times.  Each  damped  sinusoid  appearing  therein  has  its 
own  characteristic  damping  constant  which  is  directly  proportional  to 
the  distance  of  the  corresponding  s-plane  pole  from  the  imaginary  axis. 
The  decay  time  of  the  corresponding  natural  mode  is  Inversely  propor¬ 
tional  to  this  distance.  At  the  very  earliest  times,  immediately  after 
the  arrival  of  the  applied  excitation,  the  time-domain  response  f(r,t) 
is  made  up  of  contributions  from  each  of  the  excited  natural  modes. 
However,  as  time  goes  on,  the  shorter-lived  modes  die  out  one  by  one, 
and  progressively  fewer  terms  need  be  retained  in  f(r,t),  so  that  at 
late  times  none  but  the  contribution  from  the  pole  closest  to  the 
imaginary  axis  survives.  One  therefore  concludes  that  at  an  inter¬ 
mediate  time  t,  only  those  poles  with  decay  times  comparable  to  or 
greater  than  t  will  contribute  substantially  to  the  time-domain 
response  f(r,t). 

The  characterization  of  a  system's  response  by  a  finite  collection 
of  simple  poles,  as  exemplified  by  the  singularity  expansion  of  F(r,s) 
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in  (59) ,  is  a  technique  of  great  aesthetieal  appeal  for  studying  transient 
electromagnetic  problems.  This  type  of  basic  singularity  pattern  is  really 
what  one  comes  up  with  when  one  approaches  the  singularity  expansion  by 
purely  numerical  methods.  But,  analytically,  more  complicated  situations 
can  conceivably  arise.  First,  the  number  of  natural  frequencies  of  a 
distributed  system  is  really  infinite,  so  that  the  set  of  poles  is 
actually  infinite.  The  integer  M  in  (59)  should  be  replaced  by  “.  This 
raises  the  question  of  the  convergence  of  the  infinite  sum;  and  one  may 
have  to  perform  appropriate  rearrangements  of  the  terms  to  achieve 
convergence.  Second,  some  singularities  of  F(r,s)  may  appear  as  branch 
cuts.  A  branch  cut  is  essentially  a  continuous  one-dimensional  distribu¬ 
tion  of  poles,  and  turns  up  whenever  the  natural  frequency  spectrum  of 
the  system  contains  a  continuous  portion.  Third,  some  singularities  of 
F(r,e)  may  appear  as  multiple  poles  rather  than  simple  poles;  but  this 
new  feature  can  be  easily  accommodated  in  the  singularity  expansion. 

One  suspects  that  multiple  poles  can  occur  only  under  the  most  fortuitous 
circumstances,  when  the  parameters  of  a  physical  system  are  accidentally 
so  interrelated  that  two  or  more  simple  poles  coincide. 

Before  delving  into  the  mechanics  of  singularity  expansion,  it  is 
Instructive  to  analyze  in  detail  a  number  of  exactly  soluble  electromagnetic 
problems  in  the  context  of  complex-frequency-plane  singularities. 

1.4. 2. 2  a-Plane  Singularities  in  Transmission-Line  Analysis 

A  transmission  line  is  an  important  electromagnetic  system  that  is 
only  one  step  removed  from  a  lumped  network  circuit  in  order  of  complexity. 
Its  behavior  is  described  by  a  pair  of  partial  differential  equations 
Involving  one  spatial  dimension  as  well  as  time.  These  equations  are 
often  simple  enough  to  permit  exact  solution.  A  close  study  of  the  exact 
solution  can  shed  valuable  light  on  the  basic  features  of  singularity 
expansion. 

1.4. 2. 2.1  Finite  Transmission  Line 

Consider  a  straight  two-wire  transmission  line  of  finite  length  1, 
open  circuited  at  both  ends.  Let  it  lie  in  the  z-direction  from  %  ■  0 
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to  zml,  as  shown  in  Fig.  10.  The  Inductance,  capacitance,  resistance 
and  conductance  per  unit  length  of  the  line  are  assumed  constant.  They 
are  denoted  respectively  by  L’,  C',  R'  and  G'. 


Fig.  10.  A  finite  two-wire  transmission  line  and  its  equivalent 
circuit  per  section. 


Let  the  line  be  excited  by  a  transient  distributed  voltage  source 
v8(z,t).  Then  the  shunt  voltage  v(z,t)  and  the  series  current  i(z,t) 
vary  along  the  line  according  to  the  following  pair  of  coupled  partial 
differential  equations  in  space  and  time 
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where  Z'  and  Y'  are  respectively  the  series  impedance  and  the  shunt 
admittance  per  unit  length  given  by 

Z'(s)  -  L's  +  R\  Y'(s)-C'8  +  G’  (63) 

Eliminating  V  from  (62) ,  one  obtains  a  nonhomogeneous  second-order 
ordinary  differential  equation  for  I 


with 


k2(s)  -  -  Y'(s)Z'(s)  =  -  y2(s) 


(64) 

(65) 


G(O.z')  -  G(i,z’)  -  0 


(69) 


For  the  purpose  of  deriving  a  singularity  expansion  for  I  from  (67) , 

it  is  convenient  to  expand  the  Green's  function  G(z.z')  in  terms  of  the 

2  2 

eigenfunctions  ^n(z)  of  the  Hemitian  operator  -  d  / dz 


(70) 


204 


»  - 


T 


The  eigenfunctions  which  vanish  at  the  ends  z  -  0  and  l  are 


Vz) 


£ 


aln(k  z) 
n 


(71) 


with  the  eigenvalues 


.  mr 

ku‘T 


n  “  1,2,3,  .  .  . 


(72) 


These  eigenfunctions  are  real  and  form  a  complete  orthonormal  set 


f  K(z)*m 

•ft 


(z)dz  -  6 


nm 


(73) 


so  that  one  can  expand  G(z,z')  as 


G(z,z')  -  l  *n^n(z) 
n-1 


(74) 


Substituting  this  expression  In  (68)  and  evaluating  the  coefficients 
one  obtains 


•  <l> (*)♦_(*') 
G(z.z')  -  l  n, 


2  2 
n-1  k  - k 
n 


(75) 


Upon  combining  (67)  and  (75)  the  following  explicit  representation  of  the 
solution  I  of  (64)  results 


Kz.s)  “  l 


*«  Y'(s)X  (s) 


n-1  k2  -  k2(s)  n 
n 


ll>  (a) 


(76) 


with 


V> 


•ft 


(z')dz' 


(77) 
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The  singularity  expansion  of  I(z,s)  is  readily  derived  from  (76). 
From  (63)  and  (65)  one  first  obtains  the  following  partial-fraction 
decomposition 


Y'(s) _ 1 _ 

kn-“2<s>  L'C'  (*n+  •  sn-) 

where  s  ,  and  s  are  the  roots  of  the  equation 
n+  n- 


Y'<y>  Y’<an-> 

8  “  y  8'aa 


(78) 


(79) 


(80) 


Eq.(78)  shows  that  I(z,s)  has  simple  poles  at  s  -  sn±  in  the  s-plane. 

These  complex  frequencies  are  precisely  those  at  which  the  homogeneous 

part  of  (64),  with  V  *  0,  has  nontrivial  solutions  satisfying  the  boundary 

s 

conditions  (66) .  They  are  in  fact  the  natural  frequencies  of  the  finite 
transmission  line.  The  eigenfunctions  in  (71)  are  the  corresponding 
natural  modes. 

Besides  the  poles  at  the  natural  frequencies  ,  I(z,s)  also 

contains  the  singularities  of  the  factor  Xn(s)  contributed  by  the  source 

V  .  One  can  split  up  the  singularity  expansion  of  I(z,s)  into  two  parts 
s 

I(z,s)  -  I1(z,s)  +  I2(z,s)  (81) 


such  that  1^  contains  all  the  natural-frequency  singularities,  and  I2  all 
the  source  singularities.  One  finds  that 


I1(z,s)  -  l 


♦»(d 


n-1  L'C'  (6«+-“n-  )  L  S~‘n+ 


X  (s  )Y’(s  )  X (s  )Y 1  (s  ) 

n  n-r  n+  n  n-  n- 


s  -  s 


n- 


(82) 
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and  that 


I?(z,s)  -  l 


*»<*> 


n-l  J.'C'(V-V) 


tx„‘8>  - 


S  -  8 


n+ 


1V8>  -  Vv>r<v> 


8-8 


n- 


(83) 


If  the  square  root  in  (80)  is  real  for  all  n,  then  one  has  cr 
and  (82)  becomes 


I^z.s)  -  l 
1  n-1  L 


R  (Zf s  , )  R*(z,s  ,) 
n  *  n+  n  *  n+ 

s  -  s  .  .  * 


n+  8-s 


n+ 


with 


„  .  .  V«PY ’<•„+>  ,  ,  , 

Rn(z,8n+)  "  - 1 - 7~f  *-(z) 


) 


Use  haa  been  made  of  the  relation 


XnK+> 


(84) 


(85) 


(86) 


following  from  the  fact  that  the  source  function  v  (z,t)  is  real.  It  is 

s 

clear  from  (80)  that  the  poles  of  I^(z,s)  all  lie  along  a  straight  line 
parallel  to  the  imaginary  axis  as  shown  in  Fig.  11.  If  the  square  root 
in  (80)  is  imaginary  for  some  n,  then  some  of  the  poles  lie  on  the 
negative  real  axis.  Note  that  the  two  terms  inside  the  square  brackets 
in  (84)  should  be  summed  together  as  a  single  unit.  If  they  are  summed 
individually,  the  individual  infinite  sums  may  diverge. 

The  current  12(2, s)  in  (83)  is  analytic  at  the  natural  frequencies 

sn+.  Its  singularities  are  due  solely  to  the  source  V  .  Take,  for 

definiteness,  the  source  v  (z,t)  in  the  form  of  a  step  function  in  time 

s 
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Substituting  (89)  in  (83)  one  finds  that 


00  ij)  (Z)VJ 

1  r  n  n 

[V'(8n+>  Y'<V>] 

6  n-1  L'C*  1 

f  \ 

i  s  ,  -  a  ; 

'  n+  n-  ■ 

s  ,  s 

L  n+  n-  J 

(91) 


showing  the  same  simple  pole  at  s  ■  0  as  V  . 

s 

1.4. 2, 2. 2  Infinite  Transmission  Line 

Suppose  now  the  transmission  line  in  the  above  example  becomes  of 
Infinite  length.  Its  behavior  ie  still  governed  by  (61),  but  its  range 
is  extended  to  the  infinite  interval  -«*<*<  <»,  Then  (64)  can  be  solved 
by  using  the  Fourier  integral.  The  solution  is 


where  now 


Kz,s) 


Y'(s)^(s) 

~2  .2,  : 

P  k  (s) 


4>p(z)dp 


Xp(s) 


„  JL  e-Jpz 
/u 

V8(z' ,s)^*(z')dz' 


(92) 


(93) 

(94) 


Eq.(92)  is  obviously  a  generalization  of  (76).  In  place  of  the  infinite- 
sum  representation  in  (76)  for  the  current  in  the  finite  transmission  line, 
one  has  here  an  infinite- integral  representation  when  the  length  of  the 
transmission  line  grows  to  infinity. 

The  s-plane  singularities  of  I(z,s)  are  a  sum  of  those  of  the  inte¬ 
grand  in  (92).  As  a  function  of  s,  the  integrand  has  singularities  at 

2  2 

the  zeros  of  the  denominator  p  -  k  (s) ,  in  addition  to  whatever  singularities 
the  source  factor  Xp(s)  may  contain.  One  has 

p2  -  k2(s)  -  L'C'(s-s  )(s-s  )  (95) 

p-t-  p- 
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with 


1 /Rl 

2  U' 


(96) 


* 

Thus  the  integrand  has  two  simple  poles  at  s  ■  s^_  and  .  The  locations 
of  the  poles  depend  on  the  continuous  integration  variable  p,  instead  of 
on  an  integer  n  in  (80)  for  the  finite  line.  Under  integration,  p  varies 
continuously  from  -®  to  ».  These  poles  then  trace  out  a  branch  cut  in 
the  s-plane  for  I(z,s),  as  shewn  in  Fig.  12.  The  branch  cut  has  an 


Fig.  12.  s-plane  singularity  pattern  of  an  infinite  transmission 
line.  The  pattern  consists  of  branch  cuts. 


infinite  portion  parallel  to  the  imaginary  axis,  as  well  as  a  finite 
portion  along  the  real  axis.  The  latter  portion  is  due  to  those  values 
of  p  for  which  the  square  root  in  (96)  is  purely  imaginary. 

The  existence  of  the  branch  cut  for  the  infinite  transmission  line 
may  well  be  deduced  by  letting  the  length  l  of  the  finite  line  tend  to  <*> 
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in  (80).  In  this  limit  the  poles  of  the  finite  line  in  the  s-plane 
become  densely  crowded  together.  At  infinite  the  pole  array  merges 
into  a  continuum  and  forms  a  branch  cut. 

The  appearance  of  the  branch  cut  for  the  infinite  line  is  also  to 
be  expected  from  general  considerations.  There  is  a  one-to-one  corres¬ 
pondence  between  the  s-plane  singularities  and  the  natural  frequencies 
of  a  physical  system.  The  poles  correspond  to  a  discrete  natural-frequency 
spectrum,  while  a  branch  cut  corresponds  to  a  continuous  spectrum.  It  is 
well  known  that  a  finite  transmission  line  has  a  discrete  spectrum,  i.e., 
only  at  a  discrete  set  of  frequencies  can  excitations  be  produced  along 
the  line  which  satisfy  the  boundary  conditions  at  the  two  ends  of  the 
line.  By  contrast,  an  infinite  line  has  a  continuous  spectrum.  At  each 
and  every  frequency,  excitations  can  propagate  freely  along  the  line;  and 
the  homogeneous  transmission-line  equations  have  nontrivial  solutions  at 
all  frequencies. 

The  singularity  expansion  for  the  transmission-line  voltage  V(z,s) 
can  be  derived  from  that  for  the  current  I(z,s)  by  using  (62). 

1.4. 2. 3  s-Plane  Singularities  in  Scattering  Analysis 

Of  greater  complexity  than  the  transmission-line  problem  is  the 
problem  of  transient  electromagnetic  scattering  from  a  conductor.  This 
scattering  problem  is  central  to  the  external  interaction  of  an  aircraft 
with  an  EMP.  The  response  of  the  conductor  to  the  incident  electromagnetic 
transient  is  in  the  form  of  an  induced  surface  current  density.  Just  as 
for  the  current  along  a  transmission  line,  this  surface  current  density 
can  be  characterized  by  singularities  in  the  complex  frequency  plane. 

These  singularities  are  closely  related  to  the  properties  of  the  conductor 
and  the  incident  wave.  Each  singularity  belonging  to  the  conductor 
corresponds  to  the  frequency  of  a  certain  natural  mode  of  the  conductor. 

The  response  in  the  frequency  domain  can  be  expanded  in  terms  of  these 
singularities.  In  the  following  the  singularity  expansion  of  the  induced 
surface  current  density  is  derived  and  examined  for  an  exactly  soluble 
scattering  problem. 


V  - 
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Consider  the  scattering  of  an  arbitrary  incident  electromagnetic  wave 
by  a  perfectly  conducting  sphere  of  radius  a  and  centered  at  the  coordi¬ 
nate  origin,  as  shown  in  Fig.  13.  It  is  well  known  that  this  problem 
can  be  solved  exactly  by  the  method  of  separation  of  variables. 


Fig.  13.  Scattering  of  an  arbitrary  electromagnetic  wave  by  a  perfectly 
conducting  sphere  centered  at  the  coordinate  origin. 


In  the  frequency  domain  the  Maxwell  equations  in  free  space  outside 
the  sphere  read 


7*^(r,s)  ■  0,  7  xl(r,s)  «  -  8yo$(r,s) 

V*il(r,s)  •  0,  VxS(r,s)  -  seo2(r,s) 


(97) 


The  fields  J  and  H  can  be  derived  from  a  pair  of  scalar  Debye  potentials 
U  and  V 


where 


i  -  -  V  X  (jkr  U  +  rx7V) 

ZqH  -  -  Vx  (rx7U  -  jkrV) 

k  -  -  j  s/c  s  ~  Jy 


(98) 

(99) 
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The  Debye  potentials  are  both  solutions  of  the  Helmholtz  equation 


(V2  +  k2)U  -  0.  (V2  +  k2)V  -  0 


(100) 


U  generates  a  TE  wave  and  V  a  TM  wave  relative  to  the  r-^irection.  They 
can  be  split  up  into  an  incident  part  and  a  scattered  part 


u  -  u1  +  us, 


i  r 

v  -  V  +  V 


(101) 


The  incident  Debye  potentials  can  be  derived  from  the  given  fields 
of  the  incident  wave.  They  have  the  following  general  expansions  in 
terms  of  the  spherical  wave  functions 


»*<*.•>  -  I  I  AlmWJt(b)ita(e,i) 


2,-1  m--£ 


00  2, 


(102) 


V  (r,s)  -  l  l  B,ffi(s)j,(kr)Y,m(e,*) 


£-1  m--£ 


where  is  a  spherical  Bessel  function  and  Y  a  spherical  harmonic. 
The  latter  is  defined  by 


Y£m<9’*> 


llZOIZIir  Pm(cos  e)pjm<^ 

4 it  (£  +m)  l  V000 


(103) 


with  denoting  an  associated  Legendre  function.  Y^  satisfies  the 
orthonormality  relation 


>2tt  fit 

d* 

0  0 


dS  .10  8  -  5u,Sm,  (104) 


Note  that  in  (102)  the  term  £  -  0  is  absent  since  it  does  not  give  rise 
to  any  fields. 
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The  scattered  Debye  potentials  are  calculated  by  imposing  the 
following  boundary  conditions  at  the  surface  of  the  sphere  i-a. 


U1  +  US  -  0,  — ;  (rV1  +  rVS)  “  0 


(105) 


The  results  are 


00  l 


U8 (r ,s)  -  -  I  l  A  (s)  -(f)—  )(kr)Y  (e,$) 
l-l  m--£  h'  (ka) 


VS(r,s)  --  I  l  B8ni(s)^-h<2>(kr)Yto(e^) 


(106) 


1-1  m-i  * 


(2) 


where  h£  is  a  spherical  Hankel  function  of  the  second  kind,  and 


<Jj£(ka)  *  kaj£(ka),  t£(ka)  -  kah£A^  (ka) 


(107) 


The  prime  on  i|i  and  in  (106)  denotes  differentiation  with  respect  to 
the  argument. 

The  surface  current  density  J  induced  on  the  sphere  is  related  to 
the  total  magnetic  field  by 


(108) 


From  the  Debye  potentials  calculated  above  one  obtains  after  some  algebra 


Jq(0»<M) 


J^(9»<ji>s) 


-  -±-  y 

aZ  L 


o  l-l 


*  Vs) 


aZ 


1  " 
b  l 


o  l-l 


+  Bim(s) 


mLi  [A^(S)  CA(ka)  sin  6  a*  Yim(e’^ 

C’(ka)  30  V0**5. 

J_£  [A^m(s)  ca(ka )  36  Ylm(M) 

(ka)  TiiTe  I*  Yim(0 
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(109) 


(110) 


J. 


Eqs . (109)  and  (110)  show  that  the  s-plane  singularities  of  both 
components  of  the  induced  surface  current  density  J  are  contained  in  the 
two  types  of  factors  and  The  first  factor  originates  from 

a  TE  mode,  and  the  second  from  a  TM  mode.  The  singularities  contributed 
by  A^m  and  B^  are  all  due  to  the  incident  wave.  Those  contributed  by 
l/?a  and  1/C^  correspond  to  the  natural  frequencies  of  the  conducting 
sphere.  By  (99)  and  (107)  and  the  definition  of  the  spherical  Hankel 
function,  one  has 


(111) 

(112) 


* 

Consequently  1/5  has  i  simple  poles,  and  1/C^  has  £+1  simple  poles,  in 
the  finite  s-plane.  They  both  have  an  essential  singularity  at  infinity, 
but  tend  to  zero  exponentially  as  s  ®°  in  the  left  half-plane. 

Eqs. (109)  and  (110)  display  one  feature  of  singularity  expansion 
that  is  not  found  in  the  transmission-line  analysis,  namely,  the  appearance 
of  degeneracy.  By  degeneracy  is  meant  that  several  distinct  natural  modes 
all  correspond  to  the  same  natural  frequency.  Each  natural  mode  function 
of  the  surface  current  density  on  the  sphere  depends  on  the  two  integers 
SL  and  m,  whereas  each  natural  frequency  depends  on  Si  but  not  on  m.  The 
consequence  is  that  each  natural  frequency  is  (21 + l)-fold  degenerate. 

On  the  other  hand,  it  is  also  true  that  to  each  natural  mode  function 
there  correspond  several  natural  frequencies.  Each  mode  function  is 
multiplied  into  1/c^  or  1/ »  which  contains  more  than  one  natural  fre¬ 
quency  pole. 

In  principle,  it  is  possible  to  perform  a  partial-fraction  decompo¬ 
sition  of  1/t  and  1/t'  in  terms  of  their  poles,  and  hence  obtain  the 

"  X/ 

explicit  singularity  expansions  for  and  from  (109)  and  (110) . 

However,  a  general  analytical  formula  for  the  pole  location  does  not 


exist.  The  poles  must  be  located  by  numerical  computation,  as  is  done 
in  [29].  Fig.  14  shows  a  plot  of  some  of  the  natural-frequency  poles  of 
a  conducting  sphere,  using  the  results  of  [29].  One  gets  the  idea  that 
these  poles  actually  blanket  the  entire  left  half-plane,  unlike  in  the 
case  of  the  finite  transmission  line.  Note  also  the  symmetry  of  the  pole 
distribution  with  respect  to  the  real  axis. 


R«  (t  a/c) 


Fig.  14.  Natural-frequency  poles  of  a  perfectly  conducting  sphere  of 
radius  a.  A  cross  (x)  denotes  a  TM  mode,  while  a  heavy  dot 
(•)  denotes  a  TE  mode. 


The  induced  surface  current  density  on  a  conducting  spherical 
scatterer  is  therefore  a  meromorphic  function  of  the  complex  frequency 
s.  It  has  been  Bhown  that  this  conclusion  is  actually  true  for  all 
finite-sized  conducting  scatterers  [30].  This  result  can  perhaps  be 
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understood  by  observing  that  a  finite-sized  scatterer  is  topologically 
equivalent  to  a  sphere.  If  a  sphere  is  gradually  deformed  into  the 
shape  of  another  scatterer,  its  natural  frequencies  are  expected  to 
change  continuously  and  the  corresponding  poles  are  shifted  around  over 
the  s-plane.  It  is  observed  that  when  a  sphere  is  elongated  to  form  a 
prolate  spheroid,  its  line  of  poles  closest  to  the  imaginary  axis  moves 
even  closer  toward  the  imaginary  axis,  while  the  other  poles  move  pro¬ 
gressively  farther  away  from  it  [31].  Thus,  a  very  slender  prolate 
spheroid  must  exhibit  a  singularity  pattern  consisting  of  an  infinite 
linear  array  of  poles  close  to  the  Imaginary  axis,  which  reminds  one  of 
the  pole  pattern  of  a  finite  transmission  line,  and  an  infinite  cluster 
of  poles  far  away  in  the  left  half-plane. 

1.4. 2. 4  Expansion  Parameters  for  Simple  Natural-Frequency  Poles 

The  exact  solutions  of  simple  electromagnetic  problems  are  extremely 
valuable  in  providing  insight  into  the  intricate  workings  of  singularity 
expansion.  In  practice,  however,  exact  solutions  are  notoriously  hard 
to  come  by.  More  often  than  not,  one  has  to  make  do  with  approximate 
solutions.  One  can  try  to  expand  the  frequency- domain  response  of  a 
physical  system  in  terms  of  only  a  partial  set  of  the  natural-frequency 
singularities.  This  subset  is  to  be  so  chosen  that  the  truncated 
singularity  expansion  still  offers  a  good  approximation  to  the  exact 
expansion  under  the  circumstances  of  interest.  For  this  endeavor  it 
is  desirable  to  have  at  one's  disposal  a  general  prescription  for 
calculating  directly  the  singularity  expansion  parameters. 

Practical  physical  systems  all  have  finite  geometrical  dimensions. 
The  exact  solutions  worked  out  above  lead  one  to  believe  that  the 
natural-frequency  singularities  of  finite  bodies  consist  only  of  simple 
poles  in  the  finite  s-plane.  A  simple  pole  is  characterized  completely 
by  its  location  and  residue.  These  two  quantities  can  be  calculated  from 
the  equations  describing  the  frequency-domain  response  of  the  physical 
system. 

The  frequency-domain  response  of  a  linear  electromagnetic  system 
to  an  applied  excitation  can  be  described  in  the  concise  language  of 
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abstract  vector  space.  In  this  description  the  response  and  the  excita¬ 
tion  are  represented  by  vectors  f(s)  and  g(s) ,  respectively,  with  s 
denoting  the  complex  frequency.  These  vectors  are  related  by  a  linear 
operator,  or  matrix,  L(s)  characterizing  the  system 

L(s)f(s)  -  g(s)  (113) 

For  a  lumped  network  circuit,  L(s)  is  a  multiplicative  function.  For  a 
transmission  line,  L(s)  is  a  differential  operator.  In  scattering 
problems,  L(s)  usually  appears  as  an  integral  operator. 

In  general,  L(s)  has  a  set  of  eigenvectors  with  corresponding 
eigenvalues  s^.  They  are  determined  from  the  nontrivial  solutions  of 
the  homogeneous  equation 


L(s  )v  -  0  (114) 

a  a 

The  eigenvalues  are  the  natural  frequencies  of  the  system  and  the 
eigenvectors  represent  the  natural  modes.  As  L(s)  is  in  general 
not  Hermitian,  the  eigenvalues  s^  are  in  general  complex.  The  real 
part  of  s^  describes  the  decay  of  the  natural  mode  due  to  radiation 
or  ohmic  losses. 

X 

One  next  introduces  the  transpose  L  of  L  obtained  by  interchanging 
the  two  matrix  indices  of  L 

(LT)mn  »  (L)  (115) 

mn  nm 

T 

L  has  lt6  own  set  of  eigenvalues  and  eigenvectors.  Its  eigenvalues  turn 

out  to  be  identical  to  those  of  L.  They  likewise  consist  of  the  set  s^. 

The  eigenvector  corresponding  to  the  eigenvalue  s^  will  be  denoted  by 

y  ,  so  that 
a 


L  (s  )y  ■  0 
a  a 


(116) 
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as  compared  to  (114) .  The  eigenvector  ua  lies  in  a  vector  space  dual 
to  that  of  v  .  A  scalar  product  between  two  vectors  and  x  belonging 
to  two  mutually-dual  vector  spaces  can  be  defined  as 

<^»X>  ■  4<(x)x(x)dx  (117) 

■ 

where  the  integration  extends  over  the  entire  domain  of  definition  of 
the  eigenvectors,  and  x  symbolically  represents  a  general  point  of  the 
domain. 

Suppose  the  eigenvalue  spectrum  of  L  is  discrete.  Then  the  response 
f(s)  has  a  simple  pole  at  every  natural  frequency  s  .  Furthermore, 
suppose  s^  is  not  degenerate,  so  that  it  corresponds  to  one  and  only 
one  natural  mode  v  .  Then,  when  the  frequency  s  is  very  close  to  s^, 
the  response  f(s)  is  predominantly  in  the  resonant  mode  v^.  One  can 
therefore  put 

f(s)  «  C  (s)v  for  s  —  s  (118) 

o  a  a 

where  C  is  a  function  of  s.  To  evaluate  C  one  substitutes  (118)  into 
a  a 

(113) ,  and  takes  the  scalar  product  of  the  resulting  expression  with 
the  dual  eigenvector  The  outcome  is 


<X  ,  g(s)> 

C  -  - - - 

°  <H„  »  L(s) v  > 


(119) 


For  s  “  s  ,  one  can  make  the  following  approximation 


L(s)  “  L(sa)  +  (s  -  sa)L'(sa) 


(120) 


where  the  prime  on  L  denotes  differentiation  with  respect  to  s.  Substi¬ 
tuting  (120)  into  (119)  and  making  use  of  (114) ,  one  obtains 
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where  g(s)  has  been  replaced  by  Its  value  g(sa)  at  the  pole.  Eqa.(118) 
and  (121)  show  that  in  the  immediate  neighborhood  of  the  simple  natural- 
frequency  pole  sasa»  the  response  f(s)  has  the  form 


f(s) 


n  v 

a  a 

S  -  8 


where  na  is  a  coupling  coefficient  defined  by 


<\  ■  «<*,» 


(122) 


(123) 


If,  on  the  other  hand,  the  natural  frequency  is  degenerate,  the 
above  calculation  must  be  modified.  Suppose  sq  corresponds  to  n  natural 
modes  v^,  v^,  •  •  •  v  .  Then,  by  definition 


L(sa)vi  "  °»  i *  1,2, .  .  ,n  (124) 

T 

Similarly,  the  transpose  operator  L  of  L  has  an  n-fold  degenerate 
natural  frequency  s^  with  corresponding  natural  modes  ^2*  •  •  •  V*n»  80 
that 

LT(sa)Pi  -  Q,  i-l,2,...n  (125) 


When  the  frequency  a  is  very  close  to  s^,  the  system  response  f(s)  will 
be  predominantly  distributed  among  the  n  degenerate  resonant  modes. 

One  can  put 


n 

f(s)  a  y  C,(s)v. ,  for  S  a  8 


(126) 


where  each  is  a  function  of  s.  Substituting  (126)  into  (113)  and 
taking  scalar  products  successively  with  1  *  *  Mn»  oae  obtains  the 

following  set  of  n  linear  equations 

n 

•  2,  C .  <()j.  ,  L(s)v.)>  "  g(s)^  »  i  “  1»2,  •  .  .  n  (127) 

j-1  J  J 
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The  solution  of  (127)  becomes  particularly  simple  if  one  chooses  in 
advance  the  degenerate  natural  modes  and  in  such  a  way  that  the 
operator  L'Cs^)  is  diagonal ,  that  is, 

<yi,L'(sa)vj>  -<y1,L,(sa)vi>«1J  (128) 

Then,  by  (120),  (124)  and  (128)  one  has 

<Wi,L(s)Vj>“  (a  -  sa)  ,  Ij'(8a)vi>  6ij  (129> 

The  solution  of  (127)  becomes 


<H±  ,  g(sa)> 

1  (s-sct)<Ui,L'(sa)vi> 


(130) 


where  g(s)  has  been  replaced  by  g(s  ) . 

01 

Therefore,  when  s  is  close  to  the  n-fold  degenerate  natural  frequency 
s^,  the  response  f(s)  has  the  form 


f  (s) 


n 

l 

i-1 


Vi 


where  the  coupling  coefficients  are 


(131) 


n 


i 


<^j  » 

<U±  ,  L'(sa)vi> 


(132) 


and  the  degenerate  natural  modes  have  been  chosen  to  make  the  operator 
L'(sa)  diagonal. 

Examples  of  the  application  of  the  formulas  for  simple-pole  singularity 
expansion  parameters  can  be  found  in  [32,33]. 


i 
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1.4. 2. 5  Numerical  Approach 

The  frequency-domain  response  of  an  electromagnetic  system  to  an 
applied  excitation  can  be  described  by  a  linear  equation  of  the  general 
form  (113) .  The  response  is  determined  by  constructing  the  inverse 
of  L,  so  that  the  solution  of  (113)  is 

f(s)  -  L"1(s)g(s)  (133) 

It  is  clear  that  f(s)  has  singularities  at  those  values  s of  a  that  are 
eigenvalues  of  the  operator  L  [see  (114)1.  When  the  inverse  operator  L  ^ 
is  expressed  in  terms  of  the  eigenvalues  and  the  eigenvectors  of  L,  (133) 
becomes  a  singularity  expansion  of  f(s). 

In  most  practical  problems,  it  will  not  be  possible  to  determine  the 
inverse  operator  L  ^  analytically.  Approximate  numerical  techniques  will 
have  to  be  employed.  In  general,  in  a  numerical  approach,  f(s)  and  g(s) 
in  (113)  are  approximated  by  finite-dimensional  vectors.  One  such  approach 
is  the  so-called  method  of  moments  [34]  in  which  a  set  of  expansion  basis 
functions  {vr}  is  introduced.  The  unknown  function  f(r,s)  is  then  approxi¬ 
mated  by 

.  M 

f(r,s)  »  l  fn(s)vn(r)  (134) 

n=l 

Substituting  (134)  in  (113)  one  obtains 

M 

l  fn(s)L(r,s)vn(r)  -  g(r,s)  (135) 

n=l 

Next,  a  set  of  testing  functions  {um}  is  defined  and  the  scalar  product  of 
(135)  with  each  um  is  taken  according  to  (117).  Then 

M 

l  fn(s)  <um,L(s)vn>  =<um,g(s)>,  m  ■  1,2, .  .  .N  (136) 

n**l 

Under  thi3  scheme,  L  becomes  a  finite-dimensional  square  matrix  whose 
elements  are  functions  of  s.  Its  inverse  L  ^  can  be  constructed  by 
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standard  methods  of  matrix  Inversion.  The  natural  frequencies  s  are 

Ot 

solutions  of  the  equation  . 

det  <um  ,  L(s)vQ>  -  0  (137) 

and  can  be  calculated  numerically  by  iteration.  The  corresponding 
natural  modes  va  and  their  duals  are  then  determined  by  (114)  and 
(116).  Knowing  both  the  natural  frequencies  and  the  natural  modes, 
one  can  calculate  the  coupling  coefficients  from  (123)  and  obtain 
thereby  the  singularity  expansion  of  f(s). 

Examples  of  numerical  approaches  to  SEM  can  be  found  in  [31,35]. 

For  a  comprehensive  literature  survey  on  SEM,  the  reader  may  consult  [26], 


1.4.3  HIGH  FREQUENCY,  EARLY-TIME  REGION 

At  high  frequencies,  the  electromagnetic  fields  away  from  source 
regions  (whether  actual,  as  on  an  antenna,  or  induced,  as  on  a  passive 
scatterer)  can  be  approximated  by  equations  that  are  simpler  than  the 
Maxwell  vector  field  equations.  The  simplification  arises  from  the  fact 
that  in  the  far  zone  of  source  distributions,  the  evanescent  storage 
field  can  be  neglected.  The  simplified  equations  are  based  on  the 
assumption  that  ka  >>  1,  where  k  ■  2ir/X  (with  A  representing  the  wave¬ 
length)  is  the  wavenumber  in  the  medium  and  a  is  a  scale  length  describing 
characteristic  observation  distances,  obstacle  dimensions  or  medium 
inhomogeneities.  The  precise  nature  of  a  depends  on  the  problem  under 
consideration,  and  it  is  therefore  convenient  in  the  mathematical 
treatment  to  regard  k  by  itself  as  the  large  parameter,  keeping  in 
mind  that  normalization  in  the  combined  form  ka  is  intended  eventually. 
This  section  will  treat  the  high-frequency  approximation  methods  based 
on  the  assumption  that  ka  >>  1. 


1.4. 3.1  Ray  Method 


The  simplified  equations  resulting  from  ka  >>  1  are  found  to 
characterize  the  high-frequency  field  in  terms  of  local  propagation 


phenomena  involving  propagation  paths  called  rays.  Thus,  the  field  from 
an  initial  reference  surface  A  to  an  observation  point  P  can  be  traclted 
along  a  ray  that  passes  through  P  and  originates  at  point  P'  on  A.  The 
field  at  P  is  affected  only  by  the  initial  field  values  in  the  vicinity 
of  P*  and  by  the  medium  properties  in  the  vicinity  of  the  ray.  It  is 
possible  that  several  rays  pass  through  P,  either  because  of  the  nature 
of  the  field  distribution  on  A  or  because  the  presence  of  obstacles  or 
scatterers  gives  rise  to  other  local  fields  (Fig.  15).  In  that  event. 


Fig.  15.  Scattering  by  a  composite  obstacle  with  surface  contour  A'. 

Various  ray  species  have  been  identified  by  numbers  explained 
in  the  text.  The  following  are  initial  surfaces:  A  for  incident 
rays,  A'  for  reflected  rays,  A^  for  tip  diffracted  rays,  and  A' 
for  surface  (creeping)  rays. 


the  total  field  at  P  is  synthesized  by  the  sum  of  the  fields  reaching  P 
along  the  various  rays.  The  localization  arises  from  the  fact  that 
high-frequency  source  distributions  generate  a  spectrum  of  plane  waves 
that  interfere  constructively  along  certain  preferred  directions,  the 
rays,  and  thereby  give  rise  to  a  strong  field;  along  other  directions 
that  deviate  from  the  rays,  these  waves  interfere  destructively  and 
cause  weak  effects  that  can  be  ignored  [36  -  38], 

Along  the  ray  trajectories,  the  constructively  interfering  plane 
waves  can  be  characterized  as  a  local  plane  wave.  The  local  plane  wave 
concept  is  central  to  the  tracking  of  high-frequency  fields.  To  under¬ 
stand  what  is  involved,  we  consider  the  distinction  between  true 
local  plane  waves.  A  true  plane  wave  in  a  homogeneous  medium  has  a 
plane  phase  front  (equiphase  surface)  A(r)  -  Aq  (constant)  and  an 
amplitude  u(r)  ■  uq  (constant),  where  r  is  the  position  vector.  The 
field  propagates  in  the  direction  perpendicular  to  the  phase  front. 

These  perpendicular  trajectories,  along  which  the  phase  front  advances, 
point  in  the  direction  of  V  A(r) | ^ ^  and  are  the  rays.  For  an  observa¬ 
tion  point  P  along  a  ray,  the  field  differs  from  that  at  P'  on  the  initial 
surface  Aq  only  by  the  phase  change  exp(-jkd),  where  d  is  the  distance 
between  P*  and  P  (Fig.  16),  A  local  plane  wave  describes  a  field 


Fig.  16.  True  plane  wave. 


characterized  by  non-planar  phase  fronts.  The  simplest  example  is  that 
of  a  spherical  wave.  Ignoring  the  vectorial  properties,  the  scalar  field 
in  the  far  zone  is  given  by 


u(r)  "  C 


e-jkr 

kr 


(138) 


where  C  is  a  constant.  If  r = rQ  denotes  the  initial  wave  front,  then  the 

rays  point  in  the  direction  V r I  “t  ,  where  if  is  a  radial  unit  vector. 

I  r  ■  r0  r  ’  r 

The  field  at  P  along  the  ray  originating  at  P'  differs  from  the  field 
at  P'  not  only  by  the  phase  change  exp(-jkd)  as  in  a  true  plane  wave, 
but  also  by  the  amplitude  change  rQ/(r-ro).  This  amplitude  change 
identifies  the  field  along  the  ray  as  a  local  plane  wave  field  which  is 
synthesized  by  constructive  interference  of  a  bundle  or  packet  of  true 
plane  waves  whose  propagation  directions  are  close  to  ifr(Flg.  17a) 

Since  energy  in  the  high-frequency  field,  as  carried  by  the  local 

plane  waves,  flows  along  the  direction  of  the  rays,  energy  is  conserved 

in  a  tube  of  rays.  Thus,  the  energy  density  is  inversely  proportional 

to  the  ray  tube  cross  section  dA.  The  field  amplitude  is  proportional 

to  the  square  root  of  the  energy  density  and  therefore  varies  inversely 

with  /dA.  For  the  spherical  wavefront  in  Fig.  17a,  the  ray  tube  is 

2 

conical  and  the  cross  section  varies  as  r  ;  the  amplitude  therefore 
decreases  as  1/r  as  in  (138).  When  the  wavefront  has  a  more  general 
shape  as  in  Fig.  17b,  the  ray  tube  cross  section  dA  may  have  two 
principal  radii  of  curvature  R^  and  R2  each  centered  on  a  surface 
called  a  caustic. 

The  preceding  considerations  lead  to  the  following  formulation 
of  the  local  plane  wave  field  carried  along  a  ray  [37] 


u(r)  ~  u.  ( -n 


/dA4\1/2 


_  A 

A  \  dA  / 


-jkd 


dA 


R1R2 


(R1  +  d)(R2+d) 


(139) 


where  u^  is  the  initial  field 
ray  tube  cross  section,  and  d 
for  dA^/dA  in  terms  of  R^  and 


at  P'  on  A  (Fig.  17b),  dA^  is  the  initial 
is  the  distance  from  P'  to  P.  The  expression 
R2  is  inferred  from  Figs.  17b, c. 
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(c)  Ray  tube  cross  sections  dA^  and  dA  for  arbitrary  phase  front.  The 
principal  coordinate  directions  are  shown  dashed.  The  principal 
radii  of  curvature  R^  and  are  centered  at  the  virtual  foci  0^ 
and  O2,  respectively,  from  which  emanate  the  rays  passing  through 
the  points  (P^»Pp  and  (PgjPp.  These  rays  are  tangent  to  caustic 
surfaces  and  C2  whereon  lie  the  virtual  foci  descriptive  of  ray 
tubes  cut  out  elsewhere  on  the  phase  front.  The  curves  and  C2 
on  the  caustic  surfaces  correspond  to  rays  passing  through  extensions 
of  the  principal  coordinate  curves  P^P^  anc*  ?2P2’ 

Fig.  17.  Local  plane  waves,  rays  and  ray  tubes. 
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The  local  plane  wave  field  along  a  ray  can  be  calculated  by  (139) 
from  a  knowledge  of  the  initial  field  value  and  the  ray  geometry.  The 
initial  field  value  must  be  determined  independently  by  solution  of 
canonical  problems.  In  the  canonical  problem,  the  incident  local  plane 
wave  field  may  be  replaced  by  a  true  plane  wave  field,  and  the  obstacle 
configuration  by  a  simpler  geometry  that  nevertheless  retains  the  correct 
local  scattering  properties.  For  the  incident  field  in  Fig.  15  the 
initial  values  on  A  can  be  calculated  from  the  known  source  distribution. 
The  reflected  field  is  caused  by  the  incident  rays  (ray  2  in  Fig.  15) 
reflected  ac  the  obstacle  surface.  The  reflection  laws  for  local  plane 
waves  on  a  curved  surface  are  the  same  as  for  true  plane  waves  on  an 
infinite  plane  surface  tangent  to  the  curved  surface  at  the  point  of 
impact  of  the  incident  ray  (canonical  problem).  Thus,  the  incident  and 
reflection  angles  0^  are  equal.  Hie  initial  value  of  the  reflected  field 
at  P,.  is  given  by  the  incident  field  at  multiplied  by  the  plane  wave 
reflection  coefficient  T^)  descriptive  of  the  reflecting  properties 
of  the  boundary  surface.  The  amplitude  variation  along  ray  5,  as 
determined  by  the  ray  tube  cross  section  dA^,  involves  the  surface 
curvature  at  P^,  the  curvature  parameters  for  the  incident  wavefront, 
and  the  angle  coordinates  x  and  specifying  the  directions  of  the 
reflected  and  incident  rays.  Therefore,  the  reflected  contribution  to 
the  field  at  P  is  given  by  (see  ray  5  in  Fig.  15) 


-jkd 

u5  "  u2r^8i^M(5*2^e 


-jkd2 

e 

Ur.  *•'  U.„  Tj 

L  A2  kd2 


(140) 


where  u^  is  the  initial  field  for  ray  2  on  surface  A.  To  simplify  the 
notation  here  and  subsequently, we  have  written 

(dAA5/dA)1/2  e  M(x5,x2)  =  M(5,2)  (141) 

The  incident  local  plane  wave  field  along  ray  3  striking  the  conical 
tip  of  the  obstacle  in  Fig.  15  excites  a  spherical  wave  front  and  there¬ 
fore  a  family  of  rays  centered  at  the  tip.  The  canonical  problem  for  the 
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tip  diffracted  field  is  that  of  a  plane  wave  incident  on  an  infinite 
conical  obstacle.  That  solution  provides  the  diffraction  coefficient 
dV(XiX^)»  by  which  the  incident  ray  field  is  modified  upon  emerging 
from  the  conical  tip.  Here,  x  anc*  X^  denote,  respectively,  the  angle 
coordinates  specifying  the  directions  of  the  diffracted  and  incident 
rays.  Thus,  the  contribution  at  P  due  to  the  local  plane  wave  along 
ray  6  is 


-jkd. 


u6-  D  (6,3) 


kd,  U3» 


-jkd. 


U3  ~  UA3  '  kd„ 


(142) 


where  is  the  initial  field  for  ray  3  on  surface  A.  To  simplify  the 
notation  here  and  subsequently,  we  have  written 


DV(6,3)  =  Dv(x6,x3) 


(143) 


Although  the  canonical  problem  yields  the  diffracted  field  on  the  initial 
surface  A^  in  Fig.  15,  the  result  can  be  expressed  more  conveniently  as 
in  (142)  where  relevant  length  parameters  are  measured  from  the  tip. 

When  an  incident  ray  grazes  a  smooth  segment  of  a  scatterer  (ray  4 

in  Fig.  15),  it  excites  a  diffracted  surface  ray  (also  called  creeping 

ray)  that  travels  along  a  geodesic  on  the  shadowed  surface  (ray  7)  and 

sheds  energy  continuously  (ray  8).  The  launching  amplitude  L(X,X^)  of 

a  surface  ray  field  and  its  amplitude  variation  M  (d  )  along  its  geodesic 

s  / 

path  d -j  are  determined  from  the  canonical  problem  of  plane  wave  diffraction 
by  a  smooth  obstacle  and  have  been  found  for  special  configurations.  When 
a  surface  ray  strikes  the  conical  tip,  it  also  gives  rise  to  a  spherical 
diffracted  wave  that  adds  a  field  u^  to  the  contribution  at  P  arriving 
along  ray  6.  The  canonical  problem  of  surface  ray  field  diffraction  by 


While  the  problem  of  plane  wave  diffraction  by  a  conical  obstacle 
can  be  solved,  no  convenient  form  for  the  diffraction  coefficient  has  as 
yet  been  developed. 
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the  tip  of  a  conical  obstacle  is  still  under  study;  it  furnishes  the 
diffraction  coefficient  D^x»X^)«  The  field  u£  is  then  given  by 


-jkd 

u4L(7,4)Ms(d7)e  ^6,7) 


-^kd4 

u4 ~  UA4  6  kd4 


(144) 


where  d^  is  the  surface  ray  path  (geodesic)  between  the  point  of  tangency 
of  the  incident  ray  4  and  the  tip. 

Tip  diffraction  due  to  incident  ray  3  also  gives  rise  to  a  surface 
ray  (ray  9)  that  emerges  at  P^q  to  contribute  to  the  field  at  P  along 
ray  10.  The  initial  surface  for  shed  surface  rays  is  displaced  from 
the  obstacle  surface  but  in  the  formulation  of  the  diffracted  field,  it 
is  again  convenient  to  measure  distances  from  the  obstacle  surface.  Thus 


u 


10 


-jkd 

u3Da(9,3)Ms(d9)e  *L(10,9) 


(145) 


where  u^  is  given  in  (142) ,  dg  denotes  the  geodesic  length  along  ray  9 
from  the  tip  to  the  shedding  point  P^q,  and  L(10,9)  gives  the  shedding 
amplitude  which  can  be  normalized,  so  that  it  equals  in  form  the  launching 
amplitude.  Although  the  surface  rays  7  and  9  in  Fig.  15  appear  to  coin¬ 
cide,  they  describe  different  trajectories  since  the  points  of  tangency 
of  ray  4  and  departure  of  ray  10  are  not  identical. 

The  total  ray-optical  field  at  point  P  in  Fig.  15  is  now  given  by 

u  u,  4-  uc  +  u,  +  u'  +  u,  n 
1  5  6  6  10 

where 

ul"  UA1  kdx 

denotes  the  field  along  the  direct  ray  from  the  source,  and  the  remaining 
contributions,  given  by  (140)  -  (145),  are  due  to  the  presence  of  the  obstacle. 


(146) 

(147) 
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The  result  in  (146)  contains  only  the  dominant  contribution  from 
each  of  the  ray  fields.  Generally,  each  ray  field  has,  in  addition  to 
this  leading  term,  a  series  of  higher-order  terms  that  decay  inversely 
with  k.  The  field  is  therefore  given  by  an  asymptotic  expansion  in 
inverse  powers  of.  k.  Validity  of  the  leading  term  alone  implies  that 
the  higher-order  terms,  in  particular  the  second  term,  are  small  in 
comparison  with  the  first.  Some  estimates  of  the  accuracy  of  the 
asymptotically  expanded  field  can  be  made  on  general  grounds  (see. 

Sec.  1.4. 3. 3.1)  but  for  scattering  problems  encountered  in  practice, 
it  is  usually  too  difficult  to  apply  them.  Therefore,  the  range  of 
parameters,  for  which  formulas  as  in  (146)  are  useful  and  valid,  has 
been  ascertained  by  comparison  with  canonical  analytical  solutions  or 
with  numerical  solutions  that  can  be  generated  independently.  These 
considerations  are  illustrated  in  Sec.  2. 1.2. 2.  For  example,  in 
transition  regions  near  shadow  boundaries,  caustics,  and  foci  where 
relevant  ray  field  amplitudes  tend  to  infinity,  the  use  of  uniform 
asymptotic  methods  provides  a  valid  description. 

By  the  very  construction  of  the  field  in  (146),  it  is  evident  that 
the  ray  method  decomposes  a  complicated  composite  scattering  problem  into 
a  sequence  of  simpler  (canonical)  problems  via  the  following  steps : 

(a)  Determination  of  the  incident  field  over  an  initial  surface  A. 

(b)  Determination  of  the  reflected  and  diffracted  ray  fields  that 
contribute  at  an  observation  point  P. 

(c)  Identification  of  canonical  problems  that  treat  separately 
each  of  the  ray  reflection  and  diffraction  problems.  The 
solutions  of  these  problems  furnish  the  initial  amplitudes 
along  various  species  of  reflected  and  diffracted  rays. 

(d)  Synthesis  of  composite  scattering  problem  by  interaction 
(along  rays)  between  canonical  constituents. 

The  various  ray  species  arising  in  the  dii'fraction  problem  of 
Fig.  15  have  been  associated  with  a  perfectly  conducting  obstacle. 
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When  the  obstacle  has  other  surface  features  (for  example,  edges)  or 
when  It  is  penetrable  (lossless  dielectric) ,  additional  diffraction 
mechanisms  and  corresponding  ray  fields  may  arise  [36-  38]. 

1.4. 3. 2  Equations  for  the  Ray-Optical  Field,  and  Their  Solution  [36-  38] 

1.4. 3.2.1  Derivation  of  the  Equations 

The  scalar  field  u  in  an  inhomogeneous  medium  with  refractive  index 
n  satisfies  the  scalar  wave  equation 

[V2  +  k2(r)]u(r)  “0,  k(r)  ■  kQn(r)  (148) 

where  k  is  the  wavenumber  in  vacuum  and  k  is  the  wavenumber  in  the 
o 

medium.  By  assuming  that  u  at  high  frequencies  (large  kQ)  behaves  like 
a  local  plane  wave  field,  the  wave  equation  can  be  simplified.  In  order 
to  allow  for  corrections  to  the  local  plane  wave  assumption,  we  write  u 
in  the  form  of  an  asymptotic  expansion  (see  Sec.  1.4. 3. 3.1)  in  inverse 
powers  of  kQ,  wherein  the  local  plane  wave  field  represents  the  dominant 
(m">0)  term 

<x>  u  (r) 

u(r)  ~  uQ (r)exp[-jkQij) (r) ]  +  exp[-jkQ^(r) ]  £  — 2-___  (149) 

m-1  (-jkQ) 


The  amplitude  functions  u^,  m«  0,1,2,.  .  .,  and  the  phase  function  t|>, 
are  assumed  to  be  independent  of  kQ.  Substitution  of  (149)  into  (148) 

gives 


.  2  -  m 


m«0 


(150) 


Since  this  equation  must  be  satisfied  for  arbitrary  (though . large)  kQ, 
one  equates  to  zero  the  coefficients  to  obtain  from  Qq  ■  0 


[V-K?)]2  -  n2  (r) 


(elkonal  equation) 


(151) 


A  unit  vector 


t  -  „  W(r) 

?  |Vij>(r)|  n(r) 


(152) 
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compatible  with  (151)  then  points  in  the  direction  of  the  normal  to  the 
equiphase  surfaces  <Kr)  *  constant,  and  may  therefore  be  identified  as 
the  ray  vector  tangent  to  the  ray  trajectories.  Since 


(153) 


if  r*r(£)  denotes  points  on  the  ray  trajectory  and  5  measures  distance 
along  a  ray  (Fig.  18),  one  may  write  (152)  as 


(154) 


to  obtain  the  ray  equation.  The  notation  n(£)  Implies  that  the  observa- 
tion  points  r  are  constrained  to  lie  along  a  ray. 


confer  of  curvoturo 


Fig.  18.  Kay  parameters. 
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The  next  term  in  (150)  gives  Q^“0,  that  is, 

[V2^(r)  +  2V\p(r)  •  V]uQ(r)  ■  0  (transport  equation)  (155) 
which  is  equivalent  to 

V  •  £  |u2(r) ]n(r)£ J  -  0  (156) 

with  the  quantity  inside  the  square  brackets  being  proportional  to  the 
energy  flux  density  in  the  local  plane  wave  field  flowing  along  the  rays. 
Eq. (156)  therefore  represents  an  energy  flux  conservation  theorem,  which 
has  already  been  applied  in  Sec.  1.4. 3.1  on  physical  grounds  (within  a 
tube  of  rays)  for  the  determination  of  uq  along  a  ray. 

From  QjjjOr)  ■  0,  m  >.2,  in  (150)  one  obtains  the  transport  equations 
for  the  higher-order  amplitude  coefficients  that  correct  the  local  plane 
wave  field.  These  equations  are 

[V2i|i(r)  +  2Vi|/(r)  •  V]um_  x(r)  -  -  V2um_  2(r) ,  ra  2  (157) 

These  recursive  equations  are  more  complicated  than  that  for  the  dominant 
term  uq,  and  it  is  usually  Impractical  to  effect  a  solution  for  the  higher- 
order  coefficients  u^,  m  >_  2 .  However,  these  equations  are  useful  for 
providing  estimates  on  the  range  of  validity  of  the  local  plane  wave  field 
assumption,  which  requires  that  !u]_i^0^  <<:  lu0l  (see  Sec.  1.4. 3. 3.1). 

From  this  requirement,  one  may  deduce  the  restriction 

- - —  «  1  (158) 

V<?) 

which  states  that  the  relative  change  in  the  refractive  index  over  an 
interval  of  the  local  wavelength  X  in  the  medium  must  be  small;  that  is 
to  say,  the  medium  must  be  "slowly  varying"  on  the  local  wavelength  scale. 


234 


4 


1.4. 3. 2. 2  Ray  Trajectories 

The  ray  trajectories  are  obtained  by  solving  (154)  subject  to 

prescribed  initial  conditions.  In  a  homogeneous  medium  with  n(£)  ■ 

constant,  (154)  reduces  to  dr/d£  =  constant,  or  r(()  •  A(  +  B,  where 
->■ 

A  and  B  are  constant  vectors.  Therefore,  the  rays  are  straight  lines. 

In  an  inhomogeneous  medium,  the  rays  are  generally  smoothly  curved. 
It  may  be  shown  that  the  curvature  K  of  the  ray  is  given  by 

«E>  *  Av  ^  <159) 

where  SL  is  the  coordinate  perpendicular  to  £  and  hence  lies  on  a  wave- 
front.  Therefore,  the  ray  is  curved  whenever  the  refractive  index  n 
varies  along  a  wavefront,  and  the  ray  bends  toward  the  direction  of 
increasing  n.  This  behavior  is  in  accord  with  the  application  of 
Snell's  law  of  refraction  when  the  continuously  varying  medium  is 
approximated  by  a  sequence  of  locally  homogeneous  layers.  In  a  plane 
stratified  medium  where  the  refractive  index  n(r)  -  n(z)  varies  along 
the  rectilinear  coordinate  z  only,  the  rays  may  be  shown  to  be  plane 
curves.  A  typical  ray  y=>y(z)  lying  in  the  x  «*  0  plane  (Fig.  18)  has 
the  functional  form 


y  -  y0  -  n 


zo  [n2(0  -  n2] 


1/2 


(160) 


where  (yo»zQ)  is  the  initial  point  on  the  ray,  and  n  =  n(z)sin  0(z)  - 
constant,  with  0  defined  in  Fig.  18, is  the  ray  parameter.  By  choosing 
different  values  of  n  according  to  different  initial  conditions,  one 
may  generate  the  entire  ray  family.  The  condition  n  =  constant  is 
a  statement  of  Snell's  refraction  law  when  applied  to  a  continuously 
varying  medium. 

1.4. 3. 2. 3  Phase  and  Amplitude 

The  local  plane  wave  phase  4*  is  determined  from  (152)  by  integra¬ 
tion  along  a  ray 
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where  dA(rQ)  and  dA(r)  are,  respectively,  the  ray  tube  cross  sections 
containing  the  initial  point  and  the  observation  point  along  the  same 
ray.  For  a  spherical  wavefront  in  a  homogeneous  medium,  (164)  reduces 
to  the  result  in  Sec.  1.4. 3.1. 


1.4. 3. 2. 4  Ray-Optical  Field 


The  ray-optical  (local  plane  wave)  field  uoexp(-jk^)  in  an  inhomo¬ 
geneous  medium  can  be  constructed  by  combining  the  results  from  (161) 
and  (164)  to  give 
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(165) 


u(r) 


n(r  )dA(r  ) 

1/2 
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L  u(r)dA(r)  J 
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The  validity  of  (165)  is  confined  to  slowly  varying  media,  which  are 
given  by  the  condition  (158) .  It  is  also  restricted  by  the  condition 

dA(r)  i*  0  (166) 

i.e.,  to  the  exterior  of  focusing  regions  where  ray  crossings  occur. 
Ignoring  (166)  would  lead  to  the  incorrect  conclusion  of  infinite  fields 
at  caustics  and  foci.  To  accommodate  focusing  regions  where  the  ray- 
optical  field  is  invalid,  it  is  necessary  to  employ  transition  functions 
that  are  derived  by  a  more  sophisticated  set  of  equations  than  those  in 
(151)  and  (155). 

1.4. 3.2.5  Evanescent  Fields  [39,40] 

Evanescent  fields  decay  exponentially  along  certain  directions, 
even  in  a  lossless  medium,  and  are  therefore  usually  ignored  in  the 
presence  of  non-evanescent  fields.  However,  situations  arise  where 
evanescent  fields,  though  weak,  are  the  only  fields  to  be  observed,  and 
their  propagation  and  diffraction  characteristics  then  become  important. 
Configurations  where  the  total  field  is  evanescent  Include  the  interior 
of  cutoff  waveguides,  the  exterior  of  dielectric  slabs  or  rods  guiding 
trapped  waves,  the  transmitting  medium  when  an  Incident  field  is  totally 
reflected  at  an  Interface,  the  "dark"  side  of  caustics  confining  focused 
fields,  and  the  off-axis  regions  of  strongly  focused  beams. 

Like  non-evanescent  fields,  high-frequency  evanescent  fields  can 
be  tracked  by  invoking  the  notion  of  local  evanescent  plane  waves. 

Such  waves  are  defined  by  the  first  term  in  (149)  except  that  the 
phase  is  now  complex  just  like  the  amplitude  uq.  Thus,  one  writes 
for  the  local  evanescent  plane  wave  field 

u(r)  ~  u0(r)exp[-jkQiKr)  ]  (167) 
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with 


ip(r)  -  R(r)  -  jl(r),  uQ(r)  =  exp[w(r)  -  jv(r)]  (168) 

-y. 

where  R,  I,  w  and  v  are  real  functions  of  r.  The  phase  fronts  R(r)  = 
constant  advance  along  the  direction  of  the  unit  vectors 

t  _  VR^).  >  g  =  |vr|  (169) 

5  0<r) 

while  the  field  decays  along  the  direction  of  the  unit  vector 

t  Bt  31&L  t  a  =  j  VI  |  (170) 

<x(r) 

On  surfaces  I(r)  *  constant,  the  field  has  constant  exponential 
amplitude. 

When  (167)  and  (168)  are  substituted  into  the  wave  equation  (148), 
the  reduced  equations  (151)  and  (155)  remain  valid.  On  separating 
into  real  and  imaginary  parts,  one  obtains  from  (151)  the  dispersion 
equation 

e  (r)  -  a  (r)  -  n  (r)  (171) 

and  also  the  condition  VR  •  VI  =  0,  indicating  that  the  surfaces  of 
constant  phase  and  constant  exponential  amplitude  are  orthogonal. • 

Thus,  the  coordinates  5  and  t  form  an  orthogonal  grid,  with  the 
^-trajectories  (on  which  I  *  constant)  referred  to  as  "phase  paths" 
and  the  t-trajectories  (on  which  R  =»  constant)  referred  to  as  "attenua¬ 
tion  paths"  (Fig.  19).  The  phase  paths  should  not  be  confused  with 
rays  since  the  former  are  generally  curved,  even  in  a  homogeneous 
medium.  Whenever  a  varies  along  an  attenuation  path  (i.e.,  on  a 
phase  front)  so  that  da/dt  ^  0,  then  in  view  of  (171)  6  will  likewise 
vary  along  a  phase  front,  even  when  n  ■  constant.  Since  0  =  w/V, 
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~  0  (l/k0) 

conet. 
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Fig.  19.  Surfaces  of  constant  phase  and  amplitude. 

where  oi  is  the  wave  frequency  and  V  the  phase  propagation  speed,  different 
portions  of  the  phase  front  propagate  at  different  epeeds.  Hence,  an 
originally  plane  phase  front  will  become  non-planar,  and  the  phase  paths 
orthogonal  thereto  become  curved.  Moreover,  as  indicated  in  Fig.  19, 
the  power  flow  in  the  local  evanescent  plane  wave  field  does  not  exactly 
follow  the  phase  paths  but  deviates  from  them  by  an  angle  of  0(l/kQ). 

From  (169)  and  (170)  the  equations  for  the  phase  paths  and  attenua¬ 
tion  paths  are 

tP(r)l  ]-  V3(r),  ~  [o(r)ttl-  Vu(r)  (172) 

Each  of  these  equations,  which  must  be  solved  simultaneously  subject  to 
(171),  has  the  form  of  the  ray  equation  (154)  for  the  geometric-optical 
field.  It  also  follows  from  (169)  and  (170)  and  the  fact  that  I  ■  constant 
on  a  phase  path  while  R  =  constant  on  an  attenuation  path  that 

-*  +  dt^o) 

o(r)  =  o(r  )  - -  (173) 

°  dt(r) 


+  *  <U(r  ) 

3(r, )  -  3(r  )  - -2-  (174) 

1  ° 
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In  (173)  r  and  r  are  the  initial  point  and  observation  point,  respectively, 

^  «4* 

along  the  same  phase  path,  while  dt(r  )  and  dt(r)  are  the  spacings  between 
corresponding  neighboring  phase  paths  (Fig.  20).  Similarly,  in  (174)  rQ 


and  are  the  initial  and  observation  points,  respectively,  along  the 

4.  4 

same  attenuation  path,  while  d£(rQ)  and  d$(r^)  are  the  spacings  between 
corresponding  neighboring  attenuation  paths  (Fig.  20).  Thus,  as  for 
the  geometric-optical  field,  the  (5,t)  trajectory  grid  for  the  evanescent 
field  provides  the  information  required  for  the  tracking  of  the  phase 
gradient  2  and  attenuation  gradient  a. 

When  (155)  is  separated  into  real  end  imaginary  parts,  there 
result  two  coupled  transport  equations  for  w  and  v  in  (168) 

V2r<?)  +  26(r)  4S&.  .  2o(r>  -  0  (175) 

»2I<?)  +  26C?)  ^  -  2 «(?)  ^  .  0  (176) 
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For  weakly  evanescent  fields  with  small  a,  the  above  equations  can 
be  solved  by  perturbation  methods.  Since  3^  -  n  (see  (171)),  where 
the  superscript  denotes  the  order  of  the  perturbation,  one  observes 
from  (154)  and  the  first  equation  in  (172)  that  the  unperturbed  phase 
paths  coincide  with  the  geometric-optical  rays  for  non-evanescent 
fields.  One  then  calculates  os^  along  a  phase  path  from  (173),  and 
thereafter  3^  =  (n^  +  [a^0^]^)  ^  •  Using  3^,  the  phase  paths  can 
now  be  corrected  from  (172),  and  can  be  calculated  by  integrating 

3^  *  dR^/d£  along  a  phase  path.  The  exponential  attenuation  func¬ 
tion  I  along  a  phase  path  remains  constant  at  its  initial  value.  The 
transport  equations  in  (175)  and  (176)  can  be  solved  in  a  similar 
manner.  It  rhould  be  noted  that  due  to  the  need  for  tracking  two 
functions  a  and  3  along  mutually  perpendicular  trajectories,  the 
propagation  characteristics  of  high-frequency  evanescent  fields  are 
less  local  than  those  of  non-evanescent  fields. 


1.4.3. 3  Asymptotic  Methods  [41] 

1.4. 3. 3.1  Asymptotic  Expansions 

Approximate  evaluations  of  fields  in  the  high-frequency  regime 
commonly  generate  expansions  in  inverse  powers  of  the  wavenumber  k, 
based  on  the  assumption  that  k  is  large.  An  example  is  provided  by 
the  field  representation  in  (149),  wherein  the  leading  term  describes 
the  local  plane  wave  field.  Expansions  of  this  type,  called  "asymptotic 
expansions,"  generally  do  not  converge;  i.e.,  for  a  fixed  value  of  the 
parameters  (k  and  r  in  (149)).  the  series  diverges  because  the  expansion 

t 

coefficients  (u  (’•)  in  (149))  grow  as  u  +  ®.  Nevertheless ,  these  series, 
m 

although  divergent  in  the  strict  mathematital  sense,  are  useful  because 
they  can  be  employed  to  approximate  the  field  provided  that  only  a  finite 
number  of  terms  is  included.  Loosely  speaking,  a  calculation  involving 
the  first  M  terms  in  the  expansion  is  legitimate  provided  that  the  (M+l)th 
term  is  smaller  in  magnitude  than  the  Mth  term.  For  a  given  M,  this  can 
always  be  accomplished  by  choosing  the  asymptotic-expansion  parameter 
(l/kQ  in  (149))  large  enough.  A  good  indication  of  the  quality  of  the 
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approximation  can  be  obtained  from  the  recognition  that  the  error  between 
the  asymptotic  representation  involving  M  terms  and  the  true  value  of 
the  field  is  roughly  equal  to  the  magnitude  of  the  (M+l)th  term.  Based 
on  these  considerations  one  can  deduce  the  necessary  restrictions  on 
the  parameters  in  a  function  represented  by  an  asymptotic  series.  For 
example,  validation  of  the  local  plane  wave  (ray-optical)  field  in  (149), 
as  given  by  the  first  term,  requires  at  the  very  least  that  |u^/kQJ  «  1uq 
Improvement  of  the  local  plane  wave  field  by  inclusion  of  the  m-l  term 
requires  at  the  very  least  that  l^/k  |  <<  |u^|,  etc.  In  view  of  the 
error  criterion  cited  above,  it  is  evidently  dangerous  to  push  an  asymp¬ 
totic  expansion  containing  a  few  terms,  and  especially  if  only  the  leading 
term  is  retained,  near  the  limit  where  the  first  omitted  tern  equals  in 
magnitude  the  last  term  retained. 

The  preceding  considerations  can  be  phrased  mathematically. 

■4* 

Regarding  k  as  the  large  parameter,  a  function  F(r,k  )  (for  example, 
o  o 

the  field  in  (149))  can  be  represented  rigorously  as  follows 

F(?-ko>  ■  !  +  (i77> 

m-Q 

where  R^  is  a  remainder  term.  Making  kQ  large  enough,  one  can  reduce 
Rj^  to  as  small  a  value  as  desired  (a  good  estimate  of  is  given  by 

|Fu,  (r)k  ^  ^1  ).  Thus  asymptotic  series  are  not  usually  written  in 

the  form  (177);  instead,  letting  ko  -*■  ",  the  summation  is  extended  over 
all  values  of  m 


F(r,k  )  ~  T  F  (r)k  ,  k  °° 
’  o  m  o  o 

m-0 


(178) 


and  it  is  implied  that  for  any  m 

F 


m  + 1 


(?) 


k  F  (?) 
o  m 


0, 


as  k  •* 
o 


(179) 


However,  for  practical  calculations  involving  fixed  kQ  and  r,  the  series 
in  (178)  Is  to  be  understood  in  the  sense  of  (177). 
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1.4. 3. 3. 2  Asymptotic  Evaluation  of  Integrals 

Field  formulations  exterior  to  actual  or  induced  source  distribu¬ 
tions  generally  involve  integrals  that  extend  either  over  a  surface  or 
volume  in  physical  coordinate  space,  or  over  wavenumber  space  in  a 
spectral  representation  (see  Sec.  1.4. 3. 4).  Such  integrals  are  typically 
of  the  form 


fC?)e"jQq(T)d? 


(180) 


where  x  =  (Tx>Ty>Tz)  denotes  the  integration  variable  in  a  three- 
dimensional  coordinate  space,  D  is  the  domain  of  integration,  f(x)  and 
q(x)  are  analytical  functions  of  x  (with  isolated  singularities),  and  & 
is  a  positive  parameter  (if  ft  is  complex,  one  writes  ft  =  |ft|exp(-j  arg  ft) 
and  combines  arg  ft  with  q) .  When  ft  is  large,  the  exponential  term  is 
rapidly  oscillating  for  real  q  or  rapidly  decaying  for  negative  imaginary 
q.  Assuming  that  f  varies  slowly  by  comparison  with  exp(-jftq),  one 
concludes  that  the  major  contribution  to  the  integral  arises  from  those 
regions  in  the  x-space  where  q  is  slowly  varying  when  real,  or  where 
(Im  q)  has  a  maximum  when  q  is  complex.  These  observations  form  the 
basis  for  approximate  methods  for  evaluating  I,  which  may  be  found  in  [42]. 

1.4. 3. 4  Alternative  Formulations  of  Diffraction  Problems 

Diffraction  problems  of  the  type  schematized  in  Fig.  15  can  be 
formulated  in  various  ways.  Let  the  obstacle  be  perfectly  conducting. 

The  secondary  field  generated  by  the  induced  surface  currents  can  be 
represented  either  in  terms  of  the  direct  radiation  from  the  elementary 
currents  distributed  over  the  obstacle  surface  A' ,  or  in  terms  of  a  super¬ 
position  of  modal  fields  excited  by  these  currents.  One  important 
example  of  the  latter  procedure  involves  modal  plane-wave  fields  and 
results  in  the  "plane-wave  spectral  representation."  Both  of  these 
are  formulated  below. 

1 . 4 . 3 . 4 . 1  Induced  Current  Formulation 

Referring  to  Fig.  15,  the  total  vector  electric  field  E  may  be 
decomposed  into  a  specified  incident  part  E  ,  which  would  exist  in  the 


» -s*  - 


absence  of  the  obstacle,  and  a  secondary  part  due  to  the  Induced 
obstacle  surface  current 


t  =  I1  +  t3 


(181) 


The  radiation  from  each  current  element  J  can  be  expressed  in  terms  of 
the  free-space  dyadic  Green's  function  ^(r,?' ) .  Thus 


2s  (r)  -  W,r')  •?(?') dr* 


(182) 


'A' 


The  surface  currents  must  be  such  as  to  ensure  vanishing  of  the  tangen¬ 
tial  electric  field  on  A',  i.e. 


J  x  E(r)  »  0,  r  on  A1 


(183) 


where  it^ls  the  unit  vector  normal  to  A'.  Thus,  these  currents  are 
specified  implicitly  by  the  integral  equation 


t  *£*(?)  -  -t  x 

n  n 


G(r,r')  •  J(r')dr',  r  on  A' 


(184) 


1.4. 3. 4. 2  Plane-Wave  Spectral  Formulation 

v 

The  incident  and  secondary  fields  may  be  expressed  by  modal  super¬ 
position.  In  a  basis  involving  plane-wave  inodes ,  one  obtains 


^(r)  -  [[  ei(5,n)exp 


-jk(£x  +  ny  +  A  -  -  r\2  z ) 


d£  dn  (185) 


3S  ,-+\ 

b  (r)  - 


eS(£,n)exp 


-jk(£x  +  ny  +  A  -  -  A  z) 


d5  dn  (186) 


where  z  «  0  is  a  suitably  chosen  reference  plane.  Here,  5,n  and 
Si  -  $2  -  rj2  are  the  normalized  wave  numbers  of  the  modal  plane  waves 


■  ;TvV  -  *  . 

1  .  ■'  rtA  *  ■'  . 
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along  the  x,y  and  z  directions,  respectively.  The  modal  amplitudes 
for  the  known  incident  field  are  obtained  by  Fourier  inversion  of  (185) . 

The  modal  amplitudes  e  for  the  secondary  field  are  specified  implicitly 
by  the  boundary  condition  (183) . 

1 . 4 . 3 . 4 . 3  High-Frequency  Approximations 

In  the  illuminated  region  A'  on  a  perfectly  conducting  obstacle 
away  from  surface  singularities  (such  as  edges,  tips,  or  corners)  and 
from  strongly  curved  regions  (where  the  radius  of  curvature  is  not  large 
compared  to  wavelength) ,  one  may  approximate  the  induced  surface  currents 
by  their  "physical  optics"  value.  The  physical  optics  currents  3^  are 
based  on  the  local  behavior  of  high-frequency  fields  described  in  Sec. 

1.4. 3.1  and  are  taken  at  any  point  P  on  A'  to  have  the  same  value  as  on 
an  infinite  perfectly  conducting  plane  tangent  to  A'  at  P.  Thus 

3I’(r)  =2?jxHi(r),  r  on  A'  (187) 

where  S*  is  the  incident  vector  magnetic  field.  In  the  shadow  region 
one  assumes  3P  =  0.  When  J13  is  substituted  into  (182),  one  obtains  the 
physical  optics  approximation  of  the  secondary  field.  This  approximate 
field,  when  evaluated  by  the  asymptotic  method  of  Sec.  1.4. 3. 3. 2,  is 
found  to  give  correctly  the  geometric-optical  reflected  field  and  the 
diffracted  field  near  the  shadow  boundaries.  It  does  not  provide,  however, 
good  results  for  the  diffracted  field  away  from  the  shadow  boundaries. 

Even  on  a  smoothly  curved  convex  object  with  large  radius  of 
curvature,  the  physical  optics  currents  become  invalid  near  the  shadow 
boundaries.  One  may  therefore  attempt  to  add  to  3^  a  correction  3*, 
named  "fringe  current"  by  Ufimtsev  [43],  so  that  the  sum  equals  the 
exact  current  value.  Because  of  the  validity  of  the  physical  optics 
currents  well  inside  the  illuminated  region,  and  away  from  edges  or 
corners,  the  fringe  currents  are  confined  to  the  vicinity  of  those 
portions  on  A'  that  lie  near  shadow  boundaries  or  surface  singularities. 


The  method  of  fringe  currents  has  been  exploited  to  correct  the 

physical  optics  fields  for  scatterers  with  edges.  However,  as  employed 

by  Ufimtsev,  the  method  has  limitations  because  it  does  not  yield  the 
->£  v 

currents  J  per  se,  but  only  the  far  fields  produced  by  them.  An  alter¬ 
native  procedure  approximated  the  fringe  currents  by  equivalent  edge 
currents  J  flowing  along  an  edge  (Fig.  21),  their  value  being  selected 
so  that  they  give  the  correct  GTD  (Geometrical  Theory  of  Diffraction) 
field  in  its  regions  of  validity1.  This  approximation  causes  certain 
difficulties  which  have  been  discussed  in  a  paper  by  Knott  and  Senior  [44]. 


Figi  21.  Various  current  distributions  on  the  illuminated 
side  of  a  conducting  obstacle  bounded  by  an  edge. 


1.4. 3.5  The  GTD  Vector  Fields  [45] 

In  this  and  subsequent  sections  the  emphasis  will  be  placed  on  the 
electromagnetic  vector  problem  at  the  high-frequency,  early-time  limit 
whereas  the  previous  sections,  namely.  Secs.  1.4. 3.1  through  1.4.3. 3, 
treat  exclusively  the  scalar  fields. 

Let  the  total  distance  along  the  ray  path  from  the  reference  point 
to  the  field  point  P  be  (;  the  reference  point  0  is  commonly  chosen  to 
be  the  point  at  which  the  GTD  field  is  excited.  In  free  space  the  GTD 
electric  field  can  be  given  the  general  form 
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i 


r^r"  3,^-ir.ii 


'*»■ 


V 

t(£,s)  -  f(0,s)  .^(s)fQ(?)e's?/c  (188) 

3 

in  which 

^(0,s)  ■  forcing  function  (the  incident  field,  source  or  reference 

field)  at  0, 

f  (£)  ■  spreading  factor  expressing  the  power  conservation  in  a 

s 

tube  or  strip  of  rays, 

~gf/c 

e  *  delay  factor  between  0  and  P  along  the  ray  path, 

■tf(s)  ■  dyadic  coefficient,  which  is  the  remaining  part  of  the 

radiating  system  function  and,  in  the  case  of  scattering, 
depends  on  the  local  geometry  of  the  body  at  the  point  of 
reflection  or  diffraction  and  perhaps  the  local  behavior 
of  the  incident  field. 

The  corresponding  expression  for  the  magnetic  field,  except  at  a 
convex  surface,  is 


H(5,s)  -  l?xi(£,  8)/Z0  (189) 

where,  as  before,  (  is  a  unit  vector  in  the  direction  of  the  ray  path. 

In  the  following  "asymptotically  equal  to"  ~  is  replaced  by  "equal  to"  *, 
with  the  understanding  that  the  expressions  are  high-frequency  approxima¬ 
tions. 

Eq.(188)  can  be  inverse  Laplace  transformed  to  give  the  following 
time-dependent  field 


where 


E(5,t)  -  fs(£)3(C,t) 


(190) 


f*+i 


o  -  .^/_x.s(t  -  ?/c) 


3(5, t)  “  2^J  j  F(0,s)  •  C(s)e" 

ft  -jo® 

O  J 


ds 


(3.91) 


or  employing  convolution, 
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3(5, t) 


t-£/c 


1(0, f)  *"<C(t  -  t')dt' ,  t  -  £/c  >  t 


-  0,  t  -  €/c  <  t 


(192) 


where  tQ  is  the  time  at  0  when  the  forcing  function  is  turned  on.  The 
electric  field  3(£,t)  as  obtained  from  (190)  is  usually  valid  only  for 
early  times,  more  precisely,  when  t  is  close  to  t^  +  C/c. 

If  a  caustic  occurs  on  the  ray  path  at  between  0  and  P,  the 
expression  for  E(£,s)  contains  an  additional  factor  of  exp(jir/2),  but 
(188)  is  still  valid  within  a  wavelength  or  so  of  P^.  The  presence  of 
a  caustic  at  P^  is  more  serious  for  the  calculation  of  E(£,t),  because 
it  leads  to  a  noncausal  result.  We  exclude  this  case  from  the  present 
treatment. 


The  GTD  representations  of  the  electric  and  magnetic  fields  can  be 
written  as 


3(r,s)  -  E*(r,s)  +  E^Oc.s)  +  E^Or.s) 


(193) 


3(r,s)  *=>  3*0:, s)  +  3r(r ,s)  +  3^0*, s) 


(194) 


where  the  first  two  terms  in  the  above  expressions  are  the  incident  and 
reflected  components  of  the  geometrical-optics  field,  and  the  last  term 
is  the  diffracted  field. 

The  surface  current  and  charge  densities  induced  on  perfectly 
conducting  surfaces  are  of  interest.  At  the  point  r  on  such  a  surface 


3(r,s)  -1  x  H(r ,s) 

n 

(195) 

p(r,s)  -el  *E(r,s) 

TI 

(196) 

where  3  and  p  are  related  by  the  continuity  equation  (7).  The  geometrical- 
optics  current  and  charge  densities  are 
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(197) 


JQ(r,s)  =  2fnxHi(?jS) 

PQ(r,s)  -  2e t^^Cr.s)  (198) 

in  the  illuminated  region,  and  zero  in  the  shadow  region.  Deep  in  the 
illuminated  region,  well  away  from  shadow  boundaries,  edges  and  vertices, 
the  high-frequency  surface  current  and  charge  densities  may  be  adequately 
approximated  by  and  pQ. 

In  the  case  of  propagation  away  from  the  radiating  source  or 
structure  we  have  for  2(§,s)  as  given  by  (188) 


5(0, s)  -  5(0, s) 

(199) 

*?(*>)  -1 

(200) 

/  R1R2 

fs<0  y  (r1+o(r2+o 

(201) 

in  which  R^,R2  are  the  principal  radii  of  curvature  of  the  wavefront  at 
0.  For  two-dimensional  configurations  we  may  let  R2  00  and  obtain 

fs«>  (202) 

and  in  the  case  of  plane  waves,  where  R^  as  well  as  R2  approaches  «>, 

£.(«)  -  1- 

Fields  of  this  type  are  of  interest  here,  because  the  field  inducing 
a  surface  current  or  charge  may  have  been  initially  reflected  or  diffracted 
by,  for  example,  a  fin,  wing  or  fuselage  of  an  aircraft  before  reaching 
the  surface  point  in  question. 
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1.4. 3. 5.1  Reflection 

The  GTD  field  contains  the  incident  and  reflected  fields  of  geo»»trlcal 
optics  as  its  leading  terms.  Let  a  high-frequency  wave  he  incident  on  a 
smooth,  perfectly  conducting  surface  S  as  shown  in  Fig.  22. 


Fig.  22.  Reflection  at  a  curved  surface. 


:  i 

l 

U 

hi 


For  the  field  Er(S,s)  reflected  from  the  point  Qr  we  have  for  (188) 


1(0, s)  -  E^.s) 


(203) 


C(s)  *  R  (dyadic  reflection  coefficient) 


(204) 


\\ 


ar\d  fs(0  has  the  same  form  as  in  the  preceding  case  except  that  R^^ 
are  replaced  by  R^.R^,  the  principal  radii  of  curvature  of  the  reflected 
wavefront  at  Q  .  Here,  5  is  the  distance  between  Qr  and  the  observation 
point  P,  and 


-  V, 


(205) 


is  clearly  independent  of  i p  for  a  perfectly  conducting  surface.  The  unit 

vector  is  perpendicular  to  the  plane  of  incidence,  and  the  unit  vectors 

1  j  and  ?r  are  parallel  to  the  plane  of  incidence  as  shown  in  Fig.  22. 
li  II  r  r 

Expressions  for  R^,  R^  are  given  in  the  appendix  of  [46], 
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The  geometrical  optics  approximation  can  be  improved  by  including 
higher-order  frequency-dependent  terms  obtained  from  the  Luneberg-Kline 
expansion.  Luneberg-Kline  expansions  for  fields  reflected  from  cylinders, 
spheres  and  other  curved  surfaces  with  simple  geometries  are  given  in  [47], 
These  higher-order  terms  improve  the  high-frequency  approximation  if  the 
specular  point  Qr  is  well  away  from  a  shadow  boundary.  Although  they  do 
provide  some  useful  information  in  the  early-time  period,  these  higher- 
order  terms  are,  in  general,  not  useful  in  extending  the  early-time 
solutions  to  intermediate  times. 

1.4. 3. 5. 2  Edge  Diffraction 

A  UTD  (Uniform  Theory  of  Diffraction)  solution  for  a  high-frequency 
electromagnetic  wave  incident  on  a  curved  edge  (Fig.  23)  has  been  given 
in  [46] . 


if  _ 

diffraction  ( I d,  I  •) 


edge- fixed 


plane  1 1  •  of  Qe 


Fig.  23.  Diffraction  at  a  curved  edge, 
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In  the  case  of  the  field  2^(£,s)  diffracted  from  the  point  Q  on  the 
edge  of  a  curved  wedge,  we  have  for  (188) 

F(0,s)  -  2i(Qfi,a)  (206) 

V(.)  -til1,  Ld,  L«  L™,  C) 

(dyadic  diffraction  coefficient 
for  cuived  wedge)  (207) 


fs(5)  ’  J  5(pc  +  0 

in  which 

“  unit  vector  in  the  direction  of  incidence  at  Q 

e 

■  unit  vector  in  the  direction  of  diffraction  at  Qe 

L*  »  distance  parameter  for  the  incident  wave 

Lro  -  distance  parameter  for  the  wave  reflected  from  the  0 
surface  of  th  •  wedge  (Fig.  23b) 

Lrn  *  distance  parameter  for  the  wave  reflected  from  the  nir 
surface  of  the  wedge  (Fig.  23b) 

£  ■  distance  between  Qg  and  P 

p  =  distance  between  Q  and  the  caustic  on  the  diffracted  ray 

and  is  given  by 


1 _ 1_  _  ^  -  (  t1-  IS 

pc  p^"  a  sin^8 
e  o 


(209) 


where  is  the  radius  of 
e 

in  the  plane  of  and  J6 

te  is  the  associated  unit 
n 


curvature  of  the  incident  wavefront  at  Qe  taken 
(the  unit  vector  tangent  to  th*  edge  at  Q^) , 
normal  vector  to  the  edge  directed  away  from 
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▼  — 


the  center  of  curvature,  a  >  0  is  the  radius  of  curvature  at  Qg,  and  3Q 
the  angle  between  and  t6  as  shown  in  Fig.  23.  The  dyadic  diffraction 
coefficient  D  is  given  by 


(210) 


in  which 


X  ,  ■  unit  vector  perpendicular  to  the  edge-fixed  plane  of  incidence 

♦ 

it  *  unit  vector  perpendicular  to  the  edge-fixed  plane  of  diffraction 

V-^V 

0 

I.  -  t**  I 

»„  * 

and  x  represents  the  parameters  L1,  Lro  and  Lrn  collectively.  The  edge- 
fixed  plane  of  incidence  contains  it"  and  t0,  and  the  edge-fixed  plane 
of  diffraction  contains  and  "te . 

The  soft  and  hard  scalar  diffraction  coefficients  D  and  D,  can  be 

s  h 

factored  to  yield 

“s.hd^.X.s)  •  -  X  <,h<ii.td)£1;cVs>  (211) 

where  mr  is  wedge  angle  (Fig.  23b).  Expressions  for  d®’^(^,t^)  and 
ft(x  ,s)  are  given  elsewhere  [46],  Outside  the  transition  regions  the 
frequency  dependence  of  the  edge  diffraction  coefficient  simplifies  to 


f»-(x  ,s)  =  — 


(212) 


If  the  incident  field  at  Qg  has  a  rapid  spatial  variation  or 
^(Q  ,s)  -  0,  a  second  term  must  be  added  to  .  This  second  term 

can  be  put  into  the  ray  optical  form  of  (188)  with 


253 


J(0,s)  -f 


(213) 


s _ C  3 _ 7+,ti  td  Ti  7ro  rn  , 

c(s)  -  s  sin  ^  3^t  DC1  ,  1  »  L  .  L  »  L  »  s) 

(dyadic  slope  diffraction  coefficient 
for  wedge) 


(214) 


and  f  (£)  given  by  (208).  Here,  the  partial  derivative  with  respect 
to  n  is  taken  in  the  direction  normal  to  the  edge-fixed  plane  of 
incidence,  whose  angular  position  with  respect  to  the  illuminated 
surface  of  the  wedge  is  <j>'  (see  Fig.  23). 

If  the  edge  diffraction  problem  is  two-dimensional  in  nature,  then 
Pc  -*■  <*>  and  the  spreading  factor  in  (208)  reduces  to 

f8(«)  =  H'fl  (215) 

Explicit  edge  diffraction  coefficients  for  certain  geometries  can 
be  found  :  •  [46] . 

1.4. 3. 5. 3  Vertex  Diffraction 

For  the  field  E^(£,s)  diffracted  from  the  vertex  of  a  cone,  a 
plane  angular  sector,  a  rectangular  parallelepiped,  or  a  pyramid,  we 
have 

?(0,s)  -  (216) 

(dyadic  diffraction  coefficient  for  vertex)  (217) 

f  (?)  -  7  (218) 

In  contrast  to  edge  diffraction,  expressions  for  the  vertex  diffraction 
coefficients  are  scarce.  They  are  available  principally  for  wide  angle 
and  narrow  angle  circular  cones,  where  the  field  point  is  away  from 
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shadow  boundaries,  reflection  boundaries,  and  the  surface  of  the  cone. 

Thus,  the  dependence  of  the  vertex  diffraction  coefficients  on  the 

i  rm 

distance  parameters  L  ,  L  (m«0,l,  .  .  .)  is  unknown  present. 
However,  it  is  apparent  from  dimensional  considerations  that  outside 
the  transition  regions  the  vertex  diffraction  coefficient  must  vary 
with  complex  frequency  as  s  \ 

Some  frequency-domain  results  for  diffraction  by  a  circular  semi¬ 
infinite  cone  are  given  in  [47].  Diffraction  by  a  blunt  tip  is  given 
in  [48],  and  the  transient  diffraction  of  a  scalar  wave  by  a  narrow- 
angle,  semi-infinite  cone  can  be  found  in  [49]. 

1.4. 3. 5. 4  Surface  Diffraction 

Diffraction  at  a  convex  surface  is  a  less  local  phenomenon  than 
that  at  an  edge  or  vertex,  and  for  this  reason  its  physical  description 
is  more  complex.  A  portion  of  the  ray  trajectory  £  follows  a  geodesic 
between  the  points  and  on  the  surface,  as  depicted  in  Fig.  24. 
Thus,  £=£,+£  ,  where  £  is  the  straight  line  portion  between  Q9 
and  the  field  point  P.  In  the  paragraphs  to  follow  high-frequency 
expressions  for  the  field  and  current  are  given  at  observation  points 
in  the  shadow  region  away  from  the  shadow  boundary.  The  accuracy  of 
these  expressions  increases  as  the  observation  point  moves  further 
into  the  shadow  region.  If  the  observation  point  is  In  the  illuminated 
region  and  away  from  the  shadow  boundary,  the  geometrical  optics  term 
dominates  whose  accuracy  can  be  improved  somewhat  by  Including  higher- 
order  terms  from  the  appropriate  Luneberg-Kline  series.  The  GTD 
description  of  electromagnetic  diffraction  at  a  perfectly-conducting 
convex  surface  has  been  given  in  [50,51]. 

In  discussing  the  diffraction  at  a  convex  surface,  it  is  convenient 
to  introduce  the  factor 


s 

TpUs,s)  -  exp  -  ap(x,i 
J0 


(219) 


which  describes  in  part  the  amplitude  variation  and  phase  shift  of  the 

pth  surface-ray  modal  field  between  Q.,  and  Q~.  Here,  a  is  the  complex 

*•  P 


1  - 


attenuation  constant  of  the  pth  surface-ray  mode.  Later,  the  super¬ 
scripts  s  and  h  are  added  to  denote  the  soft  and  hard  boundary  conditions. 
The  total  field  vanishes  at  the  surface  in  the  former  case,  whereas  the 
normal  derivative  of  the  total  field  vanishes  in  the  latter.  Expressions 
for  Op  and  the  other  GTD  parameters  for  the  convex  surface  can  be  found 
in  Part  2. 
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Diffraction  where  both  the  source  point  0  and  the  field  point  P 
are  away  from  the  convex  surface  will  be  considered  first.  The  geometry 
is  shown  in  Fig.  24.  Referring  to  (188)  one  has 


and 


F(0,s)  -  E^.s) 


^<s)  mtn}^a's)  +tb1^b2GUs»8) 


fs(0 


/  pc 

Vdn2  V  £o(pc  +  Eo) 


(220) 

(221) 

(222) 


is  the  net  spreading  factor  for  the  surface  ray  and  the  diffracted 
ray  Q2P.  The  tangential,  binomial,  and  normal  unit  vectors  to  the 
ray  at  the  point  Q.  (1*1,2)  are  denoted  by  ,t,  ,  t_  .respectively. 
Also  in  (221) 


*i  ui 


00 

F(5  .a)  -  l  dNi,s)tJJ(£  ,s)dJ'(2,s) 


P-1 


P  8 


(223) 


G(5s,8)  -  l  D8(l,s)T8(5s,s)D®(2,s) 

p*l  p  p  p 


(224) 


where  D^(i,s)  is  the  surface  diffraction  coefficient  at  the  point  Q^, 
and  again  the  hard  or  soft  boundary  condition  is  identified  by  an 
additional  superscript  h  or  s. 


Next,  let  the  observation  point  be  on  the  surface  at  Q2.  Now, 
the  surface  current  and  charge  are  of  interest;  they  are  determined 
from  (195)  and  (196) .  The  current  can  be  put  into  the  form  of  (188) , 
i.e. , 


~  $(o,s)^c(s)f  (e  ) 

p  8 


-sSg/c 

e 


(225) 


257 


1  - 


Furthermore,  at  high  frequencies  the  continuity  equation  may  be  approxi' 
mated  by 


l  a _ 

s  35 

s 


Tp(Ss-a)Ap<2-s) 


1  ,  °P(£S’S) 

c  s 


Tp<V6>Ap<2 


fdn7 

*8)V  dp2 


dn.  - 5  s/ c 
8 

dn2 


(232) 


has  been  used.  Note  that  A  (2,s)  and  dn9  are  functions  of  5  *  but  in 

P  z  h  3 

general  they  are  slowly  varying  in  comparison  with  T  (£  ,s)  and 

P  S 

exp(-5as/c) . 

It  is  convenient  to  treat  the  radiation  from  a  slot  or  aperture 
in  a  perfectly  conducting  convex  surface  by  introducing  an  equivalent 
source  at  each  point  in  the  aperture.  The  equivalent  source  is  the 
infinitesimal  magnetic  current  d?m  or  the  magnetic  dipole  moment  dm 
defined  by 


d4(vs) 


sp  dm(Q1,s) 


E(Qx,s)  *ln 


da, 


(233) 


where  E(Q^,s)  is  the  aperture  electric  field  and  da  is  an  infinitesimal 
area  element  at  Q^.  The  electric  field  at  P  may  be  put  into  the  form 
of  (188)  with 


1(0, s)  “ 

dJa  (Q1>S) 

(integration  over  aperture) 

(234) 

^(s).ibt 

V 

l2WS>  +^t^b^s^s’S^ 

(235) 

yo  -  ^ 

h  dh  I  pc 

(236) 

pc  d*2  V  F’o(pc  +  ^ 

in  which  dij^  is  the  angle  between  the  tangents  to  a  pair  of  infinites¬ 
imally  displaced  surface  rays  at  and  dip2  **  dr^/p,,  t!  '0  angle  between 
the  tangents  to  the  same  two  rays  at  Q2.  In  (235) 
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(237) 


V5S.»> 


OD 

-  4nc  ^  lpa.=)Ip(5s.8)D^2,s) 


and  Ws)  has  the  same  form  as  F8(es.s),  except  that  the  superscript 
h  is  replaced  by  s.  In  the  above  expression  the  Lp(l,s)  are  the  launching 
coefficients  for  the  surface-ray  modes.  Using  reciprocity  it  can  be 
shown  that 


T  ^  T®  .S 

L  -  A  ,  L  -  -  A 
P  P  p  p 


(238) 


When  the  observation  point  is  on  the  surface  at  Q^,  the  surface 
current  is  given  by  (225)  with 


where 


F(0,9>  .  j  dJn(QllS) 

~<s)  -Wvvs> 


1 


•V«s-S)  '  4feYop^(l-8)I5<{8's)Ap<2's) 


(239) 


(240) 


(241) 


(242) 


and  (^s ,s)  has  the  same  form  as  tfs<5s,s),  except  that  the  superscript 
h  is  replaced  by  s.  Employing  (226)  one  finds  the  associated  surface 
charge  density  to  be 


(5  ,s)  -  -  1-dJ  (Q  s)Y  /—  ~ 
3  m  1  o  y 


s)Ap(2,s)  (243) 


For  an  infinitesimal  electric  current  element^  I(Qlts)d£  at  Q 
the  diffracted  electric  field  at  P  away  from  the  surface  is 


/ 
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CHAPTER  1.5 
SCALE  MODELING 


1.5.1  THEORETICAL  BACKGROUND 

In  any  study  of  electromagnetic  phenomena  it  is  ultimately 
necessary  to  determine  the  field  quantities  involved.  If  the  system 
is  at  all  complex,  an  analytical  solution  of  the  problem  may  be 
impossible  to  obtain  and  a  computer  solution  based  on  the  use  of 
differential  and/or  integral  equations  prohibitively  expensive.  It 
is  then  necessary  to  resort  to  measurements,  and  these  may  also  be 
desirable  to  validate  any  (approximate)  theoretical  and  numerical 
results  that  have  been  found.  However,  even  an  experimental  study  of 
a  full-scale  EMP  problem  may  be  difficult  and  costly  to  perform  because 
of  the  size  of  the  system,  and  it  is  therefore  natural  to  look  to 
small-scale  simulation  or  modeling  as  a  means  of  facilitating  the 
measurements.  This  technique  has  been  widely  used,  particularly  in 
scattering  and  antenna  work  where  it  is  often  convenient  to  perform 
the  measurements  on  a  small-scale  version  of  the  original  system,  but  it 
can  also  be  used  co  provide  information  about  many  other  properties  of 
the  syGtem. 

The  modeling  of  electromagnetic  systems  is  an  important  tool  both 
theoretically  and  experimentally.  The  method  of  conformal  mapping  is 
an  example  in  which  a  given  system  is  modeled  by  another  whose  solution 
is  easier  to  find,  and  the  desired  solution  is  then  obtained  from  the 
model  solution  via  the  mapping  function.  The  application  of  transform 
techniques  can  also  be  viewed  as  a  form  of  modeling,  and  such  modelings 
are  often  non-linear  in  the  sense  that  the  solution  of  the  original 
problem  is  not  linearly  related  to  that  of  the  model.  The  concept  and 
feasibility  of  non-linear  modeling  in  general  is  discussed  in  [1],  and 
though  it  would  appear  to  offer  some  advantages  over  linear  modeling, 
the  procedures  have  not  yet  been  adequately  developed.  We  shall  there¬ 
fore  confine  our  attention  to  the  simpler  case  of  linear  modeling  (or 
scaling) ,  whose  value  is  primarily  in  connection  with  experimental 
measurements . 
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The  possibility  of  constructing  a  scale  model  of  an  electromagnetic 
system  is  based  on  the  linearity  of  the  field  equations  and  the  principle 
of  electrodynamic  similitude  [2,3].  Within  the  confines  of  linear 
modeling,  it  is  necessary  to  exclude  systems  having  any  non-linear 
component  in  the  form  of  a  non-linear  impedance  or  medium  (e,g_-,  ferro¬ 
magnetic  material),  or  a  component  which  is  time-dependent.  In  such 
cases,  non-linear  modeling  is  necessary  to  provide  a  precise  simulation. 

It  is  a  relatively  simple  matter  to  determine  the  conditions  for 
a  scale  model  to  simulate  the  system.  Consider  a  system  in  which  E(r,t) 
and  S(r,t)  are  the  electric  and  magnetic  field  vectors,  where  r  denotes 
the  position  vector  of  an  arbitrary  point  and  t  is  the  time.  If,  in 
the  model,  all  variables  are  represented  by  primed  quantities,  we  write, 
following  [4] 


r  “ 

pr', 

t  »  T  t' 

->■ 

E  * 

g  t\ 

t  -  h  H 

(1) 


where  p,  r,  g  and  h  are  respectively  the  mechanical,  temporal,  electric 
and  magnetic  scale  factors.  We  remark  that  four  factors  are  all  that 
are  needed,  since  only  four  fundamental  units  (mass,  length,  time  and 
charge)  are  required  to  describe  an  electromagnetic  quantity.  In  both 


systems  the  fields  are  required  to  satisfy  Maxwell's  equations  and  the 
constitutive  relations,  and  if  e.(r)  and  u(r)  are  the  (complex)  permitti¬ 
vity  and  permeability  respectively,  then  at  corresponding  points  of  the 
systems 


In  a  similar  manner  the  relations  between  the  other  electromagnetic 
quantities  in  the  two  systems  can  be  derived. 


For  any  arbitrary  choices  of  the  scale  factors  p,  g,  h  and  t  it 
is  theoretically  possible  to  construct  a  model  to  simulate  a  full-scale 


system  exactly.  In  practice,  however,  there  are  certain  restrictions 
on  the  factors  due  to  the  limited  ranges  of  variation  of  £  and  y  in 
actual  media  which  can  be  used  in  the  model.  One  of  the  media  in  the 
full-scale  system  is  often  free  space  (air)  and  it  is  generally  desirable 
to  simulate  this  using  free  space  in  the  scaled  model,  not  only  for 
convenience  but  also  because  of  the  higher  attenuation  in  most  other 
media.  This  is  certainly  customary  in  scattering  and  antenna  measure¬ 
ments,  and  it  now  follows  that  for  these  regions  of  the  model 

e'  ■  e,  y*  ■  y  (3) 

Since  (2)  must  be  satisfied  everywhere,  (3)  must  be  true  for  all  media, 
implying 

££  -  l  -  (4) 

rh  Tg 

from  which  we  have 

x  ■  p,  g  ■  h  (5) 

The  temporal  and  mechanical  scale  factors  are  therefore  identical,  as 
are  the  magnetic  and  electric  ones.  Thus,  for  a  system  and  its  model 
in  a  common  medium,  there  are  only  two  factors,  p  and  h,  which  can  be 
arbitrarily  chosen. 

The  restriction  h  *  g  imposed  by  (5)  can  be  understood  by  noting 
that  h/g  is  the  ratio  of  the  wave  impedance  at  a  point  in  the  model  to 
that  at  the  corresponding  point  in  the  full-scale  system.  Since  the 
same  medium  is  used  in  both,  the  impedances  must  be  the  same.  Note 
also  that  the  restriction  fixes  only  the  ratio  of  g  to  h  and  does  not 
restrict  the  choice  of  either.  If  h  is  left  arbitrary,  the  model  has 
been  termed  [4]  a  geometrical  one  in  which  the  geometrical  configurations 
of  the  lines  of  force  are  simulated  but  not  the  power  levels  of  the 
full-scale  system.  On  the  other  hand,  if  a  specific  value  is  assigned 
to  h  ■  g  the  model  is  an  absolute  one  in  which  the  power  levels  are 
also  simulated  and  quantitative  data  are  obtained  immediately. 


In  spite  of  the  fact  that  the  power  level  used  in  a  geometrical 
model  is  unknown,  it  is  still  possible  to  obtain  quantitative  results. 

The  most  common  method  is  to  employ  a  standard  whose  performance  is 
known.  To  illustrate  the  method  let  us  consider  the  problem  of  deter¬ 
mining  the  radar  cross  section  of  a  target.  If  the  model  is  simply  a 
geometric  one,  the  scattered  power  is  compared  with  that  scattered  by 
another  body  such  as  a  sphere,  plate  or  corner  reflector  when  placed 
at  the  same  position  as  the  target  and  illuminated  by  the  same  field. 
Provided  the  scattering  cross  section  of  the  calibrating  body  is  known 
(usually  from  computations)  the  cross  section  of  the  target  can  be 
found.  This  is  the  customary  procedure,  but  note  that  if  in  the  model 
experiment  the  incident  power  is  tapped  and  measured  directly,  h  can 
be  determined  and  the  model  becomes  an  absolute  one. 

Let  us  consider  now  a  geometrical  model  in  which  only  the  mechanical 
scale  factor  p  is  assigned.  The  ratio  of  any  full-scale  length  to  the 
corresponding  model  length  is  thus  given  by  p,  which  is  usually  chosen 
to  yield  a  model  of  convenient  size  for  the  measurements.  The  relations 
between  some  of  the  more  important  electrical  (and  other)  quantities 
are  listed  in  table  1. 

Linear  (or  scale)  modeling  is  an  important  tool.  It  can  make 
possible  the  study  of  a  large  system  in  free  space  using  a  small  scale 
version  in,  for  example,  the  controlled  conditions  that  an  anechoic 
chamber  provides,  but  it  is  not  without  its  limitations.  If  one  of 
the  media  Is  lossy  it  may  be  very  difficult  to  find  a  material  which 
simulates  this  at  the  scale  frequency  and,  in  practice,  it  is  generally 
impossible  to  scale  precisely  the  non-zero  impedances  associated  with 
any  circuits,  antennas,  etc.  The  extent  to  which  this  is  a  major 
shortcoming  depends  on  the  quantities  to  be  measured. 

1.5.2  SCALE-MODEL  MEASUREMENTS 

The  scale  model  actually  used  in  measurements  may  be  plastic 
(assembled  from  a  hobby-shop  kit),  a  manufacturer’s  table  display  model, 
or  one  specially  constructed  from  wood  or  metal  in  a  machine  shop.  Non- 
metallic  models  are  given  several  coats  of  silver  conducting  paint,  and 
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TABLE  1.  RELATIONS  FOR  A  PRACTICAL  GEOMETRICAL  MODEL 


Quantity 

Full-Scale  System 

Model  System 

length 

l 

l'  m  L/p 

time 

t 

t*  -  t/p 

frequency 

f 

f'  -  pf 

wavelength 

X 

X'  -  x/'p 

propagation  constant 

k 

k'  -  pk 

phase  velocity 

V 

v’  ■  V 

permittivity  (complex) 

e 

e'  ■  e 

conductivity 

a 

o'  "  pa 

permeability 

U 

w'  “  V 

resistance 

R 

R'  -  R 

reactance 

X 

X'  -  X 

impedance 

Z 

Z'  -  Z 

capacitance 

c 

C'  -  C/p 

inductance 

L 

L'  ■  L/p 

scattering  area 

A 

A'  ■  A/p2 

magnetic  field 

£ 

S'  -  4/h 

electric  field 

1 

i'  -  f/h 

current  (surface)  density 

■  if/h 

current  (volume)  density 

-  V/h 

current 

I 

I'  -  l/hp 

charge  (surface)  density 

p 

p*  ■  p/h 

charge  (volume)  density 

pv 

Pv  *■  PvP/h 

charge 

Q 

Q’  -  Q/hp2 

mounting  holes  are  cut  as  necessary  for  the  accommodation  of  surface 
field  sensors.  It  is  important  to  note  that  it  may  be  impractical  to 
model,  in  the  case  of  aircraft,  its  finer  details  such  as  wing  flaps, 
windows,  or  other  airframe  discontinuities.  Even  if  this  were  possible, 
the  sensors  used  may  not  be  small  enough  to  detect  the  local  field  pertur¬ 
bations  produced  by  these  discontinuities.  Thus  scale-model  measurements 
are  best  suited  to  the  determination  of  "large-scale"  currents  and  charges 
on  conducting  bodies. 

The  configuration  of  the  scale-model  measurement  facility  at  the 
University  of  Michigan  is  shown  in  Fig.  1.  Its  major  components  are 


Anecboic  Chamber 


Fig.  1.  Surface-field  measurement  facility  at  the  University 
of  Michigan. 
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the  tapered  anechoic  chamber  SO  feet  in  length,  the  signal  source,  the 
receiver,  and  the  control  and  recording  equipment.  This  system  is 
linked  to  a  large  computer  where  the  data  are  processed.  The  operating 
frequency  range  of  this  facility  is  presently  0.45-4.25  GHz.  In 
practice,  the  maximum  useful  frequency  range  for  scale-model  measurements 
is  0.1-10  GHz.  Below  0.1  GHz  standard  absorbing  materials  no  longer 
provide  a  good  simulation  of  the  free-space  environment,  and  above 
10  GHz  it  is  difficult  to  make  sensors  which  are  small  in  comparison 
to  wavelength  and  yet  have  adequate  sensitivity. 

Some  typical  probes  and  sensors  used  in  measurements  are  shown 
in  Fig.  2.  The  AFWL-designed  sensor  series  MGL-8  and  ACD-1  [5]  are 
useful  on  larger  models  (linear  dimensions  >  50  cm) ,  but  on  smaller 
models  it  is  usually  necessary  to  rely  on  miniaturized  sensors  which 
are  specially  fabricated.  These  typically  take  the  form  of  loops, 
half  loops,  and  monopoles  made  of  0.52  mm  diameter  coaxial  cable. 

These  small  sensors  may  be  individually  calibrated;  or  it  may  be  more 
convenient  to  calibrate  the  entire  system  of  which  the  sensor  is  a  part  [6]. 


B-dot 


D-dot 


B-dot 


Fig.  2.  Types  of  laboratory-made  sensors  used  in  scale-model  measure¬ 
ments.  The  top  ones  were  developed  by  AFWL  and  those  at  the 
bottom  were  made  in  the  Radiation  Laboratory  at  the  University 
of  Michigan. 


The  accuracy  of  scale-model  measurement  data  can  be  dt  ermined ,  at 
least  for  simple  test  objects,  by  comparison  of.  the  data  with  theoretical 
predictions.  In  the  Michigan  facility,  the  measured  data  agree  with 
theoretical  predictions  within  ±  0.5  d£  in  amplitude  and  ±  2.5°  in 
phase  for  a  spherical  test  object.  The  sphere  is  probably  too  simple 
a  test  object  to  adequately  determine  model  measurement  errors.  However, 
the  following  sources  of  error  can  be  identified  from  experience  at  the 
University  of  Michigan  [7,8]: 

(a)  Background  noise  as  evidenced  by  a  measured  signal  in  such 
cases  when,  from  symmetry,  the  true  field  component  must  be 
zero.  This  encompasses  the  effect  of  equipment  (thermal) 
noise,  the  impurity  of  the  field  in  the  chamber,  errors  in 
the  alignment  of  a  sensor  on  the  model,  signal  and  gain 
instabilities  of  the  equipment,  and  possible  interactions  of 
the  sensor  lead  with  the  model.  Such  noise  can  be  pictured 
as  a  circle  of  uncertainty  about  the  measured  value  in  the 
complex  plane.  When  all  quantities  are  normalized  to  the 
incident  field  value,  the  magnitude  of  the  noise  signal  is 
typically  of  order  0.2,  and  the  signal  itself  can  be  written 
as  0.2  exp(jtj0,  where  <p  is  arbitrary.  The  error  due  to  the 
noise  is  therefore  only  2  percent  for  measured  fields  of 
magnitude  10,  but  can  be  as  much  as  20  percent  (or  larger) 
at  stations  in  shadow  regions  where  the  field  amplitudes  are 
unity  or  less. 

(b)  Phase  errors  due  to  errors  in  positioning  of  a  model  with 
respect  to  the  incident  field  reference  plane.  With  adequate 
care  it  is  possible  to  position  models  to  within  ±  1.5  mm  of 
the  desired  location,  which  translates  to  an  average  phase 
error  of  ±  4  degrees.  In  many  instances,  however,  the  models 
themselves  are  not  accurate  to  this  extent,  leading  to  an 
additional  phase  error. 

(c)  Errors  produced  by  sensor  integration  when  measurements  are 
made  near  edges  and  small-radius  surfaces  that  create  fields 
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which  are  non-uniform  over  the  dimensions  of  the  sensors. 
Although  the  sensors  used  are  only  2  to  3  mm  in  size,  the 
averaging  effect  can  produce  as  much  as  20  percent  reduction 
in  amplitude  with  models  as  small  as  a  1/383  scale  E-4  [8]. 
Fortunately,  the  trend  is  to  the  use  of  lower  measurement 
frequencies  and  larger  models  for  which  the  integration 
error  should  be  no  more  than  about  5  percent. 

The  probable  error  resulting  from  these  effects  differs  from  case 
to  case,  but  from  comparisons  of  data  using  different  scale  models  it 
would  appear  that  in  most  circumstances  results  can  be  obtained  which 
are  accurate  to  1  dB  in  amplitude  and  10  degrees  in  phase,  provided 
good  models  are  available. 
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CHAPTER  1.6 
ERROR  ESTIMATION 


The  application  of  theoretically  or  empirically  derived  formulas 
to  the  prediction  of  the  behavior  of  a  given  system  necessarily  involves 
some  degree  of  inaccuracy,  since  a  mathematical  model  of  a  given  physical 
system  can  never  take  all  of  the  features  of  that  system  into  account. 

The  essence  of  mathematical  or  scale  modeling  is  to  treat  those  aspects 
of  the  system  that  are  judged  to  be  of  the  greatest  importance  and  to 
ignore  the  remainder.  Thus,  given  judicious  choices  of  models  and 
accuraJ^ mathematical  analyses,  one  can  predict  the  behavior  of  the 
modeled  system  with  a  certain  degree  of  accuracy,  but  never  with  exacti- 
tude.  It  is  therefore  desirable  that  the  accuracy  of  a  given  theoretical 
model  be  estimated  and  that  this  estimate  be  used  in  conjunction  with 
the  application  of  the  model  to  a  specific  system  [1,2], 

Since  the  systems  considered  in  this  document  (e.g.,  aircraft  and 
missiles)  are  so  complicated,  they  are  broken  down  for  modeling  purposes 
into  simpler  subsystems  which  are  amenable  to  analysis.  The  basis  for 
this  decomposition  is  the  topological  concept  described  in  Chap.  1.2. 
Given  the  error  estimates  for  the  individual  subsystem  analyses,  the 
problem  of  error  analysis  for  the  system  itself  becomes  chat  of  properly 
combining  the  error  estimates  for  the  subsystem  analyses.  It  is  the 
objective  of  this  chapter  to  present  a  formalism  by  means  of  which  this 
error-combination  process  can  be  accomplished. 

Since  the  error  in  a  given  subsystem  analysis  is  not  precisely 
known,  a  probabilistic  approach  to  the  problem  of  error  description 
will  be  useful.  This  approach  and  its  method  of  application  are 
described  in  the  following  sections  of  this  chapter.  We  begin  in 
Sec.  1.6.1  with  a  general  discussion  of  linear  EMP  interaction  models 
and  of  the  probabilistic  description  of  the  system  response  functions  in 
the  frequency  and  time  domains.  Then  in  Sec.  1.6.2  are  considered  the 
input  quantities  required  for  the  error  description  of  the  stimulus  and 
transfer  functions.  The  error  description  of  an  elementary  (single¬ 
path)  response  function  is  developed  in  Sec.  1.6.3.  In  Sec.  1.6.4  we 
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discuss  the  problem  of  error  analysis  for  series  and  parallel  interaction 
paths.  Confidence  bounds  are  considered  in  Sec.  1.6.5. 

1.6.1  GENERAL  CONSIDERATIONS 

The  EMP  interaction  problem  is  assumed  to  be  linear  and  describable 
by  frequency-domain  relations  of  the  form 


Ri;1(u,[vn];JO  -  Tij(to,[Vn];i)Sj(m;£)  (1) 

in  which 

u  =  electromagnetic  field  frequency  in  radians/sec;  w 
=  2rf,  where  f  is  the  frequency  in  Hz. 

[V  ]  ■  vector  describing  the  electrical  state  of  the 
system;  n  =  l,2  .  .  .  ,N. 

£  =  ith  topological  layer  or  shell  of  shielding  in  the 
interaction  problem;  £  “  1,2 . L. 

(a),  [Vfl]  ;£)  *  frequency-domain  response  at  the  ith 
response  point  in  the  ith  layer,  due  to  a  stimulus 
at  the  jth  point  of  entry  (POE)  of  the  ith  layer 
i-1,2,  .  .  .  ,  I(£)  ;  j  -1,2,  .  .  .  ,  J(£). 


S^.(w;£)  *  frequency-domain  stimulus  applied  at  the  jth  POE 
of  the  ith  layer. 

T^j (w, [VnJ ;£)  =•  transfer  function  which  produces 
R^  (w, [V^] ;£)  from  S^ (m; £) . 


The  total  response  R^(w,[Vn];£)  at  the  ith  response  point  to  the 
J  stimuli  is  given  by  the  sum  of  the  individual  responses,  viz., 


Ri(w,[Vn];£) 


J(£) 

^  R^Cm.tVjji) 


*In  this  chapter,  frequency-domain  relations  are  expressed  in  terms  of 
real  radian  frequency  w  (i.e.,  s-jm). 
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which  gives ,  in  view  of  (1) , 


T 

j-i 


(u;i) 


(2) 


The  transfer  functions  may  themselves  represent  several  series  and/or 
parallel  interaction  subpaths,  and  are  then  expressed  in  terms  of  elemen¬ 
tary  transfer  functions  T?.  as 


P(i,j)  M(p,i,j) 

T^Oo.lY _]}£)  -  l  n 

p-1  nrl 


‘±i 


ijp 


(3) 


in  which  T™.  denotes  the  transfer  function  of  the  mth  series  portion  of 
ijP 

the  pth  parallel  subpath.  ?(i,j)  denotes  the  number  of  parallel  subpaths 
linking  the  jth  POE  or  stimulus  point  to  the  ith  response  point,  and 
M(p, i, j )  is  the  number  of  series  segments  of  the  pth  parallel  subpath. 
These  transfer-function  relations  are  shown  in  Fig.  1.  The  time-domain 
response  function  (t, [VnJ ;4)  is  the  Fourier  integral  of  the  frequency- 
domain  raaponaa  iy  to.  [VJ  It) .  namely 


Vt.IVU)  *5 


Ry  to.  [VnJ  ;l)ejWtdu 


W 


The  error  estimation  problem  for  the  linear  interaction  model  which 
has  been  described  above  is  that  of  combining  errors  in  the  transfer 
functions  T^^  and  the  stimulus  functions  to  obtain  the  resulting 

error  in  the  frequency-domain  response  R. .  From  the  error  in  the 

/  ^ 

frequency-domain  response,  one  may  calculate  the  error  in  the  time-domain 
response  by  evaluating  a  Fourier  integral. 


We  shall  assume  in  the  remainder  of  this  chapter  that  R^ ,  T^j  (or  T^p), 
and  S .  represent  the  true  values  of  the  response,  transfer,  and  stimulus 
functions  respectively,  and  that  the  predicted  values  of  these  quantities 

A  A  A  A 

are  respectively  R^,  T^  (or  T^^) ,  and  Sj .  We  may  then  treat  the  R^, 


(c) 


j  stimulus  point  response  point 

^Upa  %  *  *  *  *  *  *  *  ^?Jp> 

Fig.  1.  Illustrating  transfer-function  relations  for  linear  Interaction 
model,  (a)  Interaction  paths;  (b)  parallel  Interaction  subpaths; 
(c)  series  Interaction  subpaths. 
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T. . ,  and  S,  as  confidence-error  random  variables  distributed  around  the 

J  J  S  ft  «w  <w 

predicted  values  Rij’  Tij*  and  S j .  More  precisely,  R^,  T^j,  and  are 
stochastic  processes  with  parameter  u>,  whose  sample  functions  are  distri- 

A  fc  •** 

buted  around  the  functions  R^ ,  T^, ^ ,  and  .  If  it  were  possible  to 
obtain  a  complete  probabilistic  description  of  the  random  processes  (<o) 
and  in  terms  of  their  joint  probability  density  functions,  one 

could  derive  a  complete  description  of  the  response  process  *ij  (u>)  and 
thus  of  its  Fourier  integral  (t)  [3,4].  Such  an  endeavor  is  far  too 
complicated  to  be  pursued  here;  rather,  we  shall  focus  our  attention  on 
a  partial  probabilistic  description  of  the  time-domain  response  process 
&jj(t)  and  determine  what  frequency-domain  information  is  required  for 
such  a  partial  description. 

We  shall  describe  R^ (t)  in  terms  of  its  mean  (or  expected  value) 
its  variance.  These  are  defined  as  [4,  pp.l38ff.]. 


£{r.  .  (t) }  -  R..(t)  "  expected  value  of  R..  (t) 


^VjWt  -  [ity(t)  -  Ry(t)]' 


•  V0  *  V° 


&  denotes  the  expectation  operator.  The  mean  function  (t)  exhibits 
the  central  trend  of  the  sample  functions  of  the  process  R^Ct);  the 
variance  function  measures  the  amount  of  spread  of  the  sample  functions 
around  the  mean.  A  closely  related  quantity  which  we  shall  also  consider 
is  the  expected  value  of  the  energy  in  the  response 


S<V 


dc 


varfR^  (t)}dt 


(t)  dt 
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The  frequency-domain  quantities  necessary  for  the  determination  of 

the  mean  and  variance  of  R. ,  (t)  and  the  expected  value  of  the  energy 

j-j 

in  the  response  are  the  mean  and  covariance  functions 


&{Ri;J(«)}  -  <») 


(7) 


covjR^  (u) ,  Ry  (<o')}  -  R^j  (<a)R^j  Cu> f )  -  ^((a)  R^Cu’) 


since,  as  is  easy  to  show, 


rw 


Rij  (t)  •  R^Coi)  e^utda) 


(8) 


/  V  2  00 

varlR^Ct)}  m\~^)  I  cov^R^Coj),  R^  (oi1)  }e^u  “  ^dwdu)' 

'-oo  "  J 


Equivalently,  we  may  consider  R^j  (<a)  and  the  correlation  function 


cor{R^j  (<a) ,  (<•>')}  -  R^  (aijR^  (u' ) 


(9) 


cov{R.  .  (ca) ,  R..(<a')}  +  R,.(ia)  R*,(u>') 


ij  ’  i  j 


ij  ij 


The  error-analysis  problem  therefore  reduces  to  that  of  determining 
the  mean  and  correlation  (or  covariance)  functions  of  the  frequency- 
domain  response  process  R^  (<a) .  These  are  expressed  in  terms  of  the 
stimulus  and  transfer  functions  as 


R(oj)  “  T(ia)S(oi) 


R(<a)R*Oa’)  ■  T((a)T*((a' )S(ca)S  (u’) 


(10) 


in  which  the  subscripts  have  been  dropped. 
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I 


We  shall  assume  that  the  frequeney-domain  processes  T(u)  and  S(m) 
are  uncorrelated;  this  assumption  is  reasonable  In  view  of  the  linear 
model  under  consideration.  Thus  (10)  simplifies  to 


R(uj)  -  T(<o)  S(us) 

(11) 


R(m)R*(u>')  -  T(m)T*(m')  S(u>)S*(to') 


and  the  mean  and  correlation  functions  of  R(ui)  are  simply  the  products 
of  the  corresponding  functions  for  T(m)  and  S (to) .  In  the  next  section 
we  will  turn  to  the  problem  of  evaluating  the  mean  and  correlation 
functions  of  T(u)  and  S(rn)  in  terms  of  an  assumed  error  model. 


1.6.2  ERROR  SPECIFICATION  FOR  STIMULUS  AND  TRANSFER  FUNCTIONS 
The  transfer  function  T(<o)  and  the  stimulus  S(m)  can  be  expressed 

A  A 

as  the  sums  of  the  predicted  values  of  these  quantities,  T(o>)  and  S  (to) 
respectively,  and  error  random  variables  et(w)  and  es(a>) 

A 

T(io)  =  T(w)  +  et(ui) 

(12) 

A 

S(u>)  ■  S(u>)  +  e  (to) 

o 

Expressing  the  mean  and  correlation  functions  of  T(oi)  and  S (to)  in  terms 
of  this  representation,  we  find  that 


T (co)  =*  T(u>)  +  et(u) 

‘  A 

S(u)  -  S(u)  +  ec(ui) 

(13) 

A  A  A  ^ 

T(a>)T  (co')  -  T(u)T  (w')  +  T(m)et(u?) 

+  T*(u’)et(uj)  +  et(u)et(o)') 


1 

1 

\ 


1 


\ 


(13) 


S (oj) S* (oj* )  ■  S(w)S  (a)')  +  S(w)e*(w') 


+  S*(a)')e  (u)  +  e  (w)e*( «') 

8  8  8 


The  quantities  necessary  for  the  error  specification  of  T(u$)  and  S(u) 

are  therefore  the  mean  and  correlation  functions  of  the  error  random 

variables  e  (u>)  and  e  (w) . 
t  s 

Now  we  introduce  certain  assumptions  concerning  the  error  random 
variables  e  (u>)  and  e  (u) .  The  fundamental  assumptions  are  that 

t  S 

(a)  the  magnitudes  and  phases  of  et(u>)  and  es(u)  are  independent 

(b)  the  phases  are  uniformly  distributed  on  intervals  of  width  2ir. 

A 

These  assumptions  imply  that  at  a  given  frequency  u,  the  point  T(u>)  in 
the  complex  T-plane  is  surrounded  by  a  "circle  of  uncertainty"  whose 
radius  is  measured  by  |e  (w)|.  The  probability  that  f(w)  lies  within 

U  A 

a  distance  | tQ |  of  the  point  T(w)  is  therefore  given  by  [4,  p.  94] 


et(a»)  |  1  |tc 


J 

K 


|et(m) 


(x)dr 


where 


et(a>) 


probability  density  function  of  the  random 
variable  |et(u>)| 


Similar  statements  also  hold  for  S(u).  As  an  example,  if  [et(<i))|  has 
a  Rayleigh  density  and  a  mean-square  value  ]  (cu)  [  ^  D  (e^(w)>,  then 


£lit<“)l(,>  \i\My 


2t  -x2/<e^(u)> 
; - e 


for  t  >_  0,  and  zero  otherwise;  and  (14)  gives 

p{|et(“)|  1  I  to  I }  “  1  -  exp(-|to|2/<e^(u»)>) 


J 


The  above  two  assumptions  also  Imply  that  e  (id)  -  e  (w)  -  0,  so 

t  S  A  £ 

that  there  is  no  systematic  bias  in  the  predicted  values  T(u)  and  S(u); 
if  such  a  bias  were  known  (or  suspected)  to  be  present,  it  would  be 
incorporated  into  the  predicted  values.  Thus  the  zero  means  of  e^Cu) 
and  ms(u))  can  be  considered  to  reflect  a  maximum  degree  of  ignorance 
concerning  these  errors. 

It  is  also  convenient  to  express  e  (w)  and  e  (u)  as- being  propor- 

A  A  U  8 

tional  to  f(u)  and  S(id),  respectively, 

A 

et(ui)  -  xt(a))T(ai) 

(17) 

£ 

es(u)  -  xs(ai)S(m) 

in  which  the  constants  of  proportionality  are  the  random  variables  xt(u>) 

and  x  (u) .  These  random  variables  have  phases  which  are  independent  of 

8 

their  amplitudes  and  which  are  uniformly  distributed  on  intervals  of  width 

2  /  2 

2ir .  Their  mean-square  magnitudes  are  respectively  <x  (oj)/  and  <x  («)>. 

The  expressions  (17)  are  useful  for  dealing  with  frequency-domain 
error  estimates  expressed  on  a  fractional  or  percentage  basis. 

The  above  two  assumptions  permit  us  to  write 


A 

T(<d)  -  T  (u>) 

S  ((d)  ■  S  ((d)  (18) 

T((d)T*((d')  -  T(id) T*(aj’)  [l  +  xt ((d) x* (<d ’ )  ] 

S((d)S*(ld')  -  S(id)S*((d')  |  1  4-  x  (a))x*((d')  I 

L  fl  S  J 


from  which  it  is  easily  shown  that 


cov{T(u>),  T(o)' ) }  -  T(w)T  ((t)')xt(u)i*((»)') 

cov{§(w),  S(w')}  ■  S(u)S*(u,)x  (w)x*(u>') 

8  8 

var{T(u)}  -  <x2(w)>|T(m)  |2 

var {s((o) }  -  <x2(w)>|s(w)  |2 

8 


(19) 


It  Is  apparent  that  the  correlation  functions  of  the  error  random 
variables  x  (u>)  and  x  (u>)  are  the  quantities  which  are  necessary  for  the 
determination  of  the  mean  and  variance  of  the  time-domain  response.  These 
correlations  could  be  readily  evaluated  if  the  joint  probability  densities 
of  x  (oj)  and  x  (oi'),  or  x  (m)  and  x  (w*),  were  known.  It  is,  however, 

^  W  8  8 

unlikely  that  such  information  would  be  available  in  a  practical  situa¬ 
tion.  Thus  we  must  either  be  provided  with  the  actual  or  estimated  error 
correlation  functions  themselves,  or  be  satisfied  with  such  information 
concerning  the  time-domain  response  as  can  be  gleaned  from  a  knowledge 
of  the  mean-square  values  and  <x  (w)>  alone. 

w  S 

In  the  next  section  we  consider  the  combination  of  these  error 
specifications  into  error  measures  for  an  elementary  or  sirgle-path 
response  function. 


1.6.3  ERROR  ANALYSIS  FOR  AN  ELEMENTARY  RESPONSE 

When  the  input-output  relation  in  the  frequency  domain  is  of  the 
form  R(m)  »  T(w)S(oj),  we  say  that  the  response  is  elementary.  The  mean 
and  variance  of  the  frequency-domain  elementary  response  are 


R(u>)  -  T(u)S(u)  2  R(w) 

var{R(w)}  -  |R<m)|2  [  (1  +  <x2(m)»(l  +<x2('.o)»-l] 
and  the  mean-square  value  of  R(u)  is 


(20) 
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|s(u))|  -  var{R(w) }  +  |r(u>)  | 


(21) 


-  |r(w)|2(1  +<i2(o>)»(l  +  <x2(m)» 
*  8 


From  (4)  and  (20) ;  the  expected  value  of  the  time-domain  elementary 
response  is 

R(m)ejaltdw  =  R(t)  (22) 


Thus,  the  expected  value  of  the  response  in  either  domain  is  identical  to 
its  predicted  value. 

The  variance  of  the  time-domain  elementary  response  is 


/  .  \  2  t1*  A  A  ^  /  - g - *  ■  — . -  ■ 

var{R(t)}  -  )  R(oj)R  (u>')|  x8(u))x“(u')  +  xt (m) x* (u> ' ) 


— <X>  — C' 


(23) 


+  x 


, (rn)x  (o>* )  x  (u)x*(u )')  |  e^1"  u  ^doidoj' 

8  8  t  C  / 


It  is  apparent  that  var{R(t)}  will  be  difficult  (or  at  least  tedious)  to 
evaluate,  except  perhaps  under  very  special  circumstances.  Furthermore, 
it  is  probably  unreasonable  to  expect  that  the  correlation  functions 
x  (w)x* ((a')  and  x  (w)x*(u>’)  would  even  be  available  for  use  in  (23). 

8  8  u  t 

Therefore,  although  (23)  is  a  correct  expression  for  var{R(t)},  it  may 
not  be  practically  useful.  Thus  we  must  seek  an  alternate  measure  of 
the  variance  of  the  time-domain  response. 

It  is  not  difficult  to  show  that  the  integral  of  var{R(t)}  over 
time  is 


[  var{R(t)}dt 


var{R(u>)  }dw 


_1_ 

2tr 


|  R(u>)  |  2  [<x2  (w)  >  +  <x2  (m)>+<x2  (<d)><x2  (m)>]  do) 


-  E  -  E°  >  0 
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(24) 


in  which  E  denotes  the  expected  value  of  the  energy  in  the  response 
and  E°  denotes  the  predicted  value  of  this  quantity,  namely. 


«00  ^ 

E  m  2n  1^“)  I2  Cl  +  <*2(w)>]  C  1  +  <x^(io)>]da) 

(25! 

E°-~  |R(w)  |2du  -  [R(t)]2dt 

•00  —00 


A 

Thus  if  R(t)  has  a  reasonably  well  defined  duration,  say  t,  then  the 
variance  of  R(t)  can  be  estimated  by 


var{R(t)}  ~  i  (E-E°)  -  -  1^ 


An  estimate  of  the  relative  fluctuation  f^  of  R(t)  around  its  expected 
or  predicted  value  is  then  given  by  the  quantity 


fr  5  (E/E°  -  l)*1  >  0  (27 

If  the  mean-square  errors  <xg  (ui)>  and  'Cxt(m)>  are  independent  of  to, 
then 

var{R(t)}  ~~  «x2>  +  <x2  >+ <x2><x2» 

(28 

fr  “  (<*a>  +  +  <\  XiJ))*4 


In  the  next  section  we  discuss  error  measures  for  non-elementary 
response  functions,  i.e.,  those  arising  from  series  and/or  parallel 
Interaction  paths. 

1.6.4  ERROR  ANALYSIS  FOR  NON-ELEMENT ALY  RESPONSES 


In  this  section  we  will  discuss  the  development  of  error  measures 
for  response  functions  resulting  from  series  and/or  parallel  interaction 


paths.  Tha  series  case  will  be  treated  in  Sec.  1.6. 4.1,  end  the  parallel 
case  in  Sec.  1.6. 4. 2. 

1.6. 4,1  Series  Interaction  Paths 

The  transfer  function  ;£)  which  represents  a  series 

connection  of  interaction  subpaths  is  represented  as  a  product  of 
Individual  transfer  functions: 

M(p,i,j) 

W**tV«tlst)  “  n  T^p^.lV,!;*)  (29) 

in  which  represents  the  transfer  function  of  the  ath  series 

portion  of  the  pth  parallel  interaction  path.  There  are  M  such  portions 
comprising  the  pth  parallel  path.  We  assume  that  the  errors  in  the 
series  subpath  transfer  functions  are  uncorrelated,  i.e.. 


•tp(“>*tp(“>  "  *tp ^  •*pM  "  0  (»**»’) 

"  <e“p  («) 2  >  (m  -  »') 


where 


^4P<“)  -  *«,<*>  +  + 


Under  this  assumption,  we  readily  obtain  the  following  results  (the 
l,j  subscripts  are  dropped) 

- -  4  H 

T  («)  -  T  (ui)  -  [I  *J(«) 

P  p  n»l  p 

Tp(«)ip(«')  -  fp((i»)i*(u’)  n  [i  +  j^p(w)*Jp(w’)*  ] 


in  which 


t  6*  n  C_  * 

T  («)T  (<!)')  -  n  T«<<*>>T!V) 
p  p  m“L  p  p 
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Nov  by  incorporating  these  results  in  the  analysis  of  the  previous 
section ,  we  obtain  the  following  error  measures  for  the  response  R 


A  A 


Rp(oi)  “  Rp(ui)  -  S(oj)Tp(u)) 


(34) 


var  {Rp <<*>)}  -  l*p(«) 


,  M  2 

[i  +<i‘(o>»i  n  [i  +  <x®  (u)  >i  - 1 

m-1  p 


1  Rp  <oi)  1 2  -  lip(ca)  |2 


(35) 


R  (t)  -  R  (t) 
P  P 


(36) 


var{Rp(t)}  -  )  |  T.p(o»)R*(o>,)e^“"  w  ^dwdw' 


j[l  +  is(<o)iJ(i»)  ]  [l  +  5!p<w>iJp<tt,~)*]-1j  (37> 


EP  "  2ir  J 


M 

1r  (W)r  [l+<i»>]  n  [1  +  <x“  (Ui)^>]dt0  (38) 


m-1 


tp 


^  2  —  2 

In  the  special  case  where  <x  (u>)>  and  <x“  («)  >  (m  -  1,2,3,.  .  . ,  M)  are 

8  Cp 

independent  of  oi,  we  have 


Ep-E°(l+<iJ»  n  [l+<(x“p)2>] 


(39) 


£0  I  ^ 

var{R(t)}~.^  (l+<x2»  n  U+<U“)2>]  -1 

*  l  8  m-1  Cp 


(40) 


fr  ~ 


a  +  <\»  n  n  +  <c;“  )2>i  - 1 1  ** 

m-1  v  > 


(41) 
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1 . 6 . 4 . 2  Parallel  Interaction  Paths 

The  frequency-domain  response  R(w)  resulting  from  the  presence  of 
parallel  interaction  paths  is  represented  as  the  sum  of  the  responses 
due  to  each  of  the  parallel  paths,  namely, 

P 

R(w)  -  I  R_(u)  (42) 

p-1  p 


If  we  assume  that  the  errors  arising  from  each  of  the  P  parallel  paths 
are  uncorrelated,  then  we  obtain 

- -  P  - -  P 

R(iu)  -  l  R  (m)  ■*  £  R  (m)  (43) 

p-1  P  p-1  P 

P 

var{R(oi)}  -  £  var{R  (m)}  (44) 

p-1  p 


P 

cov{r(ui)  ,  R(w') }  -  l  cov{r  (<o),  R  (w1 ) }  (45) 

p-1  p  P 

in  the  frequency  domain,  and 


_  P  _  P 

R(t)  -  l  R  (t)  -  l  R  (t)  (46) 

p-1  p  p-1  p 

P 

var  (R<t)}  -  l  var  {R  (t) }  (47) 

p-1  p 


in  the  time  domain. 

Denoting  by  E  and  E°  the  expected  and  predicted  values  of  the  energy 
in  the  total  response  respectively,  and  by  E^  and  E°  the  expected  and 
predicted  values  of  the  energy  in  each  of  the  P  response  functions 
Rp(u)  or  Rp (t) ,  we  can  show  that 

P 

E  -  E°  -  l  (E  -  E°)  >  0  (48) 

p-1  P  P  ” 
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and  therefore  that,  e.g., 


?f l«vl  >  2<e*>'1}  -  o.oia 

P{|«vl  >  <•££}  -  0.368  (52) 

Pll*Tl  '  0.779 


If  the  probability  density  of  the  random  variable  of  interest  is  not 
known*  it  is  possible  to  obtain  general  (but  not  necessarily  tight)  con¬ 
fidence  bourts.  A  useful  starting  point  for  such  confidence  bounds  is  the 
inequality  of  Bienaym£  [4] 

I  ’ 

p{|x-a|  >_  o}  <_  o”nfi{  |x-  ajn}  (53) 

in  which  x  is  a  random  variable  and  a*  a  end  n  are  parameters.  In  this 

chapter  we  have  assumed  that  mean-square  values  of  the  error  randoia 

variables  of  interest  will  be  available;  so  let  us  choose  a  -  0,  x  »  ev* 

a  -  e  ,  and  n*2.  '  Then  (53)  becomes 
o 

f 

p{|evl  >e0}  l<ev>/eo  <54) 


which  lu  a  confidence  bound  expressed  in  terms  of  the  mean-square  value 
of  the  random  variable  ev.  To  demonstrate  that  this  bound*  because  of 
its  generality*  may  not  be  a  tight  one*  compare  (52)  with  similar 
results  from  (54) 


P{ISl  >  2<%>‘5)  i°’!S 

p{ie,i  >  <4*i  <  i-° 
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Since  the  probability  of  any  event  is  less  than  or  equal  to  unity,  the 

2  2 

bound  (54)  is  useful  only  when  <(ev  '}<_  eQ. 

As  a  simple  example  of  the  application  of  a  bound  of  the  form  of  (54) , 
consider  an  elementary  frequency-domain  response 

&(«)  -  R(w)  +  er(w) 

-  I(u) [1  +  xr(u)3  (56) 

-  R(u) [1  +  *t(w)  +  xg(w)  +  £t(w)ig(w) ] 

The  mean-square  value  of  the  relative  error  x  (u)  is 

r 

<^(oi)>  -  <ij(«)>  +  <xg(w)>  +  <x*(w)^<xg(u>)>  (57) 

Thus,  from  (54) 

P{|*r(«>  I  >  *,}  [<**(“>»  +  <*8(u)>  +  <*,<«»]  (58) 

*o 

where  xQ  is  a  real,  positive  parameter.  If 

<**(«)  >*  “  <ij(w)>)*  -  0.10  (59) 

then,  for  example, 

P{|xr(«)|  >0.25}  <0.32  (60) 

implying  that  the  probability  that  the  magnitude  of  the  relative  error 
in  the  response  exceeds  25Z  is  less  than  32Z. 

Examples  of  the  application  of  the  psterial  in  this  chapter  to 
specific  problems  will  be  found  in  Sec.  3.2.5. 
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CHAPTER  2.1 
EXTERNAL  INTERACTION 


EMP  interaction  with  electrical  systems  inside  structures  such  as 
aircraft,  missiles,  satellites  and  buildings  depends  upon  many  factors. 

To  make  the  interaction  analysis  tractable  the  entire  process  is 
separated  into  three  approximately  Independent  parts  which  ac.wunt  for 
the  external  interaction,  the  mode  of  penetration  to  the  inferior  of 
the  structure,  and  the  excitation  of  the  elements  of  the  electrical 
system  within  the  structure.  The  approximations  Involved  in  this 
procedure  are  that  the  electromagnetic  field  external  co  the  structure 
is  independent  of  the  interior  system  (l.e.,  uc  ajv  cem  must  be  at 
least  partially  shielded  from  the  electromagnetic  field)  and  that  the 
mode  of  penetration  is  insensitive  to  the  components  of  the  system 
interior  to  the  structure.  This  chapter  deals  with  EMP  interaction 
with  the  outer  surface  of  the  outermost  layer  of  a  system  in  the 
topological  model,  for  example,  the  exterior  surface  of  the  aircraft 
skin. 

Systems  such  as  aircraft  and  missiles  generally  have  a  complete  or 
nearly  complete  metallic  covering  that  serves  as  a  shield  against  external 
electromagnetic  fields.  The  modes  of  field  penetration  are,  for  example, 
(a)  the  penetration  through  windows  and  holes  in  the  metal  covering, 
through  joints  in  the  metal  skin,  through  cracxs  around  access  doors 
and  through  exhaust  ports;  (b)  the  direct  excitation  of  electrical 
cabling,  power  lines  or  other  conductors  that  run  outside  the  metallic 
covering  over  a  portion  of  their  length  and  then  run  inside  to  some 
Internal  subsystem;  (c)  the  direct  excitation  of  system  antennas;  and 
(d)  diffusion  through  the  metal  skin.  Engineering  data  and  formulas 
pertinent  to  each  of  these  penetration  modes  are  presented  in  this 
chapter. 


2.1,1  COUPLING 

The  EMP  generated  by  a  nuclear  detonation  depends  upon  the  height 
of  the  burst,  the  specific  device,  the  distance  from  the  burst,  the 


297 


height  of  the  observation,  and  other  factors.  Instead  of  considering 
every  possible  example  of  EMP  environment ,  only  two  canonical  environ¬ 
ments  are  presented  followed  by  two  convenient  approximations.  A  more 
general  treatment  would  require  canonical  environments  to  be  constructed 
using  averages,  extreme  values  (upper  and  lower  bounds),  and  perhaps 
statistical  distributions  of  pertinent  EMP  environmental  parameters  [1]. 

A  case  of  particular  interest  is  the  so-called  high-altitude  EMP 
resulting  from  an  exoatmospheric  nuclear  detonation.  Beneath  the  source 
region  in  the  upper  atmosphere  the  EMP  is  generally  approximated  as  a 
spherical  wave,  while  over  a  small  portion  of  the  wave  front  the  EMP 
may  be  considered  a  plane  wave  with  linear  polarization  (or  more  accurately, 
circular  polarization  with  a  very  slow  precession  rate) .  The  electric 
and  magnetic  fields  of  the  plane-wave  EMP  can  be  expressed  as 


E(r,t)  -  ?<t  -  V  J/c) 

8(?,t)  -  f  I 

Z0  Y  Y 


(1) 


where  ?  is  the  waveform,  if  is  the  unit  vector  in  the  direction  of 

Y 

propagation,  ZQ  is  the  free-space  wave  impedance  and  c  is  the  vacuum 
speed  of  light.  At  points  in  the  vicinity  of  the  earth’s  surface,  plane 
wave  reflection  can  be  used  to  obtain  the  total  electromagnetic  field. 
Throughout  this  chapter  the  plane-wave  fields  as  given  by  (1)  are  used. 

2. 1.1.1  Difference  of  Two  Exponentials 

One  commonly  used  EMP  waveform  is  given  by  the  difference  of  two 
exponentials  multiplied  by  a  unit-step  function  u(t),  viz. 


/  -t/Tf  -t/T 
f(t)  -  Eo[e  -  e 


r)u(t) 


with  the  Laplace  transform 


F(s)  s  £{f(t)}  -  g  +  1/Tf  “  8  +  1/tx 
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where,  typically,  the  rise  time  ■  2  os  and  the  fall  time  -  250  ns. 

A  plot  of  (2)  is  shown  in  Fig.  1.  This  waveform  turns  on  at  t  ■  0+-  with 
a  finite  slope,  reaches  a  peak  value  in  a  few  nanoseconds,  and  decays 
slowly  to  zero.  Its  Important  time-domain  characteristics  are  summarized 
in  table  1  and  its  frequency-domain  characteristics  in  table  2. 

2.1. 1.2  Reciprocal  of  the  Sum  of  Two  Exponentials 

Another  canonical  waveform  coming  into  common  usage  is  the  reciprocal 
of  the  sum  of  two  exponentials  given  by 


e  +  e 


u? 

>0.5 


-10  0  10  20  30  40  50  60  70  80  90 

tim®  (ru) 


Fig.  1.  Two  canonical  IMP  waveforms:  ■  2  ns,  ■  250  ns,  tQ*0. 


-  •**•*•*'  -  . 


with  the  two-sided  Laplace  transform 


E  w  i  t.  f  ut  1  — st 

F(s)  2£{f(t)}  -  °—r*.  i  esc  ~  ~~  (T  a  +  l)  U  °  (5) 

Tr  f  LTr  Tf  r  J 

This  type  of  waveform,  shown  In  Fig.  1,1s  similar  to  the  waveform  (2) 
except  that  the  rise  Is  of  an  exponential  form  with  no  discontinuity 
In  the  function  or  Its  derivatives.  Consequently,  the  waveform  (2) 
has  much  more  high-frequency  content  and  a  corresponoingly  faster 
(10Z-90Z)  rise  time  for  the  same  parameters  and  t^.  The  waveform 
(4)  is  of  interest  because  it  is  more  consistent  with  the  exponential 
growth  of  the  nuclear  radiation  emanating  Initially  from  a  burst.  Its  impo 
tant  time-  and  frequency-domain  characteristics  are  given  in  tables  1  and  2 

2. 1.1. 3  Unit-Step  Pulse 

Many  Interaction  applications  depend  primarily  on  the  mid-frequency 
content  of  the  EMP,  l.e.,  1  MHz  <_  f  <.  20  MHz.  In  this  case  the  frequency- 
domain  representation 


F(s)  -  E0/s  (6) 

approximates  the  mid-frequency  content  very  well.  The  inverse  Laplace 
transform  of  (6)  yields  the  unit-step  waveform  representation  for  the 
EMP 

f(t)  -  E&u(t)  (7) 

which  is  mathematically  mors  convenient  than  either  of  the  canonical 
waveforms  (2)  and  (4),  and  yet  its  interaction  is  essentially  the  same 
as  the  "actual"  EMP  interaction  over  an  appropriate  frequency  range. 

2. 1.1. 4  Unit-Step  With  Exponential  Decay 

Another  j«theaatically  simple  waveform  approximation  to  the  EMP 
is  the  unit  step  with  exponential  decay 


with  Laplace  transform  given  by 


F(s) 


£ 


o 

s  +  l/rf 


which  accurately  represents  the  low-  and  mid- frequency  content  of  the  two 
canonical  pulses  (2)  and  (4) . 


2.1.2  PROPAGATION 

2. 1.2.1  Low  and  Intermediate  Frequencies 

In  the  study  of  EMP  interaction  with  the  metallic  or  other  highly 
conducting  covering  of  electrical  systems  it  is  expedient  to  idealize  the 
actual  surface  configuration  of  the  covering.  Results  for  such  idealized 
configurations  should  be,  to  a  suitable  degree  of  approximation,  appropriate 
for  the  actual  configurations.  In  this  section,  both  frequency-domain  and 
time-domain  results  for  the  external  surface  current  and  charge  densities 
are  presented  for  a  few  generic  configurations  —  the  prolate  spheroid, 
the  right  circular  cylinder, and  perpendicularly  crossed  cylinders.  More 
complex  structures  such  as  the  intersecting  cylinder  model  and  the  body- 
of-revolution  model  of  an  aircraft  are  also  treated.  In  each  case  the 
Incident  wave  is  a  plane-wave  EMP.  Questions  of  modeling  procedures  and 
accuracy  are  also  addressed.  Sample  calculations  are  provided  to  illustrate 
the  applications  of  the  formulas,  tables  and  parametric  data  curves. 

2. 1.2. 1.1  Prolate  Spheroid 

A  common  idealized  configuration  is  the  prolate  spheroid  (Fig.  2). 

As  h  -*■  a  the  spheroid  becomes  a  sphere,  and  for  h  >>  a  it  approaches  a 
slender  rod.  Hence  this  configuration  has  a  wide  range  of  application. 

The  transformations  between  the  cylindrical  coordinates  (z,r ,<f>)  and 
the  prolate  spheroid  coordinates  (€,C,4>)  are  (Fig.  2) 

z  *  he  £  £ 

r  -  he/ ($2  -  1) (1  -  C2)  (9) 

$  "  $  , 
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Fig.  2.  Plane  wave  broadside  incident  on  a  prolate  spheroid. 


where  the  eccentricity  e  is  given  by 


e  -  /l-  (a/h)‘ 


a.  Quasi-Static  Surface  Current  and  Charge  Densities 


At  low  frequencies  for  which  the  wavelength  X  >>  h,  the  quasi-static 
approximation  may  be  used  to  obtain  the  induced  surface  current  and  charge 
densities  J<C»d>»s)  and  p(£,$,s)  on  the  spheroid.  When  the  incident  electric 
and  magnetic  fields  are  directed  parallel  to  the  z-axis  and  the  negative 
y-axin,  respectively  (Fig.  2),  one  has  [2,3] 

V'-+-8)  '  c  810  *  (11) 


+  c°»  *  *  sv  2(1  -a') 

.  .  eoEl(8)  /TIT" . 

p(r.,s)  -  ■  i:  --  I - 2~2  C 

1  “o  V  1-eV 


where 


Note  that  on  the  surface  of  the  spheroid 


5  -  1/e,  ;  -  z/h 


(14) 


(15) 


Eqs. (11)  -  (13)  are  derived  from  exact  solutions  of  a  magnetostatic  and 
an  electrostatic  boundary-value  problem. 

b.  Intermediate-Frequency  Surface  Current  and  Charge  Densities 

In  the  mid-frequency  range  where  X  ~  h,  the  total  surface  current 
density  on  an  electrically  thin  spheroid  (X  >>  a)  may  be  obtained  by 
combining  the  quasi-static  current  distributions,  (11)  and  (12),  and 
the  total  axial  current  l(g,s),  namely  [4] 


3(C»*. s) 


+  2H hsl 

27rr  V  2-a0 


1 

- ~f~2  c  8in  +  COB 

1  -  e^c 


(16) 


where  r  *  a/l  -  £2,  and  the  first  term  on  the  right-hand  side  reduces  to 
the  second  term  on  the  right-hand  side  of  (12)  at  low  frequencies. 

The  singularity-expansion  representations  of  the  total  axial  current 
l(C,s)  and  the  corresponding  surface  charge  density  p(£,s)  are  [5] 


1(5, s)  -  l 
ct-1 


3  +  _i_ 


s  (s  -  s  )  *,  *.  , 

a  a  s(s-s)J 
a  a 


na(s)ia(c) 


(17) 


P(C»s)  ■  I 
a=l 


s  (s  -  s  )  *,  *s 

a  «  *a(8-8a) 


na(s)pa(C) 


(18) 


where  the  class-2  coupling  coefficient  na(s),  the  natural  inodes  ia(£)  and 
Pa(C)»  and  the  natural  frequency  are  given  by  [6] 
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Va)  ‘  z7  1  ia<c>4<!-a)dl: 

o  a  -1 

(19) 

ia(t)  -  sin[aTr(l  + c)/2] 

(20) 

o  (r)  -  -  «  co8lgff(l  +  s)/2J 

fVU  4ah  , - yT 

(21) 

Sa  “  21^  [ja^a  "  E(2o7r)]  (22) 

Here,  the  antenna  parameter  i p  and  the  function  E  are  defined  by 

<po  «  2  !n(2h/a)  -  0.614  (23) 

a 

E(2utt)  -  0.577  +  Jln(2cnr)  -  Ci(2au)  +  .1  Sl(2cnr)  (24) 

«ad  Cl  and  SI  denote  the  cosine  and  sine  Integrals  [7]. 

In  the  case  of  an  Incident  plane  wave  propagating  parallel  to  the 
x-axis  with  J  parallel  to  the  z-axis  (Fig.  2),  the  coupling  coefficient 
nQ  defined  by  (19)  Is  found  to  be 

na(s)  -  Ei(s)eYa,  a  -1,3,5,...  (25) 

v  o’a 

for  slender  spheroids  (a  «  h) .  Formulas  (22)  and  (25)  are  tabulated  in 
tables  3  and  4,  along  with  the  solutions  obtained  by  some  elaborate 
numerical  methods. 

The  frequency-domain  current  l(0,jw)  at  the  mid-points  of  several 
thin  prolate  spheroids  and  the  frequency-domain  charge  density  p(l,ju)  at 
their  tips  are  tabulated  in  tables  5  and  6  for  a  broadside  incident  plane 
wave  (Fig.  2) .  Although  only  two  modes  from  (17)  and  (18)  are  used  in 
the  computation,  the  computed  results  differ  from  the  exact  results  for 
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COMPLEX  NATURAL  FREQUENCIES 
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the  Induced  axial  current  by  less  than  51Z,  and  at  the  first  resonance  the 
difference  is  less  than  16Z.  It  is  expected,  however,  that  the  accuracy 
of  (16)  is  considerably  greater  than  that:  of  (17)  because  (16)  involves 
an  accurate  determination  of  the  contribution  of  the  quasi-static  current. 
The  accuracy  of  the  formula  (16)  should  be  within  about  15Z  of  the  actual 
value  induced  on  a  prolate  spheroid. 

As  mentioned  in  Sec.  2.1.1. 3,  the  intermediate-frequency  representation 
of  the  nuclear  EMP  is  given  by 


Ei(s)  -  Eo/s  (26) 

which  is  the  spectrum  of  a  unit-step  pulse.  When  this  expression  is 
substituted  in  (17)  and  (18)  and  inverse  Laplace  transforms  are  performed 
one  obtains  the  following  time-domain  results 


I(t,t)  -  2 Re 


•  s  (t  -  c  h/c  cos  6) 

L  VWc)e  “ 


u(t  -  C  h/c  cos  0)  (27) 


p(C.t)  -  2Re 


Z.  Vsa)pa<C) 

a“l 


s  (t  -  C  h/c  cos  0) 
ea  -  1 


a 


u(t  -  C  h/c  cos  0) 
(28) 


where  Re  denotes  the  real  part  of  the  expression,  and  0  is  the  angle  between 
the  z-axis  and  the  direction  of  propagation  (Fig.  2).  Expression  (27)  is 
plotted  in  Fig.  3  for  0  -  90s  along  with  some  accurate  numerical  result 
for  a  right  circular  cylinder  (9]. 


c.  Simple  Estimate  of  the  Time-Domain  Current 

For  the  class  of  slender  cylinder-like  objects  it  is  possible  to 
derive  a  simple  formula  for  estimating  the  time-domain  response  of  the  axial 
current  to  a  unit-step  incident  pulse.  First,  the  object  is  represented  by 
an  equivalent  right  circular  cylinder  (thus  the  object  must  at  least  be 
similar  to  a  cylinder)  with  an  equivalent  radius  a  defined  as 


aeq  = 


(29) 
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I(z,t)  -  - — -  f T (z/L,  ct/L)  (31) 

£n(L/4a  ) 

eq 

where  I(z,t)  Is  the  current  through  the  cross  section  at  z  at  time  t  and 
H*  is  the  amplitude  of  the  incident  magnetic  field.  The  function  f^.  is 
presented  in  Fig.  4  for  z/L  -  0,  1/4, and  broadside  incidence. 


T 

Fig.  4.  Normalized  axial  current  for  a  unit-step  incident  pulse, 
u  ■  z/L,  T«ct./L;  L-2h. 


d.  Ground  Plane  Effects 

If  the  ground  is  highly  conducting,  i.e.,  if  o  »  ue  ,  where  a  and 

8  8  8 

e  are  the  ground  conductivity  and  permittivity,  then  the  interaction  of 
© 

the  object  near  the  ground  can  be  treated  by  image  theory  (Fig.  5).  In 
this  case  the  ground  plane  can  be  replaced  by  the  image  of  the  object  over 
the  ground.  Both  the  object  and  its  image  are  then  considered  to  be 
illuminated  by  the  direct  plane  wave  and  the  ground-reflected  plane  wave 
(the  plane  wave  from  the  image  source).  For  a  poorly  conducting  ground, 
however,  a  much  ottre  complicated  analysis  is  required  (see,  for  example, [11]) 

Two  specific  orientations  are  of  primary  Interest,  6q  -  0  (horizontal 
wires)  and  Qq  ■  rr/2  (vertical  wires).  For  the  vertical  configuration  the 
interaction  between  the  wire  and  its  image  can  be  neglected  if  h  -  L/2  »  a, 
where  the  wire  length  is  L,  the  wire  radius  is  a  and  the  height  above  ground 
of  the  center  of  the  wire  is  h.  In  this  case  the  current  and  charge  induced 
on  the  vertical  wire  can  be  obtained  as  described  above  except  that  now  there 
are  two  plane  waves  incident  on  the  wire  (direct-  and  ground-  reflected) . 


In  the  case  where  the  vertical  wire  is  in  contact  with  a  perfectly  conducting 


ground  plane,  the  wire  together  with  its  image  should  be  considered  as  a 
single  wire  of  length  4h.  Detailed  information  on  a  single  wire  in  free 
space  can  be  found  in  [12]. 

The  interaction  of  a  horizontal  wire  with  the  ground  plane  is  consider¬ 
ably  more  significant  than  that  of  a  vertical  wire.  When  the  horizontal 
wire  is  close  to  the  ground,  it  and  its  image  form  a  two-wire  transmission 
line,  which  is  a  very  high-Q  resonant  structure.  Results  in  terms  of  SEM 
parameters  can  be  found  in  [13]. 

For  a  horizontal  slender  spheroid  over  a  perfectly  conducting  ground 
immersed  in  a  plane  wave  shown  in  Fig.  6,  the  induced  surface  current  is 
approximately  given  by 

Jt(C,<M)  “  ^ur"^  SjO:.*)  +  2(Hj  +  Hj)  (32) 


Fig.  6.  Cross-sectional  view  of  a  horizontal  slender  prolate  spheroid  over 
a  ground  plane  with  plane  wave  illumination.  is  parallel  to 
the  axis  of  the  prolate  spheroid. 
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where  (see  Fig.  2) 


I(C.s)  -  l 

a-1  L 


g  -  -^--  .(r/.h)2 
“I  1  +  r/h  cos  $ 


r  -  ei^  -  c2 


s  (s  -  s  ) 


s  (s  -  s  ) 
a  a' 


*-  na(s)ia(C)[l-e"YA] 
)  J 


(33) 

(34) 

(35) 


with  A  ■  2h  tan  0  sin  6,  and  na  and  i  respectively  given  by  (19)  and  (20). 
Typical  results  for  the  natural  frequencies  and  coupling  coefficients  for 
a  unit-step  incident  wave  (E1  -  1  V/m)  are  given  in  table  7. 


TABLE  7.  NATURAL  FREQUENCIES  AND  COUPLING  COEFFICIENTS  FOR  A  HORIZONTAL 
WIRE  (OR  SLENDER  PROLATE  SPHEROID)  OF  LENGTH  L  AND  RADIUS  a 
ABOVE  A  GROUND  PLANE  (2h/L«0.4,  0-0%  L/a  -  20) 


a 

V/c 

na  x io3/c 

1 

-0.08985  +  j 2. 5918 

4.675  -  J0.9449 

2 

— 

0.0 

3 

-0.64293  +  .J8.0338 

1.390  +  J1.110 

4 

— - _ 

0.0 

2. 1.2. 1.2  Right  Circular  Cylinder 

The  geometry  is  shown  in  Fig.  7,  where  an  E-polarized  or  H-polarized 
wave  Is  normally  Incident  upon  an  open-ended  tubular  cylinder  of  radius  a 
extending  from  z«-h  to  z-h.  When  the  electric  vector  of  the  incident 
wave  is  parallel  to  the  cylinder  axis,  the  wave  is  said  to  be  E-polarized. 
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*  .  i  ...... 


Fig.  7.  An  E-polarized  or  H-polarized  wave  incident  on  an  open- 
ended  cylindrical  tube. 


When  the  magnetic  vector  of  the  incident  wave  is  parallel  to  the  cylinder 
axis,  the  wave  is  H-polarized.  The  surface  current  and  charge  densities 
to  be  presented  below  are  the  sums  of  those  on  the  inner  and  outer  surfaces 
of  the  tube.  When  ka  <  1,  the  inside  of  the  tube  is  well  below  cutoff  for 
waveguide  modes,  so  that  the  Interior  surface  current  and  charge  densities 
are  very  small  except  within  a  distance  d  ~  a  from  the  open  ends. 

Experiments  indicate  that  the  exterior  current  density  on  an  open- 
ended  tube  differs  little  from  that  on  a  similar  tube  whose  ends  are 
closed  by  flat  conducting  disks  [14]. 

The  axial  and  circumferential  components  of  the  induced  surface  current 
density  are  of  the  following  form  [15],  in  which  k  is  used  instead  of  y  and 
the  dependence  of  J  and  p  on  k  should  be  understood. 


E-polarized  field 


J  (<M)  ”  A(kz)  +  B(kz)cos  d»  +  C(kz)cos  2<{>  +  D(kz)cos  3$  +  .  .  .  (36) 

z 

J,(9,z)  “  -j[B'(kz)sin  <p  +  C'(kz)sin  2<j>  +  D'(kz)sin  3<J>  +  .  .  .]  (37) 

9 


am 


a 


H-polarized  field 


J^($,z)  -  A^(kz)  +  By(kz)cos  <f>  +  C^(kz)co8  2$  +  D^(kz)cos  3d>  +  ...  (38) 
JjjO.s)  ■  -j [B^(kz)sin  <p  +  Cy(kz)sin  r<#>  +  D^(kz)sin  3$  +  .  .  .  ]  (39) 

in  which  the  coefficient  functions  A(kz),  .  .  .  also  depend  upon  ka  and  kh. 

The  infinite  series  implied  by  (35)  -  (39)  converge  rapidly  when  ka  <.  1. 

When  ka  u  1 ,  the  expressions  given  explicitly  above  are  adequate  to  represent 
accurately  the  surface  current  density  components.  When  ka  £  0.1,  only 
the  terms  through  sin  4>  and  cos  <p  are  required. 

As  kh  00 ,  the  coefficient  functions  A(kz),  .  .  .  cease  to  depend  on 
kz  and  approach  the  constant  values  for  an  infinitely  long  cylinder  which 
are  given  in  table  8.  In  what  follows.  A,  .  .  .  denotes  the  constant  value 
approached  by  A(kz),  ...  as  kh  -+  “. 

The  induced  surface  charge  density  is  given  for  either  polarization  by 

P(^.z)  -  (J/c)(^3T  +  ^^)  <40) 

a.  Cylinder  of  Finite  Length  (kh  >_  1) 

E-polarization 

Convenient  approximate  expressions  for  the  coefficient  functions 


A(kz),  ...  in  (36)  are  as  follows 

A(kz)  “  (A  +  A^cos  kh)e(kz)  +  A^(cos  kz  -  cos  kh)  (41) 
B(kz)  =  (B  +  B^cos  kh)e(kz)  +  B^(cos  kz  -  cos  kh)  (42) 
C(kz)  *  C^e(kz)  (43) 
D(kz)  “  DRe(kz)  (44) 
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TABLE  8.  FOURIER  COEFFICIENTS  IN  mA/V  FOR  INFINITELY  LONG  CYLINDER 


E~Polarizatlon:  E1  ■  1  V/m 
z 


J  (4>)  •  A  +  E  cos  $  +  C  cos  2$  +  D  cos  36  +  E  cos  4$  +  .  . 


lea 

0. 

01 

0. 

05 

0. 

10 

0. 

50 

1. 

00 

Ax  B-BR  +  jB1  C-CR  +  jCI  D-Dj  +  jDj  E-E^jEj. 


0.01  16.83  -  J50. 59  -5.30- jO. 00  0.00+j0.03  O.OO-jO.OO  O.OO-JO.OO 

0.05  6.86  -  J13.60  -5.28  - jO.Ol  0.00+J0.13  O.OO-jO.OO  O.OO-jO.OO 

0.10  5.03  -  j7. 74  -5. 23  -jO. 04  O.OO  +  jO.26  O.Ol-jO.OO  O.OO-jO.OO 

0.50  2.94  -  J1.39  -4. 47  -JO. 74  -O.Ol  +  jl.24  0.16-jO. 00  0.00-J0.01 

1.00  2.18  -  J0.25  -3.28-jl.85  -0.14+J2.04  0.58-jO. 00  0.00-J0.10 


H-PolarlzaClon:  H  -  2.65  mA/m 
z 


(<J>)  “  Ajj  +  BjjCos  4-  CRcos  2<j>  +  DRcos  3$  +  EjjCos  4$  + 


2.65- jO.  00 

0.00  + jO. 05 

2.64- JO. 01 

O.OO  +  jO.27 

2.61-  jO. 02 

0.00  + jO. 54 

•2.23  -  jO.  37 

0.48  +  J2. 62 

1.64- jO. 92 

1.27  + j3. 41 

ch“  CHR  +  ;JCHI 

dh“dhr+;,dhi 

W^i 

O.OO-jO.OO 

O.OO-jO.OO 

O.OO-jO.OO 

O.OO-jO.OO 

O.OO-jO.OO 

O.OO-jO.OO 

0.01- jO. 00 

O.OO-jO.OO 

O.OO-jO.OO 

0.33-  jO. 00 

0.00- jO.  03 

O.OO-jO.OO 

1.33-  jO. 11 

O.OO-jO.21 

-0.03- JO. 00 

in  which  -  (1/2)  [A(0)  -  A(ir)],  Bj.  -  (1/2)  [B(0)  -  B(tt)],  and 


e(kz) 


1,  0  <  |  z  |  <  (h-d) 

sin[ir(h  —  {  z  [ )  /2d] ,  h  -  d  <_  |z  |  £  h 


(45) 


d  is  a  characteristic  distance  which  is  usually  set  equal  to  a.  The 
approximate  formulas  (41)  -  (44)  are  valid  when  kh  >  ir/2.  The  constant 
coefficients  A,  B,  and  DR  are  tabulated  in  table  8,  whereas  and  B^ 
can  be  found  from  Figs.  8  and  9. 

H-polarization 

The  component  J.(ifi,z)  on  tubular  conductors  of  finite  length  differs 
9 

little  from  that  on  an  infinitely  long  cylinder,  except  near  the  open  ends 
where  it  rises  sharply.  The  coefficients  given  in  table  8  are  good  approxi¬ 
mations  to  the  functions  A^kz),  .  .  .  for  finite-length  cylinders  for  all 
values  of  jkzj  £  k(h-d),  where  d  is  of  the  order  of  a. 

b.  Electrically  Short,  Thin  Cylinder  (kh  <  .1) 

E-polarization 

When  ka  <  0.1,  the  axial  current  density  J  (<j>,z)  is  accurately  approxi- 

z 

mated  by 

, z)  “  A(kz)  +  BR(kz)cos  <f>  (46) 


The  coefficients  A  and  BD  at  z  ■  0  are  shown  in  Fig.  10  as  functions  of  kh, 
for  ka^  0.01  and  0.05.  A(kz)  and  BR(kz)  are  shown  in  Fig.  11  for  ka*0.05 
as  functions  of  z/h  with  kh  as  the  parameter.  When  kh  _<  ir/2,  we  have 

,  /,  s  .  cos  kz  -  cos  kh 

A(k*)  «  A<0)  -i_-cSs  kh -  <47> 


BR(kz)  «  BRe(kz)  (48) 

in  which  A(0)  ”  A  +  A^,  where  A  and  A^  have  been  defined  before. 
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kz  in  radians 


Complex  Fourier  coefficients  of  the  axial  surface  current  density 
J  (<£, z)  “  A(kz)  +  B(kz)cos  ij>  +  C(kz)cos  2<f>  +  D(kz)cos  3<f>  on  a 
tubular  cylinder  in  an  E-polarized  field  (E  =1  V/m) . 


Fig.  10.  Complex  Fourier  coefficients  of  surface  density  of  axial  current 
Jz($,0)  “  A^(0)  +  jAx(0)  +  Br(0)cos  <p  at  z-0  on  a  tubular 
cylinder  in  an  E-polarized  field  (E*  » 1  V/m). 
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Fia.  U.  Complex  Fourier  coefficients  of  surface  density  of  axial 

current  J^.z)  *  **<*“)  +  jAl(kz)  +  BR(kz)tCOB  *  °“  4 

tubular  cylinder  in  an  E-polarized  field  (Bz  -  1  V/»). 


The  circumferential  surface  current  density  J,($,z)  on  an  electrically 

♦ 

thin  cylinder  la  given  approximately  by 

J^($,z)  “  -Bj(kz)sin  4)  (49) 

The  function  B^.(kz)  is  shown  plotted  as  a  function  of  z/h  in  Fig.  12  with 
ka  -  0.05  and  kh  as  the  parameter.  J^(4>,z)  is  quite  small  everywhere 
except  near  the  open  ends,  where  it  rises  steeply  to  values  comparable  to 
those  of  the  associated  axial  component,  J  (4>,z)  BD(kz)cos  4>.  In  effect, 
the  axial  current  density  approaches  an  open  end  on  the  illuminated  half 
of  the  cylinder  (90°  <  4>  <  270°),  circulates  around  the  cylinder  as  a 
transverse  current  with  maxima  at  $  “  90s  and  270°  near  the  end,  and 
then  continues  as  an  oppositely  directed  axial  current  on  the  shadowed  side. 

H-polarization 

When  ka  <  0.1,  the  circumferential  surface  current  density  J,  (<|>tz)  is 

9 

well  approximated  by 


J.(<M)  3  -H*  +  r.jH*;ka  cos  <f>  (50) 

9  z  z 

except  within  distances  d  ~  a  from  the  open  ends. 

The  axial  current  density  J_(«j>,z)  is  approximately  given  by 

z 

Jg(t,z)  3  -jB^(kz)sin  *  (51) 

When  ka  <.0.1,  jB^(kz) |  «  jAg(kz)|,  so  that  the  axial  current  density  is 
very  small  on  thin  cylinders  excited  by  an  H-polarized  field. 

c.  Comparison  with  Measurements 

Experimental  results  reported  in  [15,16]  show  excellent  agreement 
with  the  theoretical  results  described  above.  Some  typical  results  are 
shown  in  Fig.  13  for  a  tube  with  ka-0.05  and  kh»  0.1757r.  In  Fig.  14 
are  shown  the  scale-model  measurements  of  the  induced  current  density  versus 
frequency  on  a  right  circular  cylinder  of  length  47m  and  radius  2m  [17]. 
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2. 1.2. 1.3  Crossed  Slender  Spheroids  or  Cylinders 


In  the  study  of  EM?  Interaction  vlth  aircraft-like  configurations  it 
is  found  that  the  interaction  among  the  elements  (wings,  fuselage,  etc.) 
has  a  significant  effect  on  the  natural  frequencies  of  the  entire  structure. 
This  effect  is  clearly  seen  in  the  case  of  two  perpendicular  crossed  slender 
spheroids  or  cylinders.  Fig.  15  illustrates  the  intersecting  spheroid 
configuration. 

a.  Surface  Current  Density  on  Crossed  Slender  Structures 

The  current  density  induced  on  the  surface  of  an  intersecting  slender 
spheroid  configuration  can  be  expressed  efficiently  and  simply  in  the 
SEM  formulation.  For  a  given  element  or  arm  the  surface  current  density 
may  be  approximated  by  [18] 

■  [Sw +  iBJ  X +  >4(i  -  r*  “» <52> 


z 


Fig.  15.  Parameters  of  intersecting  spheroids. 


‘  '  .  '  - 
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where  I(z,s)  is  the  total  axial  current  and,  as  before,  r(z)  =  a/l  -  (z/h)^ 
(see  Fig.  2) . 

In  order  to  express  the  axial  current  on  the  structure  it  is  convenient 
to  use  1x3  matrices  for  the  currents  and  the  current  modes,  namely 


If (z.s) 
Ia(z\s) 

Iw(x,s) 

.  w  J 


I 

a-1 


s  (s  -  s  ) 
,  a  a 


*  * 

S  (s  -  8  ) 
a  a  ' 


n  (s) 
a 


iS00 . 


(53) 


Here  z,  z’  and  x  are  element  coordinates  defined  in  Fig.  15,  na  is  the 
coupling  coefficient  defined  by  (19),  and  the  elements  of  the  current  mode 
matrix  are 


i«<z> 


sin  k  (£-  -  z) 
a  f 


sin  k 

a  f 


ia(z’) 

a 


a 

“a  sin  k  l 
a  a 


(54) 


r,V 


sin  k  (Z  -  x) 
ct  w _ _ 


sin  k  l 
a  w 


where  k^  -  Re(-jya)  and  C^,  etc.  are  current  mode  amplitudes.  It  may  be 
noted  that  only  one  element  current  is  considered,  since  the  currents 
on  the  elements  can  be  separated  into  symmetric  and  antisymmetric  parts 
with  respect  to  the  i  and  elements  (Fig.  16).  The  antisymmetric  part 
does  not  couple  to  the  SL&  and  elements  and  can  therefore  be  obtained 
from  the  analysis  of  an  isolated  spheroid.  For  the  symmetric  part  ( £ , 
element  currents  being  antiparallel),  however,  coupling  does  occur  and 
the  foregoing  expressions  apply  specifically.  For  a  more  detailed 
discussion  of  the  component  separation  see  [19]. 
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I  ■ 

symmetry  I  symmetry 

I  plana  I  Plane 


(a)  symmetric  part:  top  view  (b)  antisymmetric  parmop  view 

Fig.  16.  Decomposition  of  current  into  symmetric  and  antisymmetric  parts 

Values  for  the  natural  frequencies,  coupling  coefficients  and  current 
node  amplitudes  are  given  in  tables  9  and  10  for  aircraft-like  parameters 
and  topside  incidence  in  which  E*  is  parallel  to  the  and  l elements 
and  k  is  perpendicular  to  the  plane  of  Fig.  15.  An  extensive  study  of 
the  SEM  parameters  as  a  function  of  the  system  configuration  can  be 
found  in  [19 J. 

The  accuracy  of  (53)  should  be  within  10  to  20Z,  while  (52)  should  be 
much  more  accurate,  with  less  than  10Z  error. 
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From  (53)  one  obtains,  via  the  continuity  equation,  the  charge  densities 


Pf(z,s) 
Pa(z' .s) 
Pw(x,s) 


l 

a-1 


-J: _  +  _ i 

(s  -  a  )  * 


L  '  a  a 


s  (s  -  s  ) 
a  a 


na(s) 


pf(z) 


(55) 


with  the  given  by 


p*U) 


cos[kalf(l  -  ,/l£>]  c' 
2ira 


f  /l  -  e2(z/£f) 


T  sin  k  £,, 
2  a  £ 


P>’> 


k  cos[k  £  (1  -  z’/£  )]  C 
a _ a  a  a  J  a 


2na 


/l  -  e2( 


,Z*/£  )‘ 
a'  a' 


sin  k  £ 
ct  a 


(56) 


where 


w.  \ 
Da<x)  - 


k  cos[k  £  (1  -  x/£  )]  Cw 
a _ La  w  w  a 


2ira 


W  /l  -  e*(x/£  ) 


2 

w '  '  w' 


T  sin  k  £ 

2  aw 


[1  - 


(af/^)2]^,  efl  -  [1  -  Ua/£a)2]\ 

2  ^4 

e  -  [1  -  (a  /£  T] 
w  w  w 


(57) 


It  is  expected  that  (55)  should  be  about  as  accurate  as  the  corre¬ 
sponding  current  expression  (53),  i.e.,  10-20%  error  may  occur. 

c.  Intersecting  Electrically  Thick  Cylinders 

No  analytical  or  numerical  determinations  of  the  surface  currents  and 
charges  on  intersecting  electrically  thick  cylinders  are  available.  However, 
extensive  measurements  of  these  quantities  have  been  performed  [20].  The 
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cases  studied  include  three  lengths  of  the  horizontal  cylinder  and  two 
locations  along  the  vertical  tube.  Graphs  of  both  the  axial  and  transverse 
components  of  current  density  and  of  the  charge  density  are  available  for 
ka-1.  The  axial  standing-wave  patterns  on  the  illuminated  (<j>  -  180°) 
and  shadowed  (<}>  «  0°)  sides  are  clearly  shown  in  Fig.  17  for  k£,  *  it, 
kh^  -  2 . 5tt  and  for  kJt  -  1.5ir,  kh1  -  2tt.  For  purposes  of  comparison,  the 
distribution  along  an  isolated  vertical  cylinder  is  filso  shown. 

The  following  general  conclusions  can  be  made  regarding  the  surface 
current  and  charge  densities  on  intersecting  cylinders  with  ka  >_  1: 

(a)  The  distributions  of  current  and  charge  densities  are  much  less 
sensitive  to  changes  in  the  lengths  of  the  cylinders  when  they 
are  electrically  thick  than  when  electrically  thin. 

(b)  The  distribution  of  the  charge  density  on  an  electrically  thick 
cylinder  is  more  sensitive  to  the  nature  of  the  incident  field 
and  the  presence,  dimensions,  and  location  of  an  intersecting 
cylinder  than  is  the  distribution  of  current. 

(c)  The  charge  density  on  the  vertical  member  when  excited  by  an 
incident  E-polarized  field  (Fig.  7)  has  significantly  different 
distributions  when  the  incident  field  is  not  plane,  when  the 
horizontal  member  is  absent,  its  location  is  changed,  or  when 
the  arm  lengths  are  varied.  The  current  density  is  much  less 
affected. 

(d)  The  distribution  of  the  charge  density  on  the  horizontal  cylinder 
in  an  H-polarized  field  (Fig.  7)  is  insensitive  to  the  location 
of  its  intersection  with  the  vertical  member  of  the  cross  so 
long  as  the  arms  are  equal  in  length.  On  the  other  hand,  the 
amplitude  of  the  axial  standing-wave  pattern  as  a  function  of 

<f>  is  sensitive  to  the  length  of  the  arms. 

(e)  As  on  the  single  cylinder,  the  axial  current  density  on  the 
vertical  cylinder  is  substantially  a  superposition  of  forced 
and  resonant  components.  The  changes  from  the  distribution 
along  the  single  tube  when  an  intersecting  cylinder  is  present, 
at  different  locations  and  with  different  arm  lengths  are  due 
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primarily  to  shifts  in  the  relative  phases  of  the  forced  and 
resonant  components. 

In  general,  the  distributions  jf  current  and  charge  on  the  surface  of 
intersecting  electrically  thick  cylinders  are  quite  similar  to  those  on 
each  of  the  individual  cylinders  alone  in  the  same  field.  The  relative 
amplitudes  of  the  standing  waves  on  the  illuminated  and  shadowed  sides  of 
the  vertical  cylinder  may  differ  considerably,  but  the  standing-wave  patterns 
are  significantly  changed  only  quite  near  the  junction  region.  Thus,  a 
knowledge  of  the  distributions  of  current  and  charge  density  on  single 
cylinders  is  of  great  value  in  the  understanding  and  interpretation  of 
these  quantities  on  intersecting  cylinders  and  in  the  rough  approximation 
of  their  actual  values. 

d.  Ground  Plane  Effects 

General  observations  regarding  thin  crossed  cylinders  or  spheroids 
close  to  a  ground  plane  are  the  same  as  those  for  an  isolated  cylinder  or 
spheroid  (see  Sec.  2. 1.2.1. Id).  The  surface  current  density  is  related  to 
the  axial  current  as  given  by  (32)  and  the  axial  current  may  be  expressed 
as  given  in  (53),  but  the  SEM  parameters  depend  upon  the  height  of  the 
cylinders.  For  a  typical  aircraft-like  configuration,  the  SEM  parameters 
for  the  first  4  modes  are  given  in  table  11.  A  detailed  study  of  the  ground 
plane  effects  on  the  SEM  parameters  may  be  found  in  [13]. 

2. 1.2. 1.4  Aircraft  Models 

Complex  structures  such  as  aircraft  are  difficult  to  model  for  purposes 
of  analytical  and  numerical  studies.  As  of  now,  there  exist  several  types 
of  simplified  models,  the  most  notable  of  which  are  (a)  the  simple  stick 
model  [21],  (b)  the  body-of-revolution  model  [22],  (c)  the  surface-patch 
model  [23],  and  (d)  the  wire-grid  model  [24],  Information  on  the  computer' 
codes  for  these  models  and  other  models  can  be  found  in  [25].  The  wire- 
grid  nx>del,  although  adequate  for  radar  cross-section  calculation,  has 
many  deficiencies  in  EMP  interaction  applications  [26].  The  surface-patch 
model,  although  much  more  accurate  in  nature,  requires  an  inordinate  amount 
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of  computer  time  for  any  EHP  time-domain  data  and,  as  of  now,  numerical 
data  based  on  this  model  are  lacking.  Therefore,  the  data  presented  In 
this  section  are  restricted  to  the  simple  stick  model  and  the  body-of- 
r evolution  model. 


*.  Slmp'i .  Stick  Models 

"Simple"  stick  models  are  very  useful  for  estimating  the  natural 
frequencies  and  natural  axial  current  modes  of  an  aircraft  [21].  In  a 
simple  stick  model,  currents  of  the  form 


I(x)  •  I^n(j(x)  ^  sinh  yx  +  B  cosh  yx  (58) 

are  assumed  on  each  of  the  elements  or  sticks  (Fig.  18),  where  x  denotes 
a  distance  coordinate  alo::.&-  a  given  element  and  A  and  B  are  undetermined 
coefficients.  The  quantity  denotes  the  current  induced  on  a  wire  by 

an  incident  plane  wave  whose  magnetic  vector  is  perpendicular  to  the  wire 
and  is  given  by 


-  4ttE^ 

yZ  ft  sin  0 
'  o  a 


yx  cos  6 
e 


(59) 


in  which  ft  »  2Zn[ (stick  length)/ (stick  radius)],  y  is  the  propagation 
vector  of  the  incident  field,  Zq  is  the  intrinsic  impedance  of  free  space, 


Fig.  18.  A  "simple"  stick  model. 


Ex  is  the  incident  electric  field  strength,  and  e  is  the  angle  between  the 
propagation  vector  of  the  incident  wave  and  the  negative  unit  vector 
along  the  stick. 

Enforcing  appropriate  end  and  junction  conditions  on  the  various 
stick  currents  leads  to  a  system  of  linear  equations  for  the  unknown 
current  coefficients  A,D,  etc.  The  resulting  equations  may  be  readily 
solved  to  yield  the  resonance  frequencies  and  natural  modes  of  the  simple 
stick  model.  The  damping  constants  of  the  natural  modes  are  found  by 
calculating  the  radiated  power  and  the  time-averaged  stored  energy  of 
each  of  the  natural  modes  (see  Sec.  1.3. 3. 3). 

This  type  of  model  has  been  used  to  calculate  the  first  several 
natural  frequencies  and  natural  modes  for  the  B-l,  E-4,  and  EC-135 
aircraft  for  symmetric  excitation.  The  natural  modes  for  the  EC-135 
model  are  shown  in  Fig.  19.  The  natural  frequencies  for  all  three  air¬ 
craft  are  shown  in  the  complex  s-plane  in  Fig.  20. 

b.  Stick  Models  and  Body-of-Revolution  Models 

The  body-of-revolution  model  uses  axial  sections  of  spheroids  and 
circular  cylinders.  A  stick  (intersecting  cylinders)  model  of  the  B-l 
aircraft  is  shown  in  Fig.  21a,  while  a  body-of-revolution  model  of  an 
EC-135  aircraft  is  given  in  Fig.  21b. 

Integral-equation  formulations  and  numerical  techniques  are  generally 
required  for  these  models.  The  numerical  solutions  based  on  these  models 
must  be  augmented  by  the  addition  of  an  appropriate  magnetostatic  term  in 
order  to  yield  accurate  solutions  for  induced  surface  current  density 
[23,27].  Figs.  22  -  34  show  some  of  the  results  obtained  with  these 
techniques  [18]. 

In  Figs.  22  -  24  are  presented  curves  of  the  axial  surface  current 
density  on  models  of  the  B-l  aircraft  as  a  function  of  frequency  for  three 
cases:  (a)  stick  model  (numerics'  results),  (b)  a  scale  stick  model 

(experimental  results),  and  (c)  a  body-of-revolution  model  (numerical 
results) . 
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7.8  MHz 


Fig.  19.  EC-135  natural  modes.  The  dashed  lines  represent  the  current 

distribution  on  the  aircraft  segments  at  resonance,  while  the 
arrows  indicate  directions  of  current  flow. 


Fig.  20.  Aircraft  natural  frequencies  of  B-l,  E-4  and  EC-135. 


Fig.  21a.  Stick  (intersecting  cylinders)  model  of  the  B-l  aircraft  in  the 


wings-forward  and  wings-swept  configurations. 


Fig.  21b.  Body-of-revolution  model  of  the  EC-135  aircraft.  Current  zones 


are  indicated  with  dotted  lines. 


Current  density  on  the  topside  of  the  fuselage  5.0  meters  from  the  nose  of  the  B-l  with 

wings  forward.  - scaled  stick  model  experimental  data;  — • —  stick  model  numerical 

data;  •••*  body- of- revolution  code. 


QO  2.0  4.0  6.0  &0  IOO  120  KjO  16.0  18.0  200 

frequency  (MHz) 

Fig.  23.  Current  density  on  the  topside  of  the  fuselage  22.5  meters  from 

the  nose  of  the  B-l  with  wings  forward.  -  scaled  stick  model 

experimental  data;  — • —  stick  model  numerical  data;  ••••  body- 
of  revolution  code. 


frequency  i^Nz) 

Current  density  on  the  bottom  of  the  fuselage  22.5  meters  from 

the  nose  of  the  B-l  with  wings  forward.  -  scaled  stick  model 

experimental  data;  — • —  stick  model  numerical  data;  •  •  ♦  •  body-of 
revolution  code. 
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0  5.0  10.0  15.0  20.0  250  3Q0  35.0  400  meters 

nose  fuselage  — 

Fig.  25.  Comparison  of  B-l  scale  model  measurements  with  numerical  results 

for  topside  illumination  and  wings  forward  at  f-6.4  MHz.  - 

experimental  data;  — • —  stick  model;  *  •  •  •  body-ot-revolution  model. 


0  5.0  10.0  15.0  20.0  250  30.0  35.0  40.0  meters 

nose  fuseluge - * 

Fig.  26.  Comparison  of  B-l  scale  model  measurements  with  numerical  results 

for  topside  illumination  and  wings  swept  at  f^l^.lb  MHz.  - 

experimental  data;  — •  —  stick  model;  ••••  body-of-revolution  model. 
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Pig.  27.  Current  density  on  the  topside  of  the  EC-135  fuselage  22.5 
meters  from  the  nose. 


Fig.  28.  Current  density  on  the  topside  of  the  EC-135  fuselage  5.0  meters 
from  the  nose. 


0  25  4jO  60  8D  IOD  12.0  14.0  I6j0  BjO  200 

frequency  (MHz) 

Fig.  31.  Current  density  on  the  wing  of  EC-135.  — * —  at  the  top  of  air 

craft  with  topside  E*  ||  fuselage;  ••••  at  the  bottom  of  aircraft 

with  topside  ||  fuselage,  -  at  the  top  of  aircraft  with 

topside  ^  X  fuselage,  — •  ♦ —  at  the  bottom  of  aircraft  with 
topside  X  fuselage. 


frequency  (MH::) 

Fig.  32.  Current  density  on  the  fuselage  of  EC-135.  ••••  at  the  top  of  air¬ 
craft  with  topside  |]  fuselage;  -  at  the  bottom  of  aircraft 

with  topside  &  Jj  fuselage  (stick  model  numerical  data) . 
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In.  Figs.  25  and  26  are  displayed  fuselage  surface  current  densities 
for  the  B-l  as  functions  of  position  along  the.  fuselage  for  two  different 
frequencies.  Both  the  wings -forward  and  wings-swept  configurations  are 
shown.  The  measured  data  were  obtained  using  a  scale  model. 

Experimental  data  from  scale-model  measurements  and  numerical  results 
from  the  body-of-revolution  model  of  the  EC-135  aircraft  are  compared  in 
Figs.  27-30,  in  which  are  shown  plots  of  the  surface  current  density  and 
surface  charge  density  at  various  locations  as  functions  of  frequency. 
Further  theoretical  (numerical)  results  are  presented  in  Figs.  31-34. 

c.  Thick  Cylinder  and  Intersecting  Flat  Plate 

Some  experimental  data  are  available  for  a  more  complicated  model  of 
an  aircraft,  an  intersecting  thick  cylinder  and  flat  plate  [28].  The 
geometry  is  shown  in  Fig.  35.  No  analytical  or  numerical  data  are  as 
yet  available. 


Fig.  35.  Diagram  of  flat  plate  crossed  with  an  electrically  thick  cylinder. 


d.  Ground-Plane  Effects 


The  presence  of  a  conducting  ground  plane  beneath  an  aircraft  causes 
the  incident  field  to  be  reflected  back  onto  the  aircraft,  with  a  phase 
shift  of  approximately  180®  (for  a  highly  conducting  ground)  for  the 
component  of  the  electric  field  parallel  to  the  ground  (and  thus  to  the 
wings  and  fuselage  of  the  aircraft).  As  a  consequence  of  the  reflection 
the  total  field  illuminating  the  aircraft  has  less  low-frequency  spectral 
content  than  the  incident  EM?. 


An  additional  effect  of  the  ground  is  the  formation  of  a  high-Q 
transmission-line-like  structure  comprising  the  aircraft  and  its  image  in 
the  ground  plane.  These  structures  resonate  at  about  the  same  frequencies 
as  the  isolates  aircraft  but  with  a  higher  Q. 

Some  of  the  results  for  the  induced  currents  and  charges  on  an  aircraft 
in  the  ground-alert  configuration  are  summarized  below  [13]. 


(a)  The  presence  of  the  ground  plane  shifts  the  resonance  frequencies 
by  only  a  few  percent,  the  lower-frequency  resonances  being 
shifted  less  than  the  higher- frequency  resonances. 

(b)  The  resonant  Q's  are  greatly  increased  when  the  ground  plane 
is  present. 

(c)  For  the  same  incident  pulse,  the  peak  current  densities  observed 

in  the  ground-alert  configuration  are  comparable  to  those  occurring 
in  the  in-flight  configuration. 


(d)  The  presence  of  the  ground  plane  reverses  the  importance  of  the 
first  and  second  resonances  in  some  cases. 

(e)  The  dc  (late-time)  component  of  the  induced  surface  charge 
density  is  nonzero  for  the  in-flight  configuration  and  zero  for 

->-i 

the  ground-alert  configuration  for  E  parallel  to  the  ground  plane. 

(f)  For  the  same  incident  pulse,  the  peak  charge  densities  observed 

in  the  ground-alert  configuration  are  comparable  to  those  occurring 
in  the  in-flight  configuration,  except  near  the  nose  and  the  tip 
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of  the  vertical  stabilizer.  At  those  locations,  the  ground-alert 
peak  charge  density  is  about  one-third  the  in-flight  peak  charge 
density  for  E^-  parallel  to  the  ground  plane. 


2.1. 2.1.5  Modeling  Accuracy 


a.  Model  Selection 


The  features  of  the  structure  that  should  be  Included  in  the  model 
depend  upon  their  relative  size  and  the  accuracy  desired.  For  example, 
should  the  engine  nacelles  be  included  in  the  model?  If  the  current  and/or 
charge  is  needed  in  the  vicinity  of  the  nacelle  it  is  obvious  that  the 
nacelle  is  needed  in  the  model.  At  distances  from  a  surface  protrusion 
(such  as  an  engine  nacelle)  large  in  comparison  with  the  dimensions  of  the 
protrusion,  the  effect  of  its  presence  may  be  neglected. 


Fig.  36  is  a  crossed-wire  model  for  the  EC-135  aircraft  which  may  be 
used  to  advantage  in  determining  the  interaction  of  the  aircraft  with  the 
EMP  because  of  the  physical  simplicity  of  the  model. 


Fig.  36.  Crossed-wire  model  of  the  EC-135  aircraft. 
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A  comparison  of  time-domain  peak  currents  1^^  and  times  tc  of  the 
first  zero  crossing  derived  from  the  crossea-wire  model  and  the  body-of- 
revolution  model  are  shown  in  taMe  12.  The  comparisons  are  quite  favorable 
iu  view  of  the  difference  in  complexity  of  the  models.  Although  the  current 
peak  values  compare  quite  well,  only  the  currents  on  the  forward  fuselage 
and  at  the  wing-fuselage  junction  have  approximately  the  same  time  histories. 


TABLE  12.  COMPARISON  OF  RESULTS  FROM  THE  CROSSED-WIRE  MODEL  WITH  THE 
BODY-Ot- REVOLUTION  MODEL  FOR  THE  EC-135  AND  A  TOPSIDE 
INCIDENT  UNIT-STEP  PULSE  (See  Fig.  36  for  t.ha 
definition  of  x,y  coordinates) 


Quantity 

Location 

Crossed- 
Wire  Model 

Body-o  f-Revolut ion 
Model 

Resonant  Freq. 

— 

2.4  MHz 

2.6  MHz 

*peak 

0.16  A 

0.13  A 

y  -  o- 

204  ns 

206  ns 

^peak 

0.108  A 

0.0S6  A 

t 

c 

n 

? 

L 

138  ns 

118  ns 

Ipeak  (2ud  peak) 

0.064  A 

0.0709  A 

fcc 

x  *  0+ 

214  ns 

207  ns 

Ppeai/V1  > 
p  (t-*»y  (^e1) 

nose 

12.9 

27.6 

9.9 

19.8 

ppeak 

6.5 

27.0 

P(t‘H») 

wing  tip 

2.6 

6.1 

<W(%st) 

vertical 

stabilizer 

21.4 

26.4 

p(t-x«)/(eoE  ) 

tip 

12.9 

10.2 
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Also  Included  In  table  12  are  comparisons  of  the  charge  densities. 

These  are  not  as  favorable  as  the  current  comparisons,  since  the  charge 
densities  are  compared  at  the  ends  of  the  elements  where  the  crossed-wire 
model  has  flat  end-faces  and  the  body-of-revolution  model  has  ellipsoidal 
end-faces.  The  points  selected  for  comparison  represent  points  at  which 
the  charge  density  is  largest.  In  table  12,  Ppea^  is  the  peak  value  of 
the  charge  density  and  p(t-**>)  is  the  asymptotic  value  of  the  charge  density. 

b.  Accuracy  of  the  Results 

It  is  difficult  to  quote  an  accuracy  that  can  be  achieved  through 
theoretical  analysis.  Generally,  when  the  physical  structure  is  simple, 
errors  of  less  than  a  few  percent  can  be  achieved  in  predicting  the 
surface  fields.  However,  if  the  structure  is  very  complex,  such  as  an 
aircraft,  then  error  of  a  factor  of  two  is  probably  the  best  that  can  be 
presently  achieved. 

2 . 1 . 2 . 2  High  Frequencies 

The  transient  surface  current  and  charge  densities  are  calculated  in 
this  section  for  certain  simple-shaped  geometries  to  demonstrate  the 
utility  and  accuracy  of  the  high-frequency  expressions  given  in  Sec.  1.4.3. 

The  expressions  can  be  used  in  several  ways  to  obtain  the  transient  response 
of  an  object.  For  example,  they  can  be  used  in  conjunction  with  intermediate- 
frequency  spectral  components  to  obtain  the  time-domain  response  by  a 
numerical  inversion,  such  as  the  FFT.  Alternatively,  the  high-frequency 
solutions  can  be  analytically  transformed  to  the  time  domain  and  then 
smoothly  joined  to  the  intermediate-time  results  which  may  be  obtained, 
for  example,  by  the  SEM  or  the  solution  of  a  time-domain  integral  equation. 

2. 1.2. 2.1  Wedges 

According  to  Sec.  1.4.3  the  induced  transient  surface  current  and 
charge  densities  on  the  horizontal  face  of  a  wedge  (Fig.  37)  can  be 
written  as 


3(x,t)  =  2  H1(x,t)u(ir  -  tp’)  +  ^(x.t) 
p  (x,  t)  =  2f.  Ei(x,t)u(ir  -  4>' )  +  p^(x,t) 


(60) 
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Fig.  37.  Plane  wave  normally  incident  on  a  perfectly-conducting  wedge. 


in  which  uCtt  —  * )  is  the  unit-atep  function.  The  first  term  on  the  ..ight 
hand  side  is  just  the  geometrical  optics  contribution. 

In  the  TE  case  where  H  is  parallel  to  the  z-axis  (or  edge)  and  given 
by 

^(x.y.t)  *  t  u[t  +  (x  cos  (j>*  +  y  sin  tj>')/c]  (61) 

z 

one  has  (cf.  Sec.  1.4. 3. 5. 2) 

J^x.s)  *f  i  D-d1,!*1,  x,  s)  — -  -  (62) 

xs  n 

for  the  diffracted  current  density  in  the  s-domain,  and 


pd(T)  =  ~  Jd(T)  +  ~  (T  -  1)  Jd(T) 
c  x  c  X 


Jd(T')dT’, 

x 


T  >  1 


(63) 


for  the  charge  density  in  the  t-domain,  where  T  »  ct/x.  Eq.(63)  shows  that 
for  very  early  times  after  the  arrival  of  the  diffracted  wavefront  (t  =  x/c, 
i.e.,  T  =  l) 
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The  edge  diffraction  coefficient  D^  in  (62)  is  first  introduced  in 
(210)  of  Sec.  1.4. 3. 5. 2;  its  explicit  expressions  for  the  half-plane  and 
the  ordinary  wedge  formed  by  two  intersecting  plane  surfaces  can  be  found 
in  [29]. 


-M 


In  the  TM  case  the  incident  electric  field  a  is  given  by  (61)  with 
S*  replaced  by  / Zq.  Since  l^*E(x,t)  •  0  everywhere,  one  has 


p(x,t)  -  0 

4  ’  ■  Hx(x>t) 


(65) 


Eq. (65)  is  obtained  from  E^(x,t)  via  Maxwell’s  equations  and  an  integration 

z 

with  respect  to  time. 

Calculations  of  the  surface  current  and  charge  densities  on  the  top 
face  of  a  right-angle  wedge  and  half-plane  are  presented  in  Figs.  38  and  39 
for  both  TE  and  TM  polarizations.  The  transient  responses  to  a  step-function 
pulse  for  various  angles  of  incidence  <f> *  are  exhibited.  The  GTD  (Geometrical 
Theory  of  Diffraction)  curves  in  Fig.  38a  are  calculated  using  the  edge 
diffraction  coefficients  given  by  Keller  [30];  these  diffraction  coeffi¬ 
cients  are  not  valid  at  the  shadow  and  reflection  boundaries,  where  they 
becom  infinite.  The  UTD  (Uniform  Theory  of  Diffraction)  curves  are 
calculated  from  the  uniform  diffraction  coefficients  given  in  [29].  The 
exact  curves  are  calculated  from  exact,  closed-form  time-domain  solutions 
given  in  [31-33]. 

In  Fig.  38a  it  is  apparent  that  numerical  results  based  on  the  GTD 
are  valid  only  for  very  early  times  after  the  arrival  of  the  diffracted 
wavefront  at  ct/x  »  1,  whereas  those  based  on  the  UTD  are  seen  to  be  in 
remarkable  agreement  with  exact  calculations  for  intermediate  and  even  fol¬ 
iate  times;  this  is  further  confirmed  by  comparing  the  UTD  curves  in  Fig.  38b 
with  the  exact  curves  in  Fig.  38c.  The  numerical  results  for  the  half-plane 
shown  in  Fig.  39  reveal  that  there  is  essentially  no  difference  between  the 
UTD  and  exact  values. 


Fig.  38.  Surface  current  densities  on  a  right-angle  wedge  illuminated  by  a 

TE  step-function  plane  wave  calculated  from  (a)  GTD,  UTD,  and  exact 
solutions,  (b)  the  UTO  solution,  and  (c)  the  exact  solution. 
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When  the  top  face  is  illuminated,  the  simple  response  predicted  by 
geometrical  optics  for  the  interval  -  cos  <j»*  <  T  <  1  is  evident.  The 
response  curves  for  the  right-angle  wedge  (n  =  3/2)  and  half-plane  (n=2) 
are  quite  similar.  For  late  times  the  response  for  the  TE  case  approaches 
2/n,  where  nir  is  the.  exterior  angle  of  the  wedge.  Thus  the  response  at 
intermediate  and  late  times  of  the  right-angle  wedge  is  somewhat  larger 
than  that  of  the  half  plane. 

Additional  numerical  results  for  the  transient  fields  diffracted  by  ' 
perfectly  conducting  wedges  illuminated  by  step-function  plane  waves  can 
be  found  in  [33-35],  It  should  be  mentioned  that  an  interesting  closed- 
form  result  for  the  diffraction  of  the  pulsed  field  from  an  electric  (or 
magnetic)  dipole  in  the  presence  of  a  perfectly  conducting  wedge  has 
recently  been  obtained  [36]. 

2. 1.2. 2. 2  Cylinders 

The  transient  current  and  charge  densities  induced  on  a  perfectly 
conducting  circular  cylinder  can  be  obtained  analytically  by  inverse¬ 
transforming  the  high-frequency  expressions  given  in  Sec.  1.4. 3. 5. 4  on 
the  shadow  side  (ir/2  <  $  <  3vr/2)  of  the  cylinder.  The  corresponding  high- 
frequency  expressions  on  the  illuminated  side  (0  <  I  d> I  <  ir/2)  can  be 
obtained  from  the  Luneberg-Kline  series  [37,38]  and  can  easily  be  trans¬ 
formed  to  the  time  domain.  The  representation  breaks  down  close  to  the 
shadow  boundary. 

Time-domain  data  for  the  surface  current  on  a  circular  cylinder  are 
given  in  Fig.  40  for  TE  and  TM  step-function  incident  plane  waves.  In  the 
shadow  region  the  early-time  response  for  the  TM  case  is  much  weaker  than 
that  for  the  TE  case,  which  is  expected  because  of  the  greater  attenuation 
experienced  by  the  TM  surface  ray  modes.  The  curves  in  Fig.  40a  appear  to 
be  approaching  the  late-time  limit  of  unity,  and  so  it  is  believed  that 
they  are  resonably  accurate  for  intermediate  times.  It  should  be  emphasized 
that  the  results  in  Fig.  40  were  calculated  from  an  exact  inversion  of  the 
high-frequency  solution. 
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The  transient  response  in  the  shadow  region  begins  at  ct/a  -  <j>  ir/2, 

and  in  Fig.  40  a  second  rise  in  the  response  at  3tr/2  -  $  is  evident  for  the 
95°  and  135°  curves.  This  is  due  to  the  arrival  of  the  wavefront  from 
the  shadow  boundary  at  3tt/2. 

The  early-time  response  curves  in  the  illuminated  region  are  seen  to 
be  useful  only  for  relatively  short  times  compared  with  the  curves  for 
the  shadow  region.  This  may  be  due  to  the  fact  that  the  high-frequency 
solution  on  the  illuminated  side,  based  on  the  Luneberg-Kline  series,  is 
not  as  accurate  as  that  on  the  shadow  side.  The  high-frequency  solution 
on  the  shadow  side  can  be  used  right  up  to  the  shadow  boundary,  whereas 
for  the  Illuminated  side  it  breaks  down  quickly  as  the  boundary  is 
approached.  Perhaps  this  difficulty  could  be  overcome  by  using  solutions 
valid  for  the  transition  regions,  which  join  smoothly  with  those  for  the 
shadow  and  illuminated  regions,  such  as  those  described  in  [40]. 

As  in  the  case  of  the  wedge,  there  is  no  surface  charge  density  in 
the  TM  case.  In  the  TE  case  the  surface  charge  density  in  the  time  domain 
can  be  found  from  the  inversion  of  the  expression  given  in  Sec.  1.4. 3. 5. 4. 
Additional  numerical  results  for  the  transient  surface  currents  on  circular 
cylinders  are  given  in  [38]. 

2. 1.2. 2. 3  Aircraft  Model 

The  basic  aircraft  model  that  has  been  used  extensively  for  GTD 
calculations  is  shown  in  Fig.  41,  where  the  infinitely  long,  perfectly 
conducting  elliptic  cylinder  models  the  fuselage  while  the  flat,  perfectly 
conducting  plates  model  the  aircraft  wings.  Also  in  Fig.  41  are  shown  the 
high-frequency  surface  current  and  charge  densities  for  various  incidence 
angles  <)>'  of  a  TE  incident  plane  wave  [41].  The  dimensions  chosen 
(a  *  b  *  3.5  meters)  correspond  to  those  of  a  747  aircraft.  The  corre¬ 
sponding  results  for  a  TM-type  Incident  wave  are  in  general  smaller. 

2.1. 2. 3  Large  Appendages 

In  this  section  data  are  presented  for  the  effects  of  electrically 
large  appendages  on  the  induced  currents  and  charges  on  aircraft,  missiles 
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Fig.  41.  (a)  Surface  current  density  and  (b)  surface  charge  density  at 

z  =  0  and  <j>=60°  on  a  747  (a  =  b  =  3.5  m)  aircraft  for  a  TE 
incident  plane  wave  with  various  angles  of  incidence  <{>'. 


and  ground-based  communications  systems.  The  appendages  considered  include 
long  trailing-wire  antennas  on  aircraft,  exhaust  plumes  associated  with 
missiles  in  powered  flight,  and  wires/cables  external  to  ground  facilities. 

2. 1.2. 3.1  Trailing-Wire  Aircraft  Antennas 

Two  different  VLF/LF  transmitting  antennas  are  shown  in  Fig.  42.  These 
antennas  operate  in  the  frequency  range  17-60  kHz,  and  are  tuned  by  varying 
the  wire  lengths.  The  longer  of  the  two  wires  in  the  counterpoise  antenna 
or  the  single  trailing  wire  can  extend  as  much  as  8.5  km  behind  the  aircraft. 
Some  data  will  be  given  in  this  section  regarding  the  effect  of  the  presence 
of  this  long  wire  on  the  currents  and  charges  induced  on  the  aircraft  itself 
when  the  whole  system  is  illuminated  by  an  EMP,  especially  in  the  frequency 
range  below  the  first  resonance  of  the  aircraft. 


Fig.  42.  (a)  Dual-wire  (counterpoise)  and  (b)  trailing  wire  VLF/LF  antennas. 
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A  simplified  model  encompassing  the  salient  features  of  the  problem 
is  shown  in  Fig.  43.  The  aircraft  is  modeled  by  a  simple  stick  model 
(see  Sec.  2.1.2.1.4a).  The  trailing  wire  is  attached  to  the  aircraft  to 
the  bottom  of  the  fuselage  under  the  wings.  The  current  Iy  injected  from 
the  long  wire  into  the  aircraft  is  given  by  [42] 


l-F(L) 


secCkJl^)  ~  sec(ki^) 


4ttS^  <oo)  1  +  F(L)  j[tan(k£^)  +  2tan(k£2)  +  tan(k£^)) 


!-F2(L)  +  jftanCki^)  +  2tan(k£2)  +  tan(ki3>] 


where  E^(uO  is  the  spectrum  of  the  incident  EMP  of  the  form  of  the  difference 
of  two  exponentials  as  given  by  (2),  i.e., 


O  \  1  +  jtlJT-  1  +  jtl)T 


with  ■  0.25  ps,  rr  *  2  ns,  and  the  function  F(L)  is  given  by 

An  [  1  -2vj/{in(rk2a2)  -An[kL+  (k2L2  +  T-2)1*]  +  3tvJ  /2}1 
f/t-v  ,  - fc - - — .  ■■  ■  ■  ■  --  ■  ■  - ±-  e~ 


£n{l  -  2irj7 [2  in(rka)  +  3irj/2] 


e~jkL  (68) 


Fig.  43.  Stick-model  aircraft  with  attached  trailing-wire  antenna  and 
topside  incidence  (i^  *  13  m,  &2  =  20  m  ,  &3  ■  34  m ,  L-  8.473  km, 
a  *  2  mm) . 
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with  if  m  -2  £n(rka)  -  j tt ,  and  r  *  1.81072...  . 

cl 

The  currents  induced  on  the  stick-model  aircraft  itself  are 


4ttE' 

*  Z  0  jk  fl(5l')  “  Iwgl(5l-) 
o  a 


(69) 


4ttE' 

*2^2^  “  Z ~Q  jk  "  Iw82^2^ 

o  a 


(70) 


-4ttE’ 

W  *  Z H  jk  f3^V  "  Iwg3^3'* 

o  a 


(71) 


where  ft  “2  £n(L/a),  with  L  being  the  length  of  the  trailing  wire  and  a 
a 

its  radius,  and 


f^(5)  “  cos(k£)  -  1  +  sin(k5) {tan(k£n) + jn  Xsec(k£Q) lsec(k£^)  -  sec(k£^)] 


x  [tanCki.^)  +  2tan(k£,2)  +  tan(k£^)  ]-1} ,  n  *  1,3 


(72) 


gQ(?)  =  sin(kS)sec(k£n)/ (tan(k£,^)  +  2tan(k£9)  +  tan^Jl^)  ] ,  n-1,2,3,  (73) 

h(£)  -  sin(k5)sec(k£,2)  [sec(k£,2)  -  sec(k£^)  ]/[tan(k£^)  +  2tan(k£,2)  +  tan(k£;j)  1  (74) 

The  coordinates  and  ate  shown  in  Fig.  43.  The  expressions  (66)  - 

(74)  have  been  derived  by  neglecting  the  damping  of  the  aircraft  resonances. 

This  effect  can  be  included  by  expanding  each  of  the  currents  in  Mittag- 
Leffler  series  and  then  introducing  the  damping  for  each  resonance  (cf. 

Sec.  2.1.2.1.4a). 

The  frequency  variation  of  the  total  induced  current  at  two  points  on 
the  stick-model  aircraft  is  shown  in  Figs.  44  and  45.  The  results  shown 
are  for  a  double  exponential  EMP  with  topside  incidence  (Fig.  43)  and 
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Fig.  43.  Spectral  density  of  the  total  induced  fuselage  current  at  the 
midpoint  between  the  empennage  and  the  wing  root. 
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spectrum  given  by  (67).  Results  are  shown  for  frequencies  below  one  MHz 
only,  since  the  effect  of  the  trailing  wire  on  the  aircraft  currents  is 
not  so  important  in  the  resonance  region  of  the  aircraft  [42].  It  should 
be  emphasized  that  the  topside-incidence  case  does  not  give  the  maximum 
effect  of  the  trailing  wire  on  the  induced  currents  and  charges  on  the 
aircraft.  The  maximum  effect  seems  to  occur  when  the  direction  of 
incidence  is  nearly  parallel  to  the  wire  and  toward  the  aircraft. 

2. 1. 2.3. 2  Sxhaust  Plumes 

The  ionized  exhaust  gases  ejected  from  a  missile  in  powered  flight 
behave  like  a  conductive  extension  of  the  missile.  The  presence  of  this 
exhaust  plume  can  affect  the  response  of  the  missile  to  EMP  excitation 
in  at  least  two  ways:  (a)  the  conducting  plume  may  significantly  affect 
the  surface  currents  induced  on  the  missile  body,  and  (b)  the  induced 
currents  in  the  plume  itself  may  couple  directly  to  the  interior  of  the 
missile  through  the  nozzle  assembly.  Only  the  first  effect  will  be 
discussed  here,  as  the  second  is  not  at  all  well  understood  at  present. 

a.  Missile-Plume  Models 

The  simplest  model  for  a  missile-plume  configuration  is  a  thir 

cylinder  of  constant  radiur  a  and  axiclly  varying  alectrical  properties. 

The  geometry  for  such  a  model  is  shown  in  Fig.  46  The  missile  Itself 

extends  from  z«0  to  z  «=  the  plume  extends  below  the  missile  to 

z  =*  i  +  £  .  The  total  axial  current  I(z)  at  any  ncJnt  z,  where 
m  p 

0  <  z  <  H  + i  ,  can  be  determined  fro"’  the  solution  of  an  integral 
m  p 

equation  [43-46].  The  limitations  of  this  model  and  approach  are  that 
(a)  only  the  axial  current  can  be  calculated;  (b)  it  is  necessary  that 
S!.  )/a  »  1;  (c.)  the  junction  between  the  missile  and  the  plume  Is 
assumed  to  be  a  simple  electrical  connection  between  two  objects  having 
different  electrical  conductivities.  Recently,  some  limited  results  have 
been  presented  for  a  model  in  which  the  missile  is  treated  as  a  conducting 
rod  of  conductivity  agm  and  the  plume  is  modeled  as  a  homogeneous  lossy 
dielectric  body  of  revolution  attached  to  the  conducting  rod  [44].  However, 
we  shall  here  restrict  attention  to  the  more  completely  developed  thin- 
cylinder  model  for  the  missile  and  plume. 


Fig.  46.  The  thin-cylinder  model  for  a  missile-plume  configuration. 


The  principal  contribution  to  the  conductivity  of  the  plume  is  the 
motion  of  free  electrons  under  the  influence  of  an  applied  field.  The 
effective  permittivity  and  conductivity  of  the  plume  in  the  cold-plasma 
model  are 
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in  which  v  denotes  the  collision  frequency  and  the  plasma  frequency 


<i)2  ■  n  a"!  (me) 
p  e  e  o 


(78) 


where  n£  is  the  free-electron  density  in  the  plume,  and  e  and  me  are 
respectively  the  electron  charge  and  mass.  In  the  frequency  range  of 
interest  for  EMP  studies,  w  <<  v  and  <d  <<  <0p,  so  that 


a  -  £  to  /v 
ep  o  p 


(79) 


is  a  good  approximation  for  the  plume  conductivity.  Note  that  this  approx¬ 
imate  expression  is  independent  of  u.  In  general,  both  v  and  depend  on 
the  axial  and  radial  spatial  coordinates  of  the  plume. 

The  equivalent  internal  impedance  per  unit  length  of  the  plume  is 
calculated  from  a  knowledge  of,  or  assumptions  concerning,  the  functional 
dependence  of  to  and  v  on  position  in  the  plume.  Results  for  three 
distinct  plume  models  will  be  presented  here.  The  simplest  plume  model 
is  the  homogeneous-plume  model  which  is  based  on  the  assumption  that  the 
plume  conductivity  is  constant  everywhere  within  the  plume.  For  this  model 
the  equivalent  internal  impedance  per  unit  length  is 


Z[(z) 


2ira 


(1+J) 


(homogeneous  plume) 


(80) 


Another  plume  model  is  the  so-called  tapered-plume  model  [45,46]  which 
utilizes  an  assumed  exponential  variation  for  the  plume  conductivity, 
namely 
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In  which  a  is  a  constant.  The  internal  impedance  per  unit  length  is 

Identical  to  that  given  in  (80)  with  a  replaced  by  (81).  The  third  model 

is  the  inhomogeneous -plume  model  whose  plume  conductivity  a  is  allowed  to 

vary  as  a  function  of  radius  and  of  axial  position.  The  electron  density 

ne  and  the  collision  frequency  v  may  be  calculated  by  the  Aero  Chem  Low 

Altitude  Plume  Program  (LAPP)  [47]  and  then  used  to  determine  a  using 

ep 

(77),  but  this  procedure  will  cause  considerable  uncertainty  in  the  results. 


Smith,  et  al.  [43]  have  considered  two  models  of  the  inhomogeneous  plume 

of  finite  length.  In  their  first  model,  the  conductivity  and  the  plume  radius 

are  functions  of  axial  position,  and  the  conductivity  at  a  given  value  of  z 

is  the  maximum  value  predicted  by  the  LAPP  code  at  that  axial  position.  The 

ladius  of  the  plume  r  is  taken  to  be  the  radius  at  which  this  maximum 

P 

conductivity  occurs.  In  their  second  model,  the  plume  radius  rp  is  assumed 
to  be  constant  and  equal  to  the  missile  radius,  while  the  conductivity  at 
each  z  is  the  maximum  value  predicted  by  the  LAPP  code  at  that  z-value. 

For  each  of  these  two  models,  the  equivalent  internal  impedance  Z!^  per  unit 
length  of  the  plume  is  of  the  form 


/  unT 

Zi(z)  =  2trr  (z)  (i  +  j)  J  2o~  (z)  <82) 

P  y  ep 

In  summary,  the  various  plume  models  use  different  approaches  to  the  calcu¬ 
lation  of  Z^(z);  but  in  each  case  the  plume  is  modeled  as  a  thin  cylinder 
of  radius  a.  Only  the  form  of  the  axial  variation  in  Z^(z)  differs  among 
the  models. 

Fig.  47a  shows  frequency-domain  results  for  a  homogeneous-plume  model 
for  various  conductivity  values,  while  Fig.  47b  exhibits  similar  data  for 
a  different  angle  of  incidence  [44].  In  the  case  of  broadside  incidence, 
the  presence  of  the  plume  tends  to  suppress  the  missile  current,  while  at 
near  grazing  incidence,  the  plume  tends  to  enhance  the  missile  current. 
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Fig.  47a.  Current  magnitude  on  a  thin-cylinder  model  of  3-meter  missile 

(6.4  cm  radius)  with  6-meter  trailing  plume  (f  ■  50  MHz,  broadside 

incidence  0.  “90°);  homogeneous-plume  model;  a  IE*  ■  1  volt 

i  cm 

(A  is  wavelength). 


Fig.  47b.  Current  magnitude  on  a  thin-cylinder  model  of  3-meter  missile 

(6.4  cm  radius)  with  6-meter  trailing  plume  (0.“  30°,  f  *  50  MHz); 

i  1 

homogeneous-plume  model;  c  ■»,  AE  ■  1  volt. 


Fig.  48a  shows  the  dependence  of  the  missile  current  on  wavelength  for  the 
homogeneous-plume  model,  while  Fig.  48b  shows  this  same  dependence  for  an 
inhomogeneous  plume  whose  conductivity  profile  is  given  in  [43].  The  unit- 
step  transient  response  for  a  homogeneous  plume  and  a  tapered  plume  are 
shown  respectively  in  Figs.  49a  and  49b  [48], 

c.  Validity  of  Approximations 

Almost  all  the  plume  calculations  presently  employ  the  cold-plasma 
approximation.  A  plasma  is  considered  to  be  "cold"  when 


v 

t  m  electron  thermal  velocity  <<  ^ 
Vp  EM  wave  phase  velocity 

For  EMP  problems  it  can  be  shown  that 


(83) 


(84) 


Fig.  50  presents  curves  of  the  ratio  vt/v  versus  frequency  for 
18—3  9—1 

ne  - 10  m  ,  v ■  10  sec  ,  and  a  temperature  ranging  from  5C06K  to  4000°K. 
Froiji  these  curves  one  can  find  the  frequency  range  in  which  the  cold-plasma 
approximation  is  not  violated. 

2. 1.2. 3. 3  External  Wires  and  Cables 

Long,  thin  conductors  outside  the  first  layer  of  shielding  often  occur 
in  ground-based  systems.  Examples  of  such  conductors  are  power  lines, 
communication  cables,  metal  piping,  and  similar  appendages  for  station- 
keeping  and  communication.  These  conductors  provide  paths  along  which 
EMP-induced  currents  and  charges  may  propagate  toward  the  facility.  Of 
primary  interest  is  the  Thdvenin  or  Norton  equivalent  source  representing 
the  voltage  or  current  delivered  to  the  facility  end  of  the  conductor. 

There  are  two  categories  of  external  conductors:  aoo’ 'e-ground  conduc¬ 
tors  and  those  at  or  below  the  surface.  The  above-ground  conductors  are 
exposed  to  the  incident  EMP  for  the  short  time  that  elapses  before  the 
reflection  from  the  ground  arrives.  Buried  conductors  are  exposed  only 
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Fig.  48a.  Comparison  of  magnitude  of  current  on  missile  without  a  plume 

and  missile  with  a  homogeneous  plume.  Length  of  missile  2,^- 0.39a 

(near  resonance)  and  i  "0.09A  (electrically  short);  a  *  0. 25mho/m, 
7  eP 

a  ■  3.54  x  10  mho/m,  AE1 *  1  volt,  0.  “90°. 
em  *  i 


Fig.  48b. 


(b) 


Comparison  of  magnitude  of  current  on  missile  without  a  plume  and 


missile  with  an  inhomogeneous  plume.  Length  of  missile  £m"0.39A 
(near  resonance)  and  £^■0.091  (electrically  short);  o^ ■  3.54  x 
107mho/m,  AEi-lvolt,  01»9O°. 
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Fig.  49a.  Unit-step  response  of  missile  nozzle  current  (broadside  incidence, 
homogeneous-plume  model,  aem  =  »,  E  *1  V/ro) . 
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Fig.  49b.  Unit-step  response  of  missile  nozzle  current  (broadside  incidence, 

tapered-plume  model,  a  m  Q.8ea^  +  Z//ll^mhos,  a  ■  “>,  E*  »  1  V/m)  . 
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to  that  part  of  the  EMP  that  propagates  into  the  soil.  Currents  and  charges 
on  above-ground  conductors  are  also  distinguished  by  a  velocity  of  propaga¬ 
tion  close  to  the  speed  of  light,  while  their  propagation  on  buried  conductors 
is  much  slower  and  accompanied  by  appreciable  attenuation.  Because  of  these 
differences  in  propagation  characteristics,  an  above-ground  conductor  is 
more  sensitive  to  the  direction  of  incidence  of  the  KMP  than  a  buried  con¬ 
ductor. 

a.  Wire  Above  Ground 

a.l  Early-Time  Response 

The  response  of  an  above-ground  conductor  before  the  arrival  of  ground 
reflection  is  the  same  as  the  response  of  an  isolated  conductor  in  space 
(without  a  ground  plane) .  The  current  induced  on  an  infinitely  long  conductor 
of  radius  a  in  free  space  is  [49] 
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4E1  e"jkz  cos  9 


k'Zo  ‘  H(2)(k'a) 
o 


(2) 

where  k-w/c--  js/c,  k'  *k  sin  8,  H  is  the  Hankel  function  of  the  second 

i  ° 

kind  and  order  zero,  E  is  the  magnitude  of  the  incident  electric  field,  6 
is  the  angle  between  the  axis  of  the  wire  and  the  propagation  vector  of 
the  incident  wave,  and  the  magnetic  field  of  the  incident  wave  is  perpen¬ 
dicular  to  the  wire.  A  plot  of  the  current  waveform  induced  by  a  step- 
function  incident .wave  is  shown  in  Fig.  51. 

a. 2  Complete  Response  for  Perfectly  Conducting  Ground 

The  current  induced  on  an  infinitely  long  wire  of  radius  a  at  a 
height  h  above  a  perfectly  conducting  groiuid  plane  by  a  plane  wave  whose 
magnetic  vector  is  perpendicular  to  the  axis  of  the  wire  is  [50] 


I(z,s) 


4E1  (1  -  e~j2k’h  sin  *)e~jkz  COa  6 
k'Zo  H^2)(k’a)  -H^2)(2k,h)Jo(k,a) 


(86) 


Fig.  51.  Current  induced  on  an  infinite  conductor  by  a  step-function 
incident  wave  (transverse  magnetic  field). 
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a. 3  Late-Time  Response  (Imperfect  Ground) 


An  approximation  to  the  late-time  current  or  voltage  induced  on  a 
long,  thin  wire  parallel  to  the  surface  of  the  earth  has  been  obtained 
from  transmission-line  theory  [51,52].  Although  this  approach  is  valid 
only  when  the  wire  height  is  small  compared  to  a  wavelength  (kh  «  1),  the 
method  gives  surprisingly  good  results  even  when  this  condition  is  not 
satisfied  (e.g.,  when  kh  “  1). 

The  current  I(z,s)  and  voltage  V(z,s)*  at  any  point  z  (z^  £  z  <_  z^) 
along  the  line  is  given  by 


I (z , s)  »  [K1  +  P(z)]e“YZ  +  [K2  +  Q(z)]eYZ 
V(z,s)  «=  Zc{[K1+P(z)]e  y7‘  -  [K2  +  Q(z)]eY2} 


(87) 


where  and  K2  are  determined  from  the  terminal  conditions  at  z  **  and 
z  * z2  by 

“Yz2  Yz2 

yz]L  p2P(z2)e  "  -  Q(z1)e 

K1  "  ple  y(z2  '  -y(z2  -  Zj) 

e  -  p1p2e 

(88) 

YZ1  ”YZ1 

-Yz2  P1Q(z1)e  -  P(z2)e 

K2  *  P2e  y(z2  -  z2)  ~Y (z2  "  zj_') 

e  -  p^e 


in  which  p^,p2  are  the  voltage  reflection  coefficients  at  z^,z2  respectively. 

The  coupling  functions  P(z)  and  Q(z)  are  related  to  the  total  impressed 

field  E_  by 
z 


*It  is  to  be  noted  that  V  is  the  voltage  of  the  TEM  mode  on  the  transmission 
line.  The  total  voltage  V*1  is  equal  to  V  +  Vi,  where  V1  is  the  potential 
directly  related  to  the  incident  electric  field.  At  the  ends  of  the  lint  , 
V^-  must  be  taken  into  account. 
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P(z) 


r 

7., 


E  (v) 

YV  z  „ 
e  -2z“dv 


Q(z)  - 


f  2  E  (v) 

I  -w  z  , 

e  '  ~2Z~dv 


(89) 


The  coefficients  and  account  for  the  effects  of  the  terminating 
impedances  and  the  reflections  therefrom,  while  P  and  Q  account  for  the 
accumulation  of  the  incremental  coupled  currents  propagating  in  the1  positive 
and  negative  z  directions. 

The  propagation  factor  y  and  the  line  characteristic  impedance  ZQ  in 
(87)  for  an  imperfect  ground  are  given  approximately  by  [53] 


Y  -  jkll(s) 
Zc  -  Z°H(s) 


(90) 


where  Z°  is  the  characteristic  impedance  of  the  line  for  perfectly  conducting 
ground,  and  H(s)  is  given  by 


H(s) 


1  +  /ST,  \ 


-  k 


1 

a 


(91) 


2  2 

with  ■  pQCTh  and  «  ^wawa  »  0  being  the  ground  conductivity,  and 
being  the  permeability  and  conductivity  of  the  wire.  For  typical  wire 
conductivities  and  radii,  the  term  containing  t  is  significant  only  at 
very  low  frequencies  (at  1  MHz  this  term  is  only  1-2  percent  of  the  term 
containing  r^) .  Plots  of  Re{H(s)}  and  Tm{H(s)}  with  the  term  containing 
t  neglected  are  given  in  Fig.  53  for  frequencies  between  10  kHz  and  100  MHz 
and  representative  values  of  t^. 

For  above  ground  conductors,  the  impressed  field  E  is  related  to  the 

i  z 

incident  electric  field  amplitude  E  by 
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h/o=  100 


Th=IO'9=/iocrh2 


E  -  Ei{l  +  Re";}2kh  Sin  ,(,)e"^kz  cos  ^  cos  ^ 


x 


sin  ip  cos  ip 
sin  ip 


(vertical  polarization) 
(horizontal  polarization) 


where  R  ia  the  reflection  coefficient  at  the  air/soil  interface  [54]  and  \p 
and  4*  are  the  angles  of  incidence  (see  Fig.  54) .  The  low-frequency  approxi¬ 
mation  for  the  reflection  coefficient  gives 


1  +  R  = 


2 


Hpl 

(sin  iJj)  , 


if 


a  >>  we 

2 

a  »  we  / sin  ^ 
o 


(92) 


in  which  the  upper  sign  is  to  be  used  for  vertical  polarization  and  the 
lower  sign  for  horizontal  polarization  of  the  incident  field.  In  the  case  of 


Fig.  54.  Coordinates  for  angle  of  arrival  of  incident  wave. 
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horizontal  polarization  the  incident  electric  vector  ia  parallel  to  the  air/ 
soil  interface,  whereas  in  the  vertical  polarization  case  the  incident  elec¬ 
tric  vector  lies  in  the  plane  that  contains  the  propagation  vector  and  is 
perpendicular  to  the  air /soil  interface. 

a. 4  Semi-Infinite  Wire  (Short-Circuit  Current) 

With  z^  * and  Z2**0,  the  short-circuit  current  at  z-0  is 


I 

sc 


(0,s) 


EicD(^,iji,s) 

2 

c 


+  2/t 

e 


(sin  ip) 


(93) 


where  tQ  ■  (2h  sin  ip)/c  and  t  ■  e0/a,  anc*  it  has  been  assumed  that  y  =  s/c. 
The  function  D(tp,<p,s)  is  a  directivity  function  given  by 


DOM, a) 


_ 1 _ 

H(s)  -  cos  ip  cos  (j> 


sin  ip  cos  <j> 
sin  <j> 


(94) 


where  the  upper  term  applies  to  vertical,  and  the  lower  term  to  horizontal, 
polarization,  and  H(s)  i6  given  by  (91). 

The  product  Z  I  (0,s)  calculated  from  (93)  is  shown  in  Fig.  53  as  a 
c  sc 

function  of  normalized  frequency  with  soil  conductivity  as  a  parameter  for 
vertically  polarized  incident  wave. 

For  a  perfectly  conducting  ground  ( a  -  00 ,  te  ■  0)  the  second  term  inside 
the  square  bracket  in  (93)  vanishes,  and  D(ip,<p)  and  ZQ  are  then  independent 
of  frequency.  This  case  is  shown  in  Fig.  55  as  a  dashed  curve. 

For  an  impulse  incident  field  E  <5(t),  the  time-domain  current  in  the 
wire  is 

E0cD(M)  Isc(0’t) 

,  -Q 


n’t. 


(sin  ip) 


+1 


ITT 


V  v  t  v  c 


t  >  t 


(95) 


and  for  a  step-function  incident  field,  the  time-domain  current  is 


379 


Fig.  55.  Short-circuit  current  in  above-ground  wire  for  vertically  polarised 
incident  field. 


0  <  t  <  t 

—  ~  o 

(96) 

t  >  t 

—  o 

where  Zc  and  D0J/,<J>)  are  assumed  to  be  independent  of  frequency.  Aa  before, 
the  upper  sign  of  the  exponent  of  sin  $  applies  to  vertical,  and  the  lower 
to  horizontal  polarization  of  the  source  field.  Plots  of  the  impulse  and 
step  function  responses  of  the  wire  current  are  shown  in  Fig.  56  for  nominal 
values  of  soil  conductivity,  wire  height,  and  elevation  angle  of  Incidence. 


- - -  i8C(o,t)  - 

E  ctoD0M) 


1+  V  TTt~  <8in  *)T1  ^o-1* 

*  o 


b.  Buried  Conductors 

For  buried  cables  the  high  frequencies  are  attenuated  more  severely 
by  the  soil  than  the  lov  frequencies,  and  for  cables  with  cylindrical  shields 
the  shield  limits  the  high-frequency  content  of  the  energy  penetrating  into 
the  internal  conductors.  Therefore,  a  low-frequency  approach  is  often 
adequate  for  buried  shielded  cables  and  the  transmission-line  equations 
can  be  used  as  a  starting  point. 

The  impressed  field  at  the  buried  cable  is 


E  »  2E 
z 


)/sx  e 
e 


-^ST 


V3k%(*,*) 


(98) 


2 

where  k"  «  k  cos  cos  <j>,  Te*e0/°*  •  pod  ,  d  is  the  depth  of  burial  and 
DOM)  is  a  function  whose  value  depends  on  the  polarization  and  angle  of 
incidence  of  the  incident  field  (Fig.  54) 


DOM) 


cos  <f  sin  iji  (vertical  polarization) 
sin  (horizontal  polarization) 


(99) 


b. 1  Current  in  Long  Buried  Cables 

The  current  Induced  at  any  point  z  along  an  infinitely  long  buried 
cable  is 


I(z,s)  “  E  /Z'  (100) 

z  s 

where  Z'  ■  Z  y.  Eq. (100)  is  the  classical  form  for  the  current  induced  in 
s  c 

an  infinitely  long  buried  cable;  it  also  applies  to  points  far  from  the  ends 
of  a  cable  of  finite  length. 

The  impedance  Z'  in  (100)  is  the  soil  impedance  per  unit  length  of  the 
s 

cable  given  by 


( I Yal  «  1) 


(101) 
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when  the  soil  is  of  infinite  extent.  In  this  expression,  a  is  the  cable 
radius,  r  is  the  exponential  of  Euler's  constant  (r* 1.781  .  .  .)  ,  and  £ 
is  the  skin  depth  of  the  soil.  The  impedance  of  a  conductor  at  the  air- 
soil  interface  (the  worst  deviation  from  the  form  above)  is  approximately 
the  sane  as  the  impedance  at  an  Infinite  depth  [53].  In  addition,  for  most 
practical  cases  one  has 


^  «  ul;  -  0)^  <l02> 

so  that  the  approximation  Z'  »  juL'  can  be  used. 

S  8 

The  internal  impedance  of  metal  cables  is  usually  very  small  compared 

to  the  soil  Impedance  Z'  except  at  very  low  frequencies  (i.e.,  a  few  hundred 

s 

hertz) . 

For  an  Insulated  cable  the  impedance  per  unit  length  is  essentially  the 
sane  as  for  a  bare  cable.  However,  the  insulation  has  a  major  effect  on  the 
shunt  admittance  per  unit  lmgth  Y'  and  honce  on  the  propagation  factor 
Y  -  /z'Y\ 

Eq. (100)  can  be  written  in  the  form 

(irfi2)aE 

I(z,s)  “ - - -  (103) 

j  £n[/25/(ra)] 

The  logarithm  term  is  rather  insensitive  to  frequency  and  soil  conductivity. 

2 

The  product  *6  is  the  cross-section  area  of  a  cylinder  of  radius  5,  and 
oE.  is  the  current  density  in  the  soil  in  the  absence  of  the  cable.  Eq.(103) 
therefore  states  that  the  current  Induced  in  the  cable  is  roughly  proportional 
to  the  current  that  would  flow  in  a  cylinder  of  soil  one  skin-depth  in  radius 
if  the  conductor  were  removed.  For  typical  communication-cable  sizes  and 
poor  soil  conductivities,  the  !,n-term  has  a  value  of  about  10. 

In  more  conventional  form,  the  current  far  from  the  ends  of  a  xong 
cable  is  approximately  given  by 
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0 1 


e 


(104) 


/r VdOM) 


I(z,s) 


If  L'  Is  assumed  to  be  independent  of  frequency,  the  current  induced  by  an 
s 

impulse  EQ5(t)  is 


/7eE0D<iM) 


t  -x,/(4t) 
1(2, t)  -  JL  e  d 


and  the  current  induced  by  a  step  field  E  u(t)  is 


(105) 


t/x  E'hx^) 


I(z,t)  *  2  /—  e 


r  -V(4t) 


(106) 


The  normalized  induced  currents  for  the  impulse  and  step  function  excitations 
are  shown  in  Fig.  58. 


The  cable  current  induced  by  an  exponential  incident  field  of  the  form 


Eexp(-t/ t)  is 


L'  “^d 

—i* -  i(2,s)  «  -~r - 

/rteE  D(tj/,(ji)  /bt  (s  +  1/t) 


(107) 


The  time-domain  current  waveform  is  then  [55] 


£■  -t/t  2  I 

- ~ -  I(z,t)  -  e  t/T  — 

r/xX^Euty,^  /I T  ^0 


x  2  _p/u2  2 

—  e  r  e  du 

Jir  0 


(108) 


where  p*  1^/(4!)  ■  pcrd  /(4t).  The  normalized  current  waveform  is  plotted 
in  Fig.  59  for  several  values  of  the  depth  parameter  p. 


b.2  Parametric  Dependence 


It  can  be  seen  that,  except  for  the  logarithmic  dependence  in  1/  ,  the 


induced  current  in  (108)  is 


I(t,z)  «  E^/x/a 


(109) 


*  — 


l 
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H 


impulse  response 
rd  =  /itrd2 


V  «o/<r 
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Fig.  58.  Normalized  current  on  long  buried  cable  for  impulse  and  step 


incident  source  fields. 


12  3  4  t/r  5  < 

Fig.  59.  Normalized  current  waveform  on  long  buried  cables  for  various 

values  of  the  depth  parameter  p  for  exponential  pulse  excitation 
Eiexp(-t/r) . 


A  plot  of  the  peak  current  as  a  function  of  soil  conductivity  with  the  expo¬ 
nential  time  constant  x  as  a  parameter  is  given  in  Fig.  60.  The  peak  current 
is  normalized  to  the  peak  incident  field  E1,  and  the  value  of  Sxi(^2  6/Ta)  =10 
is  used. 

The  induced  current  also  depends  on  the  angles  of  incidence  of  the  wave 
through  the  directivity  function  D(tj>,  4>)  of  (99). 

b . 3  Current  Near  the  End  of  a  Conductor 

At  the  end  of  a  semi-infinite  cable  the  current  is  the  same  as  the 
current  far  from  the  ends  if  the  cable  end  is  short  circuited,  half  the 
current  far  from  the  ends  if  the  cable  end  is  terminated  in  its  characteristic 
impedance,  and  zero  if  the  cable  end  is  open  circuited. 


Fig.  60.  Peak  cable  current  as  a  function  of  soil  conductivity  for  an  inci¬ 
dent  exponential  pulse,  E^exp(-t/-r)  and  D , 4> )  =  1. 


The  current  near  the  end  of  an  open-circuited  cable  is 


1(2,3)  -  ^  (l-e"YZ) 
s 


(110) 


The  current  induced  by  an  exponential  pulse  of  incident  field  is 


L' 

s 


I(z,s)  - 


"^d  '^dz 
e  -  e 


/rr _EiD(i^,<j))  /st"  (s  +  1/t) 


(111) 


where  r dz  *■  pa(d  +  z)  .  The  current  waveform  is  then 


L' 

s 


V -  I(z.t)  -  3  (t/T,  pd)  -3(t/r,  p.  ) 


(112) 


where  pd  =>  Td/(4r),  pdz  -  Tdz/(4i)  and 


3(t/t,  P)  -  e“t/T  ' 
/tt 


/t/T  ,  2  2 

-p/u  u  , 
e  e  du 


(113) 


which  is  plotted  in  Fig,  59.  The  waveform  near  the  end  of  an  open-circuited 
cable  as  calculated  from  (112)  is  shown  in  Fig.  61  for  pd  -  0  (depth  of  burial 
d-0)  and  several  values  of  Pdz  • 


2.1.3  PENETRATION 

In  this  section  engineering  formulas  and  data  will  be  presented  for 
three  different  electromagnetic  penetration  mechanisms:  (a)  penetration 
via  deliberate  antennas,  (b)  transmission  through  apertures,  and  (c)  diffusion 
through  imperfectly  conducting  walls.  These  penetration  mechanisms  also 
occur  at  other  shielding  layers  of  the  topological  model,  and  hence  most 
data  presented  here  apply  to  Chaps.  2.2 -2.4. 


t/T 

Fig.  61.  Waveform  of  the  cable  current  near  the  end  when  cable  end  is  open- 
circuited  for  an  exponential  pulse  excitation. 


2. 1.3.1  Antennas 

Antennas  are  designed  to  transmit  and  receive  electromagnetic  energy 
within  specified  frequency  bands,  and  aircraft  antennas  are  no  exception. 
Clearly,  then,  antennas  are  of  major  concern  in  the  assessment  of  EMP  vulner¬ 
ability  of  a  system  such  as  an  aircraft.  The  nuclear  EMP  is  usually  assumed 
to  have  a  broad  frequency  spectrum  as  well  as  a  high  field  strength  These 
characteristics  of  the  EMP  make  it  necessary  to  analyze  the  response  of  an 
antenna  not  only  within  its  normal  operating  band  but  also  outside  this  band, 
where  the  antenna's  behavior  is  usually  of  no  concern. 

The  response  of  an  antenna  is  completely  characterized  by  its  Th6venin 
or  Norton  equivalent  circuit  at  the  antenna's  input  connector.  Between  the 
connector  and  the  antenna  gap  there  can  exist  many  different  kinds  of  matching 
or  compensating  networks  to  tune  the  antenna  impedance  to  a  desirable  level 


at  the  connector.  In  Fig.  62a  the  internal  network  is  a  matching  network 
which  may  comprise  transmission  lines,  baluns,  hybrid  circuits,  transformers 
or  lumped  elements.  The  external  network  consists  only  of  the  antenna's 
radiating  element,  which  is  characterized  by  the  two  parameters  in  the 
Thdvenin  or  Norton  equivalent  circuit  looking  outward  from  the  antenna  gap. 
The  aim  is  to  calculate  V  (or  I  )  and  Z.  (or  Y.  )  of  Fig.  62b,  from  the 
knowledge  of  which  one  can  calculate  the  voltage  and  current  at  any  linear 
or  nonlinear  load  attached  to  the  connector.  For  antennas  whose  maximum 
linear  dimensions  are  small  compared  to  the  local  radii  or  curvature,  Vqc 
(or  I  )  can  be  factored  into  a  product  of  effective  height  (or  area),  and 

SC 

the  local  charge  (or  current)  density .  The  effective  height  or  area  is  cal- 
culated  by  assuming  an  infinite  ground  plane,  while  the  local  charge  or 
current  density  is  to  be  obtained  from  the  solution  of  the  external  inter¬ 
action  problem  involving  the  aircraft  in  the  absence  of  the  antenna  under 
consideration. 

There  are  many  ways  of  classifying  antennas.  One  is  to  group  them 
according  to  the  function  of  the  subsystem  to  which  the  antenna  belongs. 


(a) 


connector 

terminals 


A 


Fig.  62.  Schematic  diagram  and  equivalent  circuits  of  an  antenna. 
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This  classification  naturally  leads  to  navigational,  communication,  ECM, 
radar  antennas,  and  so  on.  This  grouping  of  antennas  is  particularly 
useful  when  discussing  antenna  applications.  Another  widely  used  method 
of  classification  is  based  on  the  frequency  band  in  which  the  antenna 
operates.  This  method  leads  to  VLF,  LF,  HF,  VHF,  UHF,  L-band,  X-band 
antennas ,  and  so  on  [56],  A  third  classification  groups  the  antennas 
according  to  their  physical  structure,  such  as  blades,  loops,  slots,  wires, 
etc.;  this  latter  classification  will  be  adopted  in  this  section. 

This  section  deals  only  with  aircraft  communication  and  navigation 
antennas.  Among  the  most  notable  omissions  are  the  ECM  and  ECCM  antennas. 
More  detailed  analyses  of  the  antennas  discussed  in  this  section  as  well 
as  other  antennas  can  be  found  in  [57, 53], 

2.1.°, 1.1  Blade  Antennas 

This  type  of  antenna  is  basically  an  antenna  element  built  into  a 
blade  (Fig.  63)  or  aerodynamic  vane  mounted  externally  on  the  aircraft 
fuselage.  The  antenna  height  ranges  from  about  6  cm  (L-band)  to  45  cm  (VHF) 
A  mathematical  model  for  this  type  of  antenna  is  a  half  ellipsoid  resting 
on  a  perfectly  conducting  ground  plane  [2], 


Fig.  63.  Illustration  of  a  typical  blade  antenna. 
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The  two  most  convenient  parameters  for  describing  the  external  network 
of  Fig.  62a  are  the  induced  short-circuit  current  1^  ^  and  the  antenna 
admittance  Y&  at  the  gap  (Fig.  63).  From  the  continuity  equation  one  has 
1.,^  ■  sQ(xq) ,  Q(xq)  being  the  total  charge  collected  by  the  portion  of  the 
antenna  above  x-xq.  For  wavelengths  greater  than  about  four  times  the 
antenna  height,  Q  can  be  obtained  from  the  solution  of  the  electrostatic 
problem  of  a  perfectly  conducting  ellipsoid  Immersed  in  a  uniform  external 
field  Ea>  which  is  related  to  the  surface  charge  density  p  on  the  conducting 


plane  by  EQap/e0*  If  Q  is  expressed  in  terms  of  the  displacement  current 
density  ae0Sa>  the  equivalent  induction  area  A  may  be  introduced  through 
the  relation  1^^  ■  segE^A^.  If  one  prefers  to  speak  of  the  induced  open- 
circuit  voltage  the  effective  height  hft  will  appear  through  ■  ^eEn  • 

Since  V^n<j  and  since  Ya  is  basically  given  by  sCa  one  arrives  at  the 

relation 


e  A  ■ 
o  eq 


h  C 
e  a 


(114) 


where  C  is  the  antenna  capacitance, 
a 

For  a  half  ellipsoid  symmetrically  resting  on  a  perfectly  conducting 

ground  plane  with  semi-axes  a,b,c  (see  Fig.  63  where  c  is  the  semi-axis  along 

the  z-direction) ,  the  equivalent  area  A  is  given  by  [2] 

eq 


where  (a  >  b  >  c) 


Aeq(xo)  “  *bcNa(l-xa/a2) 


,  2  ,2,  JT.  2  - 

N  .  (a  -b  )/a  -c _ 1 _ 

a  abc  F(cp/a)  -  E(<p/a; 


(115) 


(116) 


F  and  E  are  respectively  the  incomplete  elliptic  integrals  of  the  first  and 
second  kinds  [7]  and 


)  2  2 
9  ■  arcsin  V 1  -  c  /a 

(117) 

a  ■  arcsin  V^a2  -  b2)/(a2  -  c2) 
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When  c  «  b,  the  ellipsoid  degenerates  into  an  elliptic  disk  or  blade 
and  consequently  (115)  is  simplified  to 


A  tx  )  - 


eq 


1  2,  2v 

K(o)  -  E(m)  ^  “  Xo/a  ^ 


(118) 


where  K  and  E  are  complete  elliptic  integrals  of  the  first  and  second  kinds , 

2  2 

and  m  *  1  -  b  /a  .  Table  13  gives  the  values  of  the  normalized  equivalent  area 
of  a  blade  for  various  b/a  ratios. 


TABLE  13.  NORMALIZED  EQUIVALENT  AREA  OF  AN  ELLIPTIC  DISK  (BLADE  ANTENNA) 


b 

a 

V°> 

irab 

v°> 

irab 

a 

b 

10"  3 

137.0980 

1.0000 

io“3 

lO-2 

20.0328 

1.0002 

10_Z 

0.1 

3.6945 

1.0112 

0.1 

0.2 

2.4420 

1.0324 

0.2 

0.3 

1.9890 

1.0581 

0.3 

0.4 

1.7376 

1.0864 

0.4 

0.5 

1.5865 

1.1162 

0.5 

0.6 

1.4836 

1.1469 

0.6 

0.7 

1.4091 

1.1782 

0.7 

0.8 

1.3527 

1.2100 

0.8 

0.9 

1.3087 

1.2413 

0.9 

1.0 

1.2732 

1.2732 

1.0 
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For  the  calculation  of  Yg  in  the  Norton  equivalent  circuit  across  the 
antenna  gap  (Fig.  63),  one  considers  a  cylindrical  antenna  with  equivalent 
radius  equal  to  about  one-fourth  the  averaged  width  of  the  blade  [56].  Then 
the  impedance  sum  formula  for  an  asymmetrically  driven  antenna  can  be  used, 
with  proper  account  taken  of  the  presence  of  the  ground  plane  [59]. 

a.  UHF  Communication  Antennas 

A  very  common  UHF  antenna  is  shown  in  Fig.  64a,  and  Fig.  64b  is  the 

corresponding  equivalent  circuit  in  which  L  is  the  inductance  of  the  short 

stub.  This  stub  not  only  provides  a  dc  path  for  lightning  protection 

between  the  upper  part  of  the  antenna  and  the  aircraft  skin  but  also 

mechanically  fastens  the  two  parts  of  the  antenna.  The  different  sections 

of  the  transmission  lines  and  the  end  capacitance  C  are  for  tuning  purposes, 

so  that  within  the  operating  frequency  band  (225  -  400  MHz)  the  VSWR  is 

about  2:1  at  the  input  connector.  The  capacitance  accounts  for  the  two 

ends  of  the  gap,  and  Yfl  and  1^  ^  are  calculated  as  discussed  above.  Figs. 

65a  and  65b  show  the  frequency  variations  of  Z ^  and  hg  together  with  some 

measured  data  for  Z.  . 

in 

b.  UHF/L-Band  Antennas 

Figs.  66a  and  66b  depict  all  the  electrical  connections  of  a  typical 
UHF/L-band  antenna  (operating  in  the  frequency  regimes  of  225  -  400  MHz  for 
the  UHF-band  and  0.95  -  1.22  GHz  for  the  L-band).  The  total  antenna  height 
is  about  20  cm,  which  is  roughly  equal  to  a  quarter  wavelength  at  the  mid- 
frequency  of  the  UHF-band.  The  equivalent  circuit  is  given  by  Fig.  66c. 

The  characteristic  features  of  this  antenna  are  the  L-band  choke  and  the 
two  gaps.  At  frequencies  below  UHF  the  choke  is  ineffective,  and  hence 
the  top  and  the  mid-sections  can  be  treated  as  one  piece  of  metal.  The 
external  circuit  elements  Y&  and  I  ^  correspond  to  an  antenna  with  a  gap 
at  about  one-third  the  antenna's  height  from  the  base.  Within  the  L-band 
the  choke  acts  like  a  quarter-wavelength  transmission  line,  and  so  the 
top  section  need  not  be  considered.  Within  this  frequency  band  Yfl  and 
Iin£j  correspond  to  an  antenna  with  a  gap  at  one-half  the  antenna's  height 
from  the  base,  while  other  elements  in  Fig.  66c  remain  unchanged.  What 
is  not  shown  in  Fig.  66a  is  the  diplexer  connected  to  terminals  A,B  via 
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Fig.  64.  Schematic  diagram  and  equivalent  circuit  of  the  UHF  Communication 
Antenna  AT  1076. 


Schematic  diagram  and  equivalent  circuit  of  the  UHF/L-Band  Antenna 
DM  CNI8-1. 


a  coaxial  cable.  This  diplexer  has  a  low-pass  filter  and  a  high-pass  filter 
to  separate  the  UHF-  and  L-band  channels.  In  Figs.  67a  and  67b  the  frequency 
variation  of  the  input  impedance  and  the  effective  height  are  displayed 
together  with  some  measured  values  for  Z^Q. 

c.  VHF  Communication  Antenna 

A  schematic  diagram  of  a  typical  VHF  communication  antenna  is  shown  in 
Fig3.  68a  and  68b.  A  careful  examination  of  these  figures  reveals  that 
Fig.  68c  is  the  appropriate  equivalent  circuit  for  this  antenna.  The  trans¬ 
mission  lines  with  impedance  Z^-176  Q  represent  the  empty  portion  of  the 
slot,  whereas  the  transmission  line  with  impedance  m  119  fl  represents 

the  dielectric-filled  portion  of  the  slot.  The  impedance  Z can  be  estimated 
from  the  analysis  of  two  coplanar  strips  of  unequal  width  by  the  method  of 
conformal  mapping  [60].  The  positions  of  the  tap  points  D,F,  the  length  of 
the  dielectric  portion  of  the  slot,  and  the  three  added  coaxial  cables  act 
as  a  matching  network,  so  that  the  VSWR  is  less  than  1.75:1  at  in-band 
frequencies  (116-156  MHz).  The  ideal  transformer  in  the  equivalent  circuit 
accounts  for  the  fact  that  the  sho^t-circuit  current  between  D  and  F  is  just 
a  fraction  of  1^  which  is  the  total  induced  current  flowing  through  a 
cross  section  of  the  antenna  (located  at  D  or  F  and  being  parallel  to  the 
antenna  base)  when  the  slot  is  absent.  The  ideal  transformer  also  accounts 
for  the  radiation  effects  on  the  antenna's  input  admittance,  since  in 
Fig.  68c  is  the  admittance  across  a  gap  bisecting  the  entire  antenna  at  the 
location  of  the  cross  section  discussed  above.  For  more  details  the  reader 
is  referred  to  [61].  The  transformer  ratio  n  can  be  estimated  by  examining 
the  induced  charge  density  on  an  ellipsoid  immersed  in  a  uniform  static 
electric  field.  Fig.  69  shows  the  calculated  input  impedance  together  with 
some  measured  data. 

d.  VHF/UHF  Communication  Antenna 

The  antenna  shown  in  Fig.  70a  operates  in  two  frequency  ranges:  116- 
152  MHz  (VHF)  and  225  -  400  MHz  (UHF) .  The  elements  shown  with  hatching  and 
cross-hatching  are  metallic  strips  forming  transmission  lines  and  capacitances 
with  the  radiating  metallic  plate.  The  parallel  piece  of  short-circuited 


dielectric 


Fig.  70.  Schematic  diagram  and  equivalent  circuits  of  the  VHF/UHF 
Communication  Antenna  37R-2U. 
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coaxial  cable  neat  the  VHF  terminal  (A,B)  acts  as  a  quarter-wavelength  choke 

in  the  UHF  band  and  the  limped  inductance  near  the  UHF  terminals (A1 ,B)  is 

intended  to  short  circuit  the  VHF  signal.  Thus  these  two  elements  provide 

isolation  between  the  two  frequency  bands.  The  equivalent  circuits  for  the 

VHF  and  UHF  sections  are  shown  in  Figs.  70b  and  70c.  The  admittance  Y  is 

a 

that  of  the  base-fed  blade  antenna  and  the  blade  identified  in  Fig.  70a  is 
the  radiating  element.  The  current  generators  I  (=  sQ^,  and  1^  (*  sQ^) 
originate  from  the  total  charges  Qc  and  induced  on  the  two  hatched  plates 
and  the  cross-hatched  plate,  respectively,  through  capacitive  coupling  to 
the  induced  charge  on  the  radiating  element.  The  ratio  n  “  Qc/Q.j_n<j  ( or 

n'  “Q^/Q-Lncp  approximately  equal  to  the  ratio  of  the  total  area  of  the 
two  hatched  plates  (or  the  cross-hatched  plate)  to  that  of  the  radiating 
element.  The  circuit  elements  C  (or  C’)  are  the  total  capacitance  between 
the  hatched  plates  (or  the  cross-hatched  plate)  and  the  radiating  metallic 
plate.  The  capacitances  and  account  for  the  capacitances  of  the 
hatched  and  cross-hatched  strip  lines  together  with  the  two  open-ended 
pieces  of  coaxial  cable  located  near  the  antenna  center.  The  inductance  L 
represents  the  aggregated  effect  of  the  hatched  strip  lines  (including  the 
fact  that  the  strip  line  is  grounded  at  the  antenna  base) .  The  frequency 
variations  of  the  input  impedances  at  the  two  antenna  terminals  are  shown  in 
Figs.  71a  and  71b. 


e.  L-Band  Blade  Antenna 

Figs.  72a  and  72b  show  two  different  cntennas  that  both  operate  between 
0.96  GHz  and  1.21  GHz.  Although  their  overall  dimensions  and  in-band  properties 
are  similar,  their  out-of-band  properties  are  quite  different. 


Fig.  72a  shows  a  blade  antenna  with  a  slot  (the  slot  often  being 

referred  to  as  a  notch).  The  equivalent  circuit  is  shown  in  Fig.  / 2c.  The 

mode  cf  operation  and  approach  in  analyzing  this  antenna  are  similar  to  those 

of  the  VHF  communication  antenna  above.  The  induced  current  I.  ,  and  antenna 

ind 

admittance  Y  in  the  equivalent  circuit  of  Fig.  72c  are  the  quantities  referred 
to  the  same  blade  antenna  having  a  feeding  gap  across  the  entire  blade  at  D,F. 
The  two  transmission  lines  with  characteristic  impedances  147  ft  and  300  ft  are 
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Fig,  71.  Input  impedances  of  (a)  the  VKF  (116-152  MHz)  section  and  (b) 
the  UHF  (225  -  400  MHz)  section  of  the  VHF/UHF  Communication 
Antenna  37R-2U. 


due  to  the  slot,  whereas  the  transmission  line  between  D,F  and  A,B  represents 
the  coaxial  cable  with  the  characteristic  impedance  of  50  ft  .  The  frequency 
variation  of  the  antenna's  input  impedance  is  shown  in  Fig.  73a. 

The  interior  structure  of  another  L-band  antenna  is  shown  in  Fig.  72b. 
The  actual  antenna  element  is  a  thin  metal  sheet  cut  out  in  a  regular  symmet¬ 
ric  pattern.  The  holes  cut  out  in  the  sheet  have  the  effect  of  increasing 
the  antenna  inductance,  since  the  current  has  to  flow  around  the  holes, 
thereby  lengthening  the  current  path.  To  find  the  input  impedance,  the 
antenna  may  be  modeled  as  a  conical  monopole  with  height  7  cm.  The  cone 
angle  is  determined  by  equating  the  capacitances  of  the  monopole  model  and 
actual  antenna.  The  antenna  capacitance  was  found  to  be  about  7.8  nF  using 
the  variational  principle,  resulting  in  a  cone  angle  of  82°  [62].  The 
effective  height  is  determined  from  the  relationships 


E  =  V 
e  n  oc 


Z  I  =  se  E  A  Z 
a  sc  o  n  eq  a 


(119) 


It  is  found  in  [2]  that  for  a  blade  antenna,  A^  is  slightly  larger  than 
twice  the  geometric  area  of  the  antenna  element.  The  input  impedance  is 
displayed  in  Fig.  73b,  while  the  effective  heights  of  both  antennas  are 
given  in  Fig.  74. 

Both  L-band  antennas  have  roughly  the  same  input  impedance  and  effective 
height  at  in-band  frequencies .  The  notch  antenna  has  an  inductive  input 
impedance  and  a  very  small  effective  height  for  low  frequencies,  whereas  the 
other  blade  antenna  has  a  capacitance  input  impedance  and  considerable 
effective  height  for  low  frequencies. 

2. 1.3. 1.2  Loop  Antennas 

Loop  antennas  on  aircraft  are  usually  physically  small  and  sometimes 
have  ferrite  cores.  The  frequency  of  operation  ranges  from  tens  of  kilo¬ 
hertz  (VLF)  to  hundreds  of  megahertz  (VHF) . 

The  theory  of  a  circular  loop  is  most  extensive  [63]  and  can  be 
applied,  for  practically  all  engineering  calculations,  to  loops  of  other 
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Input  impedances  of  two  L-Band  (0,96-1.21  GHz)  Antennas 
(a)  S65-5366  and  (b)  AT-741. 


frequency  (GHz) 


Fig,  74.  Effective  heights  of  two  L-Band  (0.96-1.21  GHz)  Antennas: 
(a)  S65-5366  and  (b)  AT-741. 


shapes  provided  that  (a)  the  perimeter  of  the  given  loop  is  equated  to 
that  of  a  circular  loop  in  the  antenna-impedance  (2  )  calculation,  and 

a 

(b)  the  geometric  areas  are  equated  in  the  induced-voltage  (V^  calcu¬ 
lation.  In  certain  cases  where  the  ferrite  core  is  a  rectangular  slab, 
such  as  the  VLF  magnetic-loop  aircraft  antenna,  two  magnetostatic  boundary- 
value  problems  need  to  be  solved  for  the  determination  of  the  external 

elements  Z  and  V .  ,  [ 64 ] . 
a  inn 

a.  Localizer  Antenna 

Figs.  75a  and  75b  show  all  the  electrical  elements  of  a  localizer 

antenna  and  Fig.  75c  is  the  equivalent  circuit.  The  external  elements 

Z  and  V.  ,  can  be  calculated  as  discussed  above  with  due  account  for  the 
a  ind 

factors  of  two  resulting  from  the  presence  of  the  ground  plane.  The  tuning 
capacitors  at  the  ends  of  the  loops  (Fig.  75a)  are  represented  by  C  in 
Fig.  75c.  The  coaxial  cable  wound  around  the  center  rods  serves  as  a 
balun,  converting  a  balanced  signal  into  an  unbalanced  one  for  the  terminals 
A,B  and  A' ,B  within  the  in-band  frequencies  (108-112  MHz).  The  wires 
wrapped  around  the  100  SI  resistor  can  be  identified  as  a  hybrid  circuit 
which  splits  an  incoming  signal  into  two  equal  parts  for  the  two  terminals 
A,B  and  A’ ,B.  Because  of  the  close  coupling  between  the  wires,  M  can  be 
taken  equal  to  L.  In  Fig.  76a  is  plotted  the  input  impedance  Z^n  referred 
to  A,B  with  A',B  open  circuited  or  vice  versa.  Also  shown  in  the  figure 
are  some  measured  data.  In  Fig.  76b  is  shown  the  frequency  variation  of 
VQc  across  A,B  or  A’ ,B  for  an  incident  plane  wave  with  the  electric  field 
vector  perpendicular  to  the  ground  plane  and  the  magnetic  field  vector 
perpendicular  to  the  plane  of  the  loop, 

b.  VOR  Antenna 

Fig,  77a  shows  a  VOR  (VHF  Omni-Range)  antenna.  This  antenna  is  usually 
located  inside  a  flush  radome  on  the  vertical  stabilizer.  The  antenna  proper 
consists  of  a  rectangular  loop  containing  three  gaps.  The  capacitance 
in  the  equivalent  circuit  shown  in  Fig.  77b  represents  the  combined  capaci¬ 
tance  of  the  two  gaps  on  the  long  sides  of  the  loop.  This  antenna  has  a 
very  low  VSWR  (1.5:1)  within  in-band  frequencies  (108-118  MHz).  This  is 
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Schematic  diagram  and  equivalent  circuit  of  the  VOR  Antenna  60B00024  (108  -  118  MHz) . 


achieved  by  appropriately  adjusting  the  tuning  elements  L^,  and  $2' 

The  capacitance  '.s  used  to  block  any  low-frequency  signals,  while  R^ 
is  used  to  dissipate  these  signals. 

c.  Magnetic-Loop  Antenna 

The  magnetic-loop  antenna  is  a  VLF/LF  (17-60  kHz)  receiving  antenna, 
usually  mounted  on  the  top  of  the  fuselage  and  enclosed  in  a  fiberglass 
radome.  This  antenna  as  shown  in  Fig.  78a  has  two  sets  of  coils  wound 
perpendicularly  to  each  other  on  a  matrix  of  ferrite  rods.  A  schematic 
drawing  depicting  the  winding  arrangements  of  each  coil  and  the  tap  points 
is  shown  in  Fig.  78b.  The  equivalent  circuit  for  the  loop,  the  cable,  and 
the  junction  box  are  presented  in  Fig.  78c.  To  determine  the  two  external 
quantities  and  ^  two  independent  magnetostatic  boundary-value  problems 
appropriate  for  a  coil  wound  on  a  rectangular  ferrite  slab  are  solved  by 
integral-equation  techniques  [64].  Fig.  79a  shows  the  results  of  such 
calculations,  where  f$  is  the  dimensionless  flux  enhancement  factor  due 
to  the  presence  of  the  ferrite  slab,  and  f^  is  defined  so  that  f  y  a/4ir  is 
the  inductance  of  a  single  turn  of  wire  wound  on  the  ferrite  slab,  a  being 
the  wire  radius.  Thus,  one  has 


Vind 


-  sNf .B  A, 
$  o 


Z  =  R  +  sL 
a  a  a 
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31.2  (NA/A2) 
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L 

a 


=  N2fT  y  a/4ir 
L  O 


(120) 


and  Bq  is  the  magnetic  field  normal  to  the  coil  and  A  is  the  area  of  a 
single  turn.  The  input  impedance  between  A, A'  is  shown  in  Fig.  79b  for 
frequencies  below  1  MHz.  Above  1  MHz  the  input  impedance  is  dominated  by 
the  two  shunt  capacitances  in  the  filter. 

2. 1.3. 1.3  Slot  Antennas 

The  theory  of  slot  antennas  is  based  on  the  Babinet  principle,  from 
which  one  can  obtain  results  for  a  slot  ar.tenna  directly  from  those  of  the 
complementary  dipole  antenna.  Let  the  superscript  s  denote  quantities  of 
a  slot  antenna  and  the  superscript  d  quantities  of  the  complementary  dipole 
antenna.  Then 
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where  Zq  is  the  free-space  impedance  and  y  is  the  propagation  vector  of  the 

incident  plane  wave.  Eq.(121)  relates  the  input  impedances  of  the  two 

antennas  and  is  well-known  to  the  antenna  engineer.  Eq.(122)  is  less 

familiar  and  expresses  the  relationship  between  the  effective  heights.  In 

the  case  of  a  slot  antenna,  it  is  physically  appealing  to  think  of  the  short- 

C  s ) 

circuit  current  I  ^  across,  say,  the  mid-points  of  the  slot.  Then 


X(B)  .  1  v<-> 

sc  (s)  oc 
Zin 


,(s)  e 
Jin 


(123) 


where  the  last  relation  follows  from  (121)  and  (122)  with  yx|  ■  yZ^S  . 
Eq.(123)  is  dual  to  the  equation  ♦  h^^  for  the  complementary 

dipole  antenna. 

a.  Glide-Slope  Track  Antenna 

The  glide-slope  track  antenna  shown  in  Fig.  80a  is  a  receiving  antenna 
for  the  frequency  range  329  -  335  MHz .  It  is  the  complement  of  a  folded 
strip  dipole  with  capacitive  loading  at  both  ends  (Fig.  80b),  The  equiva¬ 
lent  circuits  of  both  antennas  are  shown  in  Figs.  80c  and  80d.  The  element 
Z  is  the  impedance  of  the  common  (or  symmetric)  mode,  and  the  transmission 
line  accounts  for  the  differential  (or  antisymmetric)  mode.  The  impedance 
Zc  is  the  characteristic  impedance  of  the  transmission  line  formed  by  the 
two  parallel  conductors  of  the  folded  dipole.  More  detailed  analyses  of 
the  folded  dipole  are  presented  in  [54,  56,  65,  66],  A  derivation  of  the 
expression  for  the  current  generator  in  Fig.  80d  is  given  in  [67].  With 
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the  aid  of  (121)  -  (123)  one  obtains  the  equivalent  circuit  shown  in  Fig.  80c 
for  the  slot  antenna.  The  voltage  generator  with  strength  2dE  Z'/Z  can  be 

n  C  O 

replaced  by  a  current  generator  in  parallel  with  the  transmission  line. 
Physically,  this  current  generator  can  be  understood  as  arising  from  the 
total  net  charge  induced  on  the  (short-circuited)  center  strip.  The  input 
impedance  and  effective  height  of  the  glide-slope  track  antenna  are  shown 
in  Figs.  81a  and  81b. 

b.  Glide-Slope  Capture  Antenna 

The  glide-slope  capture  antenna  shown  in  Fig.  82a  also  makes  use  of  a 
slot.  This  antenna  is  used  to  receive  signals  in  the  band  329  -  335  MHz. 

The  equivalent  circuit  is  presented  in  Fig.  82b,  where  C  is  the  capacitance 
between  the  tuning  stub  and  the  strip  line.  The  impedance  Z^  can  be 
determined  by  first  finding  the  input  impedance  of  the  slot's  equivalent 
dipole  and  then  using  (121) .  The  strength  of  the  voltage  generator 

=■  (ZQ/Za)heEn,  where  hg  is  approximately  half  the  slot  length  for 
frequencies  of  interest.  The  input  impedance  and  effective  height  are 
shown  in  Figs.  83a  and  83b. 


2. 1.3. 1.4  Bowl  Antennas 

Most  aircraft  antennas  operating  in  the  gigahertz  frequency  range  are 
horn  antennas.  Sometimes  the  horns  are  quite  shallow  and  in  these  cases 
the  horns  simply  house  the  antennas.  In  other  cases  the  horns  are  deeper, 
and  the  horn  becomes  an  important  part  of  the  antenna  proper.  All  these 
antennas  are  grouped  here  under  one  general  heading  —  the  bowl  antenna. 

For  this  type  of  antenna  the  calculation  of  field  penetration  into  a  bowl 
is  an  essential  step,  since  the  field  picked  up  by  the  probe  or  loop  inside 
is  modified  by  the  bowl.  Usually  the  important  wavelengths  of  the  EMP  are 
much  larger  than  the  dimensions  of  most  of  the  bowls  found  on  an  aircraft; 
hence,  techniques  applicable  to  static  boundary-value  problems  are  adequate 
in  the  determination  of  field  penetration.  Analytical  and  numerical  solu¬ 
tions  have  been  found  for  a  two-dimensional  trough  [68] ,  a  hemispherical 
indentation  [69,70],  and  a  semi-infinite  circular  pipe  with  an  infinite 
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Fig.  81.  Input  impedance  and  effective  height  of  the  B559  and  B561  Glide- 
Slope  Track  Antenna  (329  -  335  MHz). 
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Fig.  83.  Input  impedance  and  effective  height  of  the  B558  Glide-Slope 
Capture  Antenna  (329  -  335  MHz). 


flange  [71,72].  For  other  bowl  shapes  one  either  idealizes  the  shape,  so 
that  a  solution  is  already  available,  or  resorts  to  some  numerical  scheme 
for  the  boundary-value  problem  appropriate  for  the  bowl  geometry  at  hand. 

a.  Marker  Beacon  Antenna 

The  marker  beacon  antenna  shown  in  Fig.  84a  is  flush-mounted  at  the 
bottom  of  the  fuselage  and  operates  around  75  MHz.  The  bowl  can  be  approx¬ 
imated  by  a  hemispherical  indentation.  The  equivalent  circuit  is  given  by 
Fig.  84b  in  which  and  are  respectively  the  Inductances  of  the  small 
and  large  loops  formed  by  the  metal  rod  and  the  feed  wire.  Figs.  85a  and 
85b  give  the  frequency  variations  of  and  Voc/hQ>  where  Bo  is  the  magnetic 
field  tangential  to  the  aircraft  skin  (with  the  bowl  covered)  and  perpendic¬ 
ular  to  the  plane  of  the  large  loop. 


Low-Range-Radio-Altiraeter  Antenna 


Figs,  86a  and  86b  allow  two  typical  low-range-radio-altimeter  aircraft 
anteunus,  one  with  an  electric  probe  and  the  other  with  a  mugnetic  loop  as 
the  feeding  element.  These  antennas  operate  between  4.2  -4.4  GHz  and  are 
flush-mounted  ut  the  bottom  of  the  fuselage.  The  equivalent  circuits  of 
these  antennas  urc  shown  in  Figs.  86c  and  86d. 
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Fig.  85.  Input  impedance  and  open-circuit  voltage  of  the  AT-536/ARN  Marker 


Beacon  Antenna  (75  MHz). 
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Fig.  86.  Schematic  diagrams  and  equivalent  circuits  of  two  typical  low- 
range-radio-altimeter  (LRRA)  antennas. 


The  two  important  problems  to  be  considered  are  the  field  penetration 
into  the  horn  and  the  effect  of  the  horn  on  the  impedance  of  the  small  stub 
or  loop.  From  the  viewpoint  of  mathematical  tractability  the  geometries  of 
Figs.  86a  and  86b  can  be  described  as  a  quasi-pyramidal  horn  with  an  infinite 
flange.  The  boundary- value  problem,  either  electrostatic  or  magnetostatic, 
is  quite  complicated  to  solve,  since  the  solution  requires  solving  a  trans¬ 
cendental  equation  for  the  degree  of  the  Legendre  functions.  Often  an 
adequate  engineering  estimate  can  be  obtained  by  studying  the  solutions 
for  rectangular  wells  with  different  dimensions  and  then  exercising  one's 
judgment  to  choose  the  solution  appropriate  to  the  geometries  of  Figs.  86a 
and  86b. 

2.1.3. 1.5  Large  Antennas 

There  exist  antennas  whose  dimensions  are  comparable  to  or  even  greater 
than  the  dimensions  of  an  aircraft.  For  these  antennas  the  airframe  is 
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either  part  of  the  antenna  itself  or  appe  rs  simply  as  a  capacitive  loading 
on  the  antenna.  The  HF  (2-  30  MHz)  fixed-wire  antenna  is  a  typical  example 
of  the  former  case,  while  the  VLF/LF  (17  -  60  kHz)  trailing-wire  antenna 
represents  the  latter.  The  method  of  analyzing  these  antennas  is  given  in 
Sec.  2. 1.2. 3.1. 

a.  VLF/LF  Trailing-Wlre  Antennas 

Two  common  VLF/LF  (17  -  60  kHz)  transmitting  wire  antennas  are  shown  in 
Fig.  42.  The  response  of  this  type  of  antenna  to  EMP  can  be  obtained  using 
two  different  steps.  In  the  first  step,  which  is  valid  in  the  frequency 
range  where  the  aircraft  is  electrically  small,  it  is  sufficient  to  use 
the  capacitance  C  of  the  aircraft  to  characterize  its  influence  on  the 

a 

antenna  response.  The  interaction  between  the  two  wires  in  the  case  of 
the  dual-wire  antenna  can  be  calculated  expeditiously  by  decomposing  the 
wire  currents  into  common-mode  (antenna-proper)  currents  and  differential- 
mode  (transmission-line)  currents.  In  the  second  step,  which  Is  valid  in 
the  frequency  region  around  the  first  few  aircraft  resonances,  the  aircraft 
is  modeled  by  intersecting  sticks,  as  given  in  Sec.  2. 1.2. 3.1. 

Fig.  8/b  is  the  equivalent  circuit  appropriate  for  the  situation 
depicted  in  Fig.  87a.  Explicit  approximate  formulas  for  I.[n<j>  II^ »  Z^,  h, 
Z",  Z ^ ,  a  and  8  can  be  found  in  [73],  It  should  be  noted  that  the  response 
of  the  single  trailiug-wire  antenna  shown  in  Fig.  42  can  be  directly 
obtained  from  that  of  the  dual-wire  antenna  by  letting  the  length  of  the 
short  wire  go  to  zero. 

The  input  admittance  and  the  short-circuit  induced  current  of  the 
dual-wire  antenna  (Fig.  87)  are  given  in  Fig.  88  for  frequencies  below 
0.5  MHz,  and  in  Fig.  89  for  the  frequency  range  between  0.5  MHz  and  6  MHz, 
which  includes  the  first  two  resonant  frequencies  of  the  aircraft  (E-4) 
under  consideration.  Notice  that  in  Fig.  89  the  frequency  scale  (1  MHz - 
6  MHz)  on  the  top  is  for  the  solid  wiggly  curve,  whereas  the  bottom 
frequency  scale  (0.5  MHz  -  1  MHz)  is  for  the  dotted  curve.  The  loading 
effects  of  the  antenna  transmitter  and  coupler  on  the  induced  antenna- 
wire  currents  can  be  found  in  [74]. 
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Frequency  variation  below  0.5  MHz  of  input  admittance  Y  and 
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circuit  induced  current  Iind  across  A,B  of  Fig.  87.  (1^=1.: 

L„  =  7.2  km,  a  =  2  mm,  9=3°,  h  =  63  n>,  Z,  =  1.3  kJ2,  C  =2.4  nF 
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Fig.  89.  Frequency  variation  (0.5-6  MHz)  of  input  admittance  Y  and  short' 

circuit  induced  current  I.  ,  across  A,B  of  Fig.  87.  In  (b)  the 

md 

bottom  and  right  vertical  scales  are  for  the  dotted  line  and  the 
top  and  left  vertical  scales  are  for  the  solid  line. 
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b.  HF  Fixed-Wire  Antenna 


The  two  HF  fixed-wire  anteruas  on  the  E-4  aircraft  are  shown  in  Fig.  90a. 
A  schematic  drawing  of  the  stick-model  aircraft  used  in  the  calculations  is 
shown  in  Fig.  90b.  To  find  the  input  impedance  between  A,B  when  the  port 
A',B  is  terminated  by  the  impedance  Z^,  let  the  antenna  be  driven  with  the 
voltage  V  between  A,B.  The  induced  currents  on  the  antenna  wires  and  the 
aircraft  can  be  decomposed  into  (a)  radiating  currents  on  the  aircraft, 

(b)  a  TEM  mode  such  that  the  wire  currents  are  of  equal  magnitude  and 
direction  with  the  "return  current"  along  the  fuselage,  and  (c)  a  TEM 
mode  such  that  the  wire  currents  are  of  equal  magnitudes  but  opposite 
directions  (with  no  net  current  along  the  fuselage) .  The  details  of  this 
decomposition  can  be  found  in  [75].  An  equivalent  circuit  of  the  antenna 
is  shown  in  Fig.  90c.  The  admittance  Y  is  defined  at  an  imaginary  gap 
across  the  fuselage  at  the  location  of  the  antenna  feed-point,  and  can  be 
obtained  using  a  stick-model  aircraft.  The  transmission  line  with  the 
characteristic  impedance  represents  the  first  TEM  mode  described  above, 
whereas  the  transmission  line  with  impedance  Z^  represents  the  second  TEM 
mode.  The  ideal  transformers  account  for  the  coupling  between  the  TEM  modes 
and  the  radiating  currents.  The  current  is  induced  on  the  fuselage  by 

a  plane  wave  at  the  location  of  the  antenna  feed  gap  and  in  the  absence  of 
the  antenna  wires  (see  Fig.  90b).  The  other  current  generators  are  found 
using  the  transmission-line  theory  of  [2],  Fig.  91  shows  the  frequency 
variation  of  the  input  impedance  and  effective  height.  In  this  case,  the 
effective  height  relates  the  open-circuit  voltage  to  the  incident  electric 
field,  and  is  a  function  of  the  angle  of  incidence  and  polarization  of  the 
incident  plane  wave.  These  quantities  are  defined  in  Fig.  90b.  Furthermore, 
both  the  input  impedance  and  effective  height  depend  on  the  load  impedance 
Z^.  In  Fig.  91  the  values  Z^m0,  Z^  »  »  and  0=120°  have  been  used.  Quantities 
with  superscript  "sc"  correspond  to  ZL«0,  and  quantities  with  superscript 
"oc"  correspond  to  Z^-00.  The  variation  of  h£  with  0  can  be  found  in  [75]. 

The  transient  response  of  this  antenna  to  an  incident,  double  exponential 
plane  wave  is  given  in  [76]. 
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c.  HF  Motch  Antenna 


The  HF  notch  antenna  shown  in  Fig.  02b  can  be  found  on  the  B-l  aircraft. 
This  antenna  has  a  slot  parallel  to  the  leading  edge  of  the  vertical  stabi¬ 
lizer  and  it  is  shunt  fed  at  the  base.  The  equivalent  circuit  is  given 
in  Fig.  92c.  The  circuit  elements  and  I^n^  refer  to  a  horizontal  gap 
across  the  entire  vertical  stabilizer  at  the  junction  between  the  fuselage 
and  the  stabilizer.  These  two  quantities  are  obtained  from  stick-model 
calculations.  The  ideal  transformer  accounts  for  the  fact  that  the  induced 
short-circuit  current  flowing  in  the  narrow  strip  of  the  leading  edge  of 
the  vertical  stabilizer  is  only  a  fraction  of  the  total  induced  short- 
circuit  current  flowing  in  the  entire  vertical  stabilizer.  The  transmission 
line  with  length  3.08  m  accounts  for  the  slot,  and  the  voltage  generator 
represents  the  magnetic  field  linking  the  slot  at  low  frequencies.  The 
input  impedance  and  the  equivalent  height  are  shown  in  Fig.  93. 

2. 1.3. 2  Apertures 

The  determination  of  EMP  penetration  through  holes  or  apertures  in  the 
outer  skin  of  a  missile  or  an  aircraft  is  an  important  first  step  in  the 
overall  assessment  of  induced  voltages  and  currents  at  the  connector  pins 
of  electronic  boxes.  Apertures  oi  interest  may  be  intentional  (e.g.  ,  small 
windows,  open  access  holes,  etc.),  or  they  may  be  inadvertent  (as  in  the 
cases  of  cracks  around  doors  and  plates  covering  access  ports  and  of  poor 
electrical  seams  (riveted  joints)  in  the  outer  skin  of  an  aircraft  or  a 
missile) . 

In  this  section  apertures  of  small  and  moderate  electrical  size  in  an 
Infinite,  perfectly  conducting  plane  will  be  treated,  whereas  apertures 
backed  by  wires  and  cavities, and  apertures  on  a  curved  surface  will  be  dealt 
with  ii.  Chaps.  2.2  and  2,3. 

2 . 1 . 3 . 2 . 1  Dipole-Moment  Approximation  and  Polarizabilities 

In  many  F.MP- related  applications,  the  apertures  of  interest  are 
electrically  small.,  a  property  which  leads  to  very  helpful  simplification 
in  computation.  By  electrically  small  it  is  meant  that  the  maximum 
dimensions  across  the  aperture  are  short  relative  to  the  wavelengths  of 
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Schematic  diagrams  and  equivalent  circuit  for  the  HF  notch  antenna 


interest.  The  electromagnetic  field  that  penetrates  an  electrically  small 
aperture  in  an  infinite,  perfectly  conducting  plane  can  be  represented 
approximately  by  the  radiation  from  equivalent  electric  and  magnetic 


dipoles  p  and  m  of  the  aperture  (cf.  Sec.  1.4. 1.4. 2). 

£i  .  3  .  . 


The  dipole  fields 


E  ,  H  at  r  radiated  by  p^  and  mfl  at  the  origin  of  the  coordinate  system  in 
free  space  are  given  by 


Ed(r,s)  -  -  V  x  [p^(s)  x  VG(r,s)  ]  sy  ma(s)  *  VG(r ,a) 
Hd(r,s)  «*  -  s  p  (s)  x  VG(r,s)  -V  x[in  (s)  xVG(r,s)] 
where  G(r,s)  “  e  1  /(4irr) .  In  the  time  domain  E  ,H  arc  given  by 


(124) 
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(125) 


where  1  is  the  unit  vector  perpendicular  to  the  piano  of  the  aperture,  und 
the  dot  represents  time  differentiation.  Note  that  the  radiated  far  field 
has  been  neglected  in  (125). 

The  aperture  equivalent  electric  and  magnetic  dipole  momenta  pu,  in 
are  related  to  the  electric  and  magnetic  (imaged)  polarizability  tensors 
ae  and  of  an  aperture  in  an  infinite  ground  plane  by  (cf.  1.4. 1.4. 2) 
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2  ea 
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(126) 


where  E  ,  II  are  the  short-circuit  fields  at  the  aperture, 
sc  sc 

The  representation  of  the  effect  of  an  aperture  in  a  perfectly  conducting 
surface  by  equivalent  dipoles  is  suggested  in  Fig.  94.  In  Fig,  94a  is  seen 
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(a)  original  problem 


(b)  tquivaltnt  problem 


Fig.  94.  (a)  l’ortlon  ol'  conducting  surface  with  aporturu;  (b)  shorted 

aperture  with  equivalent  dipoles  on  shudow  side  of  surface. 


a  portion  of  a  conducting  surface  with  an  aperture  illuminated  by  an  incident 
field  (1111, ti1),  while  in  Fig.  94b  is  shown  the  equivalent  problem.  In  the 
equivalent  problem,  the  uperture  is  short-circuited,  i.e.,  the  conducting 
surface  is  made  continuous,  extending  over  the  region  where  the  uperture 
existed  in  the  original  problem,  and  the  equivalent  dipoles  are  placed  at 
the  shorted  aperture  on  the  shadow  side  of  the  surface  opposite  from  the 
so-called  illuminated  side  of  the  surface  in  which  the  sources  exist. 

2 . 1 . 3 . 2 . 2  Simple  Apertures 

u .  Simple  Apertures  of  Small  Electrical  Size 

The  imaged  polarizabilities  and  a  for  the  circle,  the  ellipse,  mu' 
the  narrow  slit  have  been  computed  theoretically  [77  -  79]  and  their  expres¬ 
sions  are  given  in  table  14. 

(John  [80,81]  has  experimentally  confirmed  the  expressions  in  table  14 
and  has  also  experimentally  determined  the  polarizabilities  of  apertures  of 
several  other  shapes.  Hia  data,  together  wiili  values  based  upon  table  14, 
are  presented  In  Figs.  95  -  98;  Figs.  96  -  98  are  taken  from  [82], 
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Fig.  97.  Normalized  magnetic  (imaged)  polarizabilities  for  elliptical, 
rectangular,  and  rounded  ractahgular  apertures. 


Fig.  98.  Normalized  magnetic  (imaged)  polarizabilities  fcr  three  apertur 
shapes . 


De  Meulenaere  and  Van  Bladel  present  polarizability  data  using  a 

-3/2 

different  normalization  [79].  In  Fig.  99  is  plotted  a  A  versus  w/&, 

e  -3/2 

where  A  is  the  aperture  area.  As  can  be  seen  In  Fig.  99,  a£A  is  not 

very  sensitive  to  aperture  shape  and  depends  almost  entirely  upon  the  width- 

to-length  ratio  w/i.  The  normalized  magnetic  (imaged)  polarizability  compo- 
-3/2  3/2  -1 

nents,a  ^  A  and  A  a  ,  are  presented  in  Figs.  100  and  101  [79]. 
m,yy  in^xx 

Except  for  the  cross,  one  sees  very  similar  values  for  the  various  shapes. 
Since  values  for  the  ellipse  are  almost  identical  to  those  for  the  rounded- 
off  rectangle,  the  curve  for  the  ellipse  is  omitted. 

3/2 

The  normalization  factor  A  used  in  Figs.  99-101  is  very  important 
in  practical  applications  because  of  the  fact  that  with  the  exception  of 
a  for  the  cross,  the  normalized  polarizabilities  of  various  apertures 

IU  y  XX 

are  nearly  the  same  as  those  for  an  ellipse.  Hence,  one  may  employ  the 

simple  formulas  in  table  14  for  the  ellipse  to  compute  the  polarizabilities 

3/2 

of  other  shapes  (except  a  of  the  cross),  if  the  normalization  A  is 

m  i  xx 

used. 

Latham  [83]  has  noted  that  for  an  elliptical  aperture,  the  electric 

2 

(imaged)  polarizability  normalized  by  the  ratio  A  /P,  where  A  is  the  aperture 
area  and  P  is  its  perimeter,  is 


P_  „  _4_ 

2  ae  3tt 
A 


(127) 


independent  of  the  eccentricity  of  the  ellipse.  Latham  also  points  out  that 

2 

a  useful  empirical  formula  for  / (A  /P)  for  a  rectangular  aperture  is 


am  vv  “  sf  <1  +  0-55  w /Jl) 
m,yy  8 


(128) 


When  w/£  <  0.5,  (128)  differs  from  an  accurate  numerical  solution  by  less 
than  3%. 

Jaggard  and  Papas  [84]  have  proposed  the  following  bounds  for  simple 

2  2  ^ 

apertures  with  small  eccentricity,  which  is  defined  to  be  (1-w  fl  ), 
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where  <affl>  -  (affi>xx  +  am>yy)/2. 

b .  Simple  Apertures  of  Moderate  Electrical  Size 

If  the  frequency  of  interest  is  sufficiently  high  that  the  largest 
dimension  of  the  aperture  is  no  longer  a  small  fraction  of  the  wavelength, 
then  the  dipole-moment  approximation  is  no  longer  valid.  Fortunately,  in 
most  BMP  applications  this  situation  is  relatively  rare  because  of  the  band- 
limited  nature  of  the  EMP  and  the  physical  sizes  of  the  systems  of  interest. 

b.l  Circular  Aperture 

Fig.  102  shows  the  aperture  electric  field  distribution  for  a  circular 
aperture  of  radius  0.251  for  normal  incidence  [85].  Some  comparisons  with 
experimental  results  [86]  are  also  given  in  the  figure.  Fig.  103  shows 
the  penetrant  electric  and  magnetic  field  along  the  axis  of  a  circular 
aperture.  The  fields  computed  by  the  dipole-moment  approximation  are 
also  displayed  in  the  figure. 

b.2  Slots 

Long  and  narrow  slots  can  be  approximated  in  many  EMP  applications  by 
infinitely  long  slots,  if  the  observation  point  is  not  near  the  slot  ends 
or  near  a  point  at  which  the  slot  field  has  a  null.  For  TE  illumination 
(which  is  more  important  than  TM  excitation)  of  an  infinitely  long,  narrow 
slot  in  an  infinite  ground  plane  (Fig.  104)  the  electric  field  E  in  the 
slot  is  [87] 


Ex(x,0) 


2/(kw/2r  -  (kx)‘ 


Z  H 

_ o  sc ,y _ 
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kx  E 


sc.z 
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where  jkw|  <<  1  and  r  =  1.78107  is  Euler's  constant  and  v  Is  the  slot  width. 
At  a  distance  p  from  the  slot  axis  large  relative  to  slot  width  w  and  small 
relative  to  wavelength  A,  the  magnetic  field  is 

%<”-*>  ■  5uriS75fiV/T  (£.  +  J’/4>  +  (132) 

where 


(133) 


For  a  finite-length  narrow  slot  maximum  penetration  occurs  when  the 
slot  length  is  near  A/2  or  an  odd  multiple  thereof,  and  when  the  magnetic 
field  of  the  excitation  is  directed  parallel  to  the  slot  axis  and  is  an 


z=0 

Fig.  104.  Infinite  slot  in  a  ground  plane  subject  to  TE  illumination 
(cross-sectional  view) . 
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even  function  relative  to  the  slot  center.  Strong  penetration  also  occurs 
through  slots  whose  lengths  are  multiples  of  one  wavelength  when  the  axially 
directed  magnetic  field  possesses  a  rich  odd-function  component.  Such  "worst 
case"  data  can  be  derived  from  the  dual  results  available  for  thin  wires. 

As  an  example  illustrative  of  the  EMP  field  passing  through  a  finite- 

length  slot,  H  (t)  is  selected  to  be  constant  along  the  slot  axis  with 
sc  ,y 

the  double  exponential  pulse  time  variation  shown  in  Fig.  105a.  Fig.  105b 
displays  the  time  history  of  the  electric  field  Ex(t)  at  a  point  two  meters 
behind  the  plane  and  passing  through  a  155  cm x  1.3  cm  slot. 

2. 1.3. 2. 3  Hatch  Apertures 

Examples  of  some  hatch  apertures  of  practical  interest  are  shown  in 
Fig.  106,  each  of  which  represents  a  narrow  slot  of  width  g  cut  in  a  thin, 
perfectly  conducting  plane.  In  all  cases,  g  <<  g  «  w,  and  g  <<  d. 

Figs.  106a  and  106d  might  represent  a  "covered"  access  hole  or  doorway, 
while  Fig,  106b  might  be  a  circular  access  hole  with  a  cover  hinged  on  one 
side  (at  y  =  -d/2)  and  latched  on  the  other  (at  y  -  d/2) .  The  example  of 
Fig.  106e  could  be  representative  of  a  doorway  closed  by  means  of  double 
doors,  while  Fig.  106c  might  represent  the  cover  of  a  missile  silo. 

Polarizabilities  for  the  hatch  apertures  of  Fig.  106  are  given  in 

[88,89],  and  simple  formulas  for  these  polarizabilities  are  summarized  in 

table  15.  One  should  note  that  the  presence  of  the  hinge  and  latch  in 

Fig.  106b  has  negligible  effect  on  o  ,  while  it  does  modify  a  and 

in  |  yy  iq  p  xx 

u&,  as  is  seen  from  a  comparison  of  the  polarizabilities  of  the  apertures 
of  Figs.  106a  and  106b.  Similarly,  the  presence  of  the  center  slot  in 
Fig.  106e  influences  only  a 

m  p  xx 

Closed  doors  and  covered  access  holes  often  are  sealed  by  means  of 
conducting  gaskets  that  can  reduce  the  penetration  of  electromagnetic  energy. 
The  presence  of  the  gasket  can  be  accounted  for  in  the  determination  of  ^he 
polarizabilities  [88,89],  and  the  resulting  polarizabilities  of  gasket-sealed 
hatch  apertures  are  listed  in  table  16. 


Fig.  105.  (a)  Waveform  of  the  short-circuit  field  H  (t)  in  the  plane; 

sc  ,y 

(b)  time-domain  behavior  of  Ex(t)  at  a  point  2  meters  behind 
the  rectangular  aperture. 


Fig.  106.  Hatch  apertures. 


2. 1.3. 2. 4  Array  of  Apertures 

For  a  row  of  periodically  spaced  apertures  as  shown  in  Fig.  107  the 
normalized  (imaged)  polarizabilities  cTm  xx  and  cT^  ^  are  given  by  [83,90] 
with  the  x,y-axes  being  the  principal  axes  of  the  apertures, 
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GASKET-SEALED  HATCH  APERTURES 
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a 

a  =  . _ 

m,yy  (am0)yy  _  4g(3)  ^mo^yy 

d3 

Here  a  ,  (a  )  and  (ct  )  are  the  polarizabilities  of  one  isolated  aperture 
eo  mo  xx  mo  yy  r 

in  an  infinite  ground  plane,  and  £  is  the  Riemann  zeta-function  and  £(3)  ■  1.202. 
If  there  are  only  two  apertures,  one  simply  replaces  2£(3)  with  unity  in  (134)  - 
(136).  A  comparison  of  the  simple  formulas  (134)  -  (136)  with  the  numerical 
results  of  Fig.  108  [91]  for  the  case  of  rectangular  apertures  shows  that 
they  are  accurate  to  within  5%  for  (aperture-aperture  separation)  2  times 
(aperture's  maximum  linear  dimension). 

2. 1.3. 2. 5  Apertures  With  Impedance  Loading 

Loading  an  aperture  with  a  sheet  impedance  or  coating  the  conductor 
containing  the  aperture  (Figs.  109a, b)  will  change  the  aperture's  polariz¬ 
abilities.  The  relation  between  the  magnetic  (imaged)  polarizability  a  of 
a  loaded  aperture  and  that  of  the  same  aperture  without  impedance  loading 

°W> 13 
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tyy/(T2je3/i6) 


Fig.  109.  (a)  An  impedance-loaded  aperture  in  an  infinite  ground  plane; 

(b)  a  hole  in  an  infinite  ground  plane  sandwiched  by  dielec¬ 
tric  slabs. 


...  i  +  f£  . 

m  \  3tt  Z  /  mo 
s 


(137) 


in  which  Z  denotes  the  sheet  impedance  of  the  aperture  loading  material,  and 
s 

L  is  the  "equivalent"  inductance  of  the  unloaded  aperture  and  given  approxi- 
Sl 

mately  by 


(138) 


for  apertures  of  small  eccentricity,  where  A  *  aperture  area  and  P  =  aperture 
perimeter. 

The  factor  by  which  the  magnetic  flux  linking  the  aperture  is  reduced 
by  the  loading  is  the  same  as  that  given  in  (137)  above,  except  that  the 
factor  2/(3tt)  is  replaced  by  1/4. 

The  geometry  of  a  dielectric-backed  and  dielectric-coated  conductor 
containing  a  circular  aperture  of  radius  a  is  shown  in  Fig.  110.  The  dielec¬ 
tric  backing  has  relative  permittivity  e  ^  and  the  coating  has  relative 
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Fig.  110.  A  dielectric -coated  and  dielectric-backed  circular  aperture  in 
a  ground  plane. 


permittivity  and  thickness  h.  The  region  above  the  coating  is  free  space. 
The  electric  (imaged)  polarizability  of  the  aperture  a&  is  given  by  [92] 
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(139) 


in  which  is  the  electric  (imaged)  polarizability  of  the  aperture  in  the 
conducting  plane  when  “  1*  In  the  limit  as  h  +  0,  F  (erj_  +  £r2^/ 
(e^  +  1),  so  that 
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and  when  h  ->■  00 ,  F  -»■  1,  so  that 
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The  ratio  a  / a  is  shown  plotted  as  a  function  of  h/a  for  various  values  of 

e  eo 

e  ,  and  l  „  in  Fig.  111.  It  should  be  noted  that  when  (h/a)  >  1,  the  result 
rl  r2  ° 

given  in  (141)  is  quice  accurate. 

2. 1.3. 3  Metallic  and  Advanced  Composite  Walls 

The  transfer-function  relationship  between  the  tangential  field  compo¬ 
nents  and  H  on  the  outer  surface  of  a  metallic  or  advanced  composite 
to  to  +  + 

wall  and  the  field  components  E  ^  and  H  ^  on  the  inner  surface  of  the  wall 
is  of  the  following  form  (Fig,  112) 
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The  matrix 
Its  dyadic 


of  dyadics  in 
elements 


(142)  is  a  "boundary  connection  supermatrix 
can  be  written  as 


II 


(93], 
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(143) 


in  which 
the  wall 
"inside" 


the  parameters  depend  upon  the  structure  and  composition  of 
and  is  the  unit  vector  normal  to  the  wall  and  pointing  into  tne 
region  bounded  by  the  wall. 


h  iuivalent  electric  and  magnetic  surface  current  densities  located  on 

the  inner  surface  of  the  wall  are  often  useful  in  the  calculation  of  the 

fields  penetrating  the  wall.  These  source  densities  can  be  considered  to 

radiate  in  free  space,  or  the  wall  can  be  replaced  by  a  perfect  conductor 

with  an  impressed  magnetic  surface  current  density  (in  the  latter  case  it 

is  not  necessary  to  consider  the  electric  current  density) .  The  original 

problem  and  its  equivalents  are  shown  in  Fig,  112.  The  equivalent  surface 

densities  1  and  J  are 
eq  m,eq 
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equivalent  problem :  currents  radiating  in  free  space 
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equivalent  problem:  currents  radiating  in  the  presence  of  a  perfect  conductor 
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Fig.  112.  The  imperfect-wall  penetration  problem  and  its  equivalent 

problems.  The  fields  in  the  interior  region  are  identical  in 
each  problem. 
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In  most  problems  of  interest,  the  wall  is  a  good  conductor,  so  that  ?  , 

1  „  are  related  to  S  ,  $  being  the  short-circuit  field  on  the  outside 

m,eq  sc  sc 

surface  of  the  wall.  In  these  cases,  J  and  J  can  be  written  in  terms 

eq  m,eq  + 

of  the  short-circuit  surface  current  density  J  ■  -1  xfi  as 

J  sc  n  sc 


in  which 
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and  the  transfer  function  T  (s)  is 

c 

V*> 


Z  T  (s)l  K-! 
o  c  n 


(B11  -  ZoB21> 


-1 


(146) 


(147) 
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The  analysis  and  results  presented  here  are  based  fundamentally  on  the 
assumption  that  the  wall  under  consideration  is  physically  thin  in  comparison 
to  its  local  principal  radii  of  curvature.  Eqs.(146)  and  onward  are  valid 
for  walls  which  act  as  "good"  shields,  so  that  the  approximation  Hto 2  Hac 
holds.  This  is  the  case  in  nearly  all  practical  applications.  It  is  also 
assumed  that  the  medium  on  either  side  of  the  wall  is  free  apace. 


2. 1.3. 3.1  Homogeneous  Conducting  Walls 
The  boundary-connection  parameters  B 


for  a  solid  conducting  wall  of 


thickness  d.,  conductivity  a,  and  permittivity  y,  are 
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-1  2 
where  R  -  (ad)  denotes  the  dc  resistance  of  the  wall  material  and  ■  yad 

is  the  diffusion  time  constant.  The  transfer  function  T  (s)  is  then 

c 


/  Z  sinh  /sx\  \-^ 

T  (s)  »  (  cosh  v^sr  ,  +  5 

ci  a  R 
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l^ST  , 


(150) 


A  useful  approximate  expression  for  Tc(s),  valid  with  negligible  error  over 
the  entire  EMP  frequency  range,  is 


T  (s)  -  —  /sr .  csch  t/sr", 
c  Z0  d  d 


(151) 


The  magnitude  and  phase  of  the  function  (Zq/R)Tc  are  shown  plotted  as  a 
function  of  fx^  (where  f  is  the  frequency)  in  Fig.  113a.  When  27rfxd  »  1, 


-v'rrfr , 


(Z  /R)  T  “  2/2irfx.  e 
o  c  d 


arg  T_  “  7-  -  /ir'fXj 


(152) 


c  4 


The  inverse  Laplace  transform  of  Tc(s),  from  which  the  impulse  responses 
of  the  equivalent  surface  current  densities  are  readily  obtained,  is  [94] 


„  2  -7T  t/x, 

'.<*>  ■  S* *  d 

d  o 


2,ZR  (  '1,2thi  .  0  ■9’2t/T^ 

—7-  1  a  -  4e  +  9e 

d  o 


,  (id/20<t<xd)  (153) 


/n  t.Z 


S—  (t/Td)-5'2e“dAt 


(t  <  xd/20) 
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A  plot  of  (ZQxd/R)tc(t)  as  a  function  of  t/xd  is  shown  in  Fig.  113b. 
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Fig.  113.  (a)  Magnitude  and  phase  of  (Zq/R)Tc  versus  fx^  for  imperfectly 

conducting  solid  walls,  and  (b)  (ZQT^/R)tc(t)  versus  t/x^  for 
imperfectly  conducting  solid  walls  —  fbe  impulse  response. 


Eq.(15Q)  is  valid  whenever  the  wall  material  may  be  considered  to  be  a 

good  conductor,  i.e.,  when  the  displacement  current  density  can  be  neglected 

in  comparison  to  the  conduction  current  density:  2TrfeQ/a  «  1.  Eq.(151)  is 

valid  if  Z  »R,  fiitiz  /a  «  1.  The  relative  error  in  (151)  is  less  than  0.25% 
°  q  0  4 

when  f  £  10  Hz  and  a  >.  10  mho/m;  the  relative  error  in  (150)  is  completely 
negligible  under  these  conditions. 

Eq.(153)  describes  the  time  history  of  the  impulse  response  of  the 
equivalent  surface  current  densities  within  a  relative  error  of  0.1%. 

2. 1.3. 3. 2  Mesh-Shielded  Nonconductlve  Walls 

A  mesh-shielded  nonconductlve  wall  (e.g.,  a  boron-epoxy  composite  panel 
with  a  bonded-j unction  wire  mesh  embedded  in  one  surface)  is  completely 
characterized  for  EMP  shielding  calculations  by  the  following  boundary- 
connection  parameters  : 
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The  impedance  Zgh  is  the  equivalent  sheet  impedance  of  the  mesh  and  is  given 
by 
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where 

a  “  mesh  size 
r  ■  wire  radius 

er  ■  relative  permittivity  of  the  panel  (typically  er  2  5) 

“  impedance  per  unit  length  of  wir^s 
“  (dc  resistance  per  unit  length) 


(155) 
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0,  for  perpendicular  polarization  (Fig.  114) 


1,  for  parallel  polarization  (Fig.  114) 

surface  Laplacian  operator 
s^  2 

sin  0,  for  plane-wave  fields  (Fig.  114) 
c 

In  what  follows,  we  consider  locally  plane-wave  fields  and  write 


Z,“R,+sL, 
sh  sh  sh 


in  which 
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The  transfer  function  T£(s)  is 
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Over  the  EMP  spectrum  |r  , /Z  +  sL  ,  /Z  <<  1,  and  hence 
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Frequency-domain  expressions  for  the  magnitude  and  phase  of  Tc  are 

<  W  I Tc I  "  A  +  <2'fLah/Rah>2 

(160) 

arg  Tc  -  arctan(2irfLsh/Rsh) 


The  inverse  Laplace  transform  t  (t)  of  T  (s)  is  easily  obtained  from 

c.  c 

(159)  and  is  given  by 

^sh  "^sh 

tc(t)  =  z  6(t)  +  Z  6'(t)  (161) 

°  o  o 

which  clearly  shows  the  "differentiating"  character  of  a  wall  of  this  type. 

Eq. (154)  is  valid  when  the  mesh  sheet  admittance  is  large  in  comparison 
to  the  equivalent  sheet  admittance  of  the  dielectric  substrate.  In  typical 
cases,  the  relative  error  incurred  by  ignoring  the  admittance  of  the  substrate 
is  less  than  0.1%. 

Eq.(155)  is  derived  under  the  assumption  that  the  thin-wire  approxima¬ 
tion  holds  with  respect  to  the  mesh  wires,  i.e.,  that  r/a  <<  1.  The  error 
incurred  by  the  use  of  the  thin-wire  approximation  is  not  precisely  known. 

It  is  known,  however,  that  the  use  of  this  approximation  tends  to  under¬ 
estimate  the  wire  currents,  so  that  the  results  presented  here  tend  to 
overestimate  the  interior  fields  [93]. 
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The  assumption  that  Z^  can  be  replaced  by  over  the  EMP  frequency 
range  is  not  correct  at  the  upper  end  of  the  EMP  spectrum.  Precise 
error  analyses  are  not  yet  available,  but  it  is  estimated  that  the  rela¬ 
tive  error  incurred  by  using  this  assumption  is  less  than  a  few  percent 
over  the  entire  EMP  spectrum. 

Eq.(159)  is  valid  when  R  ,  /Z  <<  1  and  2irfL  , /Z  «  1.  These  conditions 
’  sh  o  sn  o 

introduce  negligible  error  over  the  entire  EMP  spectrum  for  practical  cases. 

2. 1.3. 3. 3  Mesh-Shielded  Conductive  Walls 

The  transfer  function  Tc(s)  for  a  mesh-shielded  conductive  wall  (e.g 
a  mesh-shielded  graphite-epoxy  composite  panel)  is 
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which  may  also  be  expressed  as 
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tc/tc(0)| 


Some  representative  curves  of  the  magnitude  of  T  /T  (0)  as  a  function  of 

c  c 

fid  for  various  values  of  p  and  a  are  shown  in  Fig.  115.  The  larger  values 
of  a  correspond  to  coarse  meshes,  thin  panels,  and/or  fine  vires;  the 
larger  values  of  p  correspond  to  smaller  values  of  wire  conductivity  and/or 
thick,  highly  conductive  panels. 

Relatively  simple  analytical  expressions  for  the  inverse  Laplace  trans¬ 
form  of  Tc(s)  for  a  mesh-shielded  conductive  panel  do  not  exist,  except  in 
the  limiting  cases  which  have  been  described  above.  One  may,  however, 
construct  a  series  expansion  for  Tdtc(t).  0x16  such  rePresentation  is 


Fig.  115.  Magnitude  of  Tc/Tc(0)  versus  frd  for  mesh-shielded  conductive 
walls . 
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in  which  the  are  the  positive  real  roots  of 


2  1 

cos  u  +  (p  -  ctu  )  — -  0,  u  >  0  (167) 

The  series  in  (166)  converges  for  all  t  >  0,  and  for  t  >  the  first  term 

a 

is  sufficient  to  represent  Tdtc(t).  When  t  <<  td,  the  following  early-time 
representation  is  useful: 
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(168) 


in  which 


P»q  “  ^  (1  t  /l  -  4pa  ) 


(169) 


Representative  plots  of  Tdtc (t) /Tc(0)  versus  t/x d  are  shown  in  Fig.  116. 

Eq. (162)  is  analytically  exact.  Eqs.(163)  and  (164)  are  valid  when 
the  conditions  lzsh/zJ  «  1  and  |ydR/Zgh|  «  1  hold,  and  (164)  is  valid 
when  (156)  can  be  used  to  represent  Zgh>  For  typical  meshes  and  conductive 
substrates,  (164)  is  accurate  to  within  a  few  percent. 

Eq. (166)  is  the  exact  Laplace  inverse  of  (164).  When  t/x,  >  1  the  first 

d 

term  represents  xdtc(t)  to  within  0.1%,  if  the  root  is  accurately  calculated. 

The  early-time  expression  of  (168)  is  accurate  to  within  0.1%,  for  t/x,  <  0.05. 
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CHAPTER  2.2 

INTERMEDIATE  INTERNAL  INTERACTION,  I:  LINE  CONDUCTORS 

Between  the  first  layer  of  shield  (e.g.,  the  aircraft's  skin)  and 
the  connector  pins  of  equipment  boxes  is  a  region  where  intermediate 
internal  interaction  takes  place.  Within  this  region  there  may  be 
cable  shields  and  other  conduits  such  as  hydraulic  lines,  control 
cables,  pneumatic  ducts,  etc.  Generically,  these  may  all  be  referred 
to  as  line  conductors.  In  this  chapter  engineering  formulas  and  data 
will  be  presented  to  describe  the  interaction  of  these  conductors. 

2.2.1  COUPLING 

The  line  conductors  in  the  intermediate  internal  interaction  region 
may  be  excited  locally  by  nearby  apertures  or  in  a  distributed  sense  by 
the  field  that  diffuses  through  conducting  walls.  We  will  first  present 
formulas  and  data  to  describe  the  voltage  and  current  sources  appropriate 
for  local  excitation  by  nearby  apertures  and  then  the  voltage  source  for 
distributed  excitation  by  diffused  fields. 

2. 2. 1.1  Line  Conductors  Near  Apertures 

Many  EMP  problems  have  to  do  with  coupling  through  apertures  to 
line  conductors  (wires)  passing  near  them.  For  the  low-frequency  portion 
of  the  EMP  spectrum,  the  usual  approach  is  to  represent  the  aperture 
by  equivalent  dipole  sources.  In  a  rigorous  analysis,  these  dipole 
sources  would  be  computed  taking  into  consideration  the  scattering 
from  the  line  conductor  back  into  the  aperture.  In  practice.it  is 
usually  possible  to  neglect  the  scattering  from  the  conductor  into  the 
aperture.  In  this  section  results  are  presented  for  a  line  conductor 
coupled  to  a  single  aperture,  in  an  infinite  ground  plane  and  to  an 
array  of  periodically  spaced  apertures. 

2 . 2 . 1 . 1 . 1  Line  Conductors  Near  a  Single  Aperture 

In  Fig.  1  is  shown  a  line  conductor  (wire)  parallel  to  a  conducting 
sheet  with  an  aperture.  The  wire  and  the  conducting  sheet  form  a  trans- 


mission  line.  When  the  aperture  is  electrically  small,  its  effects 

on  the  transmission-line  mode  can  be  represented  by  the  equivalent 

circuit  shown  in  Fig.  2,  where  the  equivalent  voltage  and  current 

sources,  V  and  I  .  are  given  by  [1] 
eq  eq 


— — I 


Fig.  1.  (a)  Coordinate  system  for  a  line  conductor  above  a  ground 

plane  with  an  aperture,  (b)  cross-sectional  view. 
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and  the  inductance  and  capacitance,  L  and  C  ,of  the  hole  by 

A  A 


Here,  the  characteristic  impedance  Z  of  the  transmission  line  and  the 

c 

wive  impedance  Z  Are 
o 

zc  -  ^  Zoarccosh(h/a)  -  ~  Zota(2h/a) 

(3) 

Zo  “ 


•q 


r 

i 


Fig.  2.  Equivalent  circuit  of  a  small  hole  (Rq  »  hole’s  dimensions). 
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and  the  polarizabilities  a£,  affl  for  a  variety  of  aperture  shapes  are  given 
in  Sec.  2. 1.3. 2.1. 

If  the  principal  axes  x'  and  z'  of  the  aperture  are  not  parallel  to 
the  x-  and  z-axes  as  defined  in  Fig.  1,  then  the  aperture  magnetic  dipole 
moments  m  must  be  transformed  to  the  x,y,z  coordinate  system  according  to 

A 


m  ■  m  ,  cos  6  -  m  .  sin  3 
a,x  a,x'  a,z' 


m  ■  m  *  sin  6  +  m  .  cos  6 
a,z  a,x'  M  a,z'  H 


(A) 


where  8  is  the  angle  between  the  x-  and  x-'axes  (Fig.  1).  Hence,  the 

x*  am  *  Hsc  conta^ne^  *-n  V£q  in  (1) ,  expressed  in  both  primed  and 
unprimed  coordinates,  is  given  by 


1  *"qT  •  5  ■■  (a  •  ,cos^8  +  a  t  ,sin^8)d*S  ) 

m  sc  v  m,x’x'  M  mjZ'z'  Xx  sc 


+  (a  ,  ,  -  a  ,  ,)cos  8  sin  8Cl»S  ) 
m.x'x'  m,z'z'  z  sc 


and  the  quantity  a  contained  in  L  in  (2)  by 
’  m,xx  a 


m,xx  m,x  x 


2  2 
.  ,  cos  8  +  a  .  ,  sin  8 


m.z  z 


(5) 


(6) 


For  most  combinations  of  the  parameters  u>,  Rq  and  a,  the  lumped  circuit 
elements  L  and  C  of  the  aperture  may  be  neglected.  It  is  useful  to  observe 
that  the  negative  capacitance  element  represents  the  lumped  effect  of  the 
decrease  in  the  line  capacitance  per  unit  length  which,  in  turn,  results 
from  the  decreased  charging  surface  available  because  of  the  presence  of 
the  aperture.  The  additional  magnetic  flux  paths  which  penetrate  the 
aperture  increase  the  line  inductance  per  unit  length  near  the  aperture; 
this  effect  is  accounted  for  by  adding  a  positive  lumped  inductance. 

If  the  wire  is  so  close  to  the  aperture  that  the  effect  of  the  aperture 
can  no  longer  be  represented  by  dipole  sources,  then  a  correction  factor  for 
the  equivalent  sources  may  be  used.  For  a  circular  aperture,  the  corrected 
equivalent  sources  are  given  by  [1] 
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V  ■  f  V 

eq  s  eq, small  hole 

(7) 

I  ■  f  I 

eq  s  eq, small  hole 

where  the  factor  f  ,  plotted  in  Fig.  3,  merely  multiplies  the  small- 

hole  source  terms  defined  in  (1) .  It  should  be  noted  that  in  deriving 

the  factor  f  in  (7),  the  influence  of  the  wire  on  the  aperture  field 
s 

has  been  neglected,  an  assumption  which  becomes  less  valid  as  the  wire 
approaches  the  aperture.  The  factor  [£/(2Rq)]3  is  a  reasonable  estimate 
of  the  relative  error  involved  in  this  assumption. 

2 . 2 . 1 . 1 . 2  Line  Conductor  Near  Periodic  Arrays  of  Apertures 

In  many  cases  wires  are  situated  near  an  array  of  identical 
periodically-spaced  apertures.  In  such  situations  the  influence  of 
the  wire  on  the  apertures  may  often  be  neglected,  as  mentioned  in  the 
previous  section,  but  it  is  often  impossible  t  ,  neglect  the  coupling 
of  adjacent  apertures  in  computing  aperture  equivalent  sources. 

However,  if  there  is  a  sufficiently  large  number  of  elements  it  can 
often  be  assumed  that  the  central  elements  in  the  array  have  the 
same  aperture  fields  (and,  consequently,  the  same  dipole  moments,  etc.) 
as  they  would  have  in  an  infinite  array.  While  it  is  common  to  treat 
more  than  seven  or  eight  elements  in  an  array  as  approximating  an 
infinite  array,  there  are  no  simple  rules  regarding  the  errors  involved 
in  such  approximations,  since  the  errors  depend  critically  on  such 
widely  varying  parameters  as  array  spacing,  aperture  geometry,  excita¬ 
tion,  and  frequency. 

t 

For  a  wire  behind  and  parallel  to  a  linear  array  of  apertures, 
an  equivalent  circuit  representing  the  coupling  of  each  individual 
aperture  to  the  transmission  line  takes  the  form  shown  in  Fig.  4a 
where  the  equivalent  sources  and  circuit  elements  are  defined  in 
Fig.  2.  The  polarizabilities  ug,  am  to  be  used  in  (1)  and  (2)  must 
be  those  of  each  aperture  in  an  infinite  array  environment,  and  are 
given  in  Sec.  2. 1.3. 2.1. 
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If  the  apertures  of  an  array  are  closely  spaced  In  terms  of 
wavelengths,  the  analysis  of  EMP  coupling  may  often  be  made  simpler 
by  averaging  over  a  period  the  lumped  elements  (sources  and  impedances) 
modeling  the  apertures  and  treating  these  elements  us  distributed 
quantities.  Hence  the  array  of  lumped  elements  separated  by  sections 
of  transmission  line  as  shown  in  Fig.  4a  may  be  replaced  by  a  continuous 
transmission  line  with  distributed  parameters  as  shown  in  Fig.  4b,  where 


L'  -  L'  +  L  /d, 
o  a 


C'  -  C'  -  C  /d 
o  a 


V  Id, 
eq 


I 

eq 


/  d 


(8) 


in  which  d  is  the  period  between  apertures  and  the  quantities  L  ,  C  , 

&  & 

V  and  I  are  defined  in  (1)  and  (2)  with  the  polarizabilities  taken 
eq  eq 

to  be  those  jf  an  array  environment,  and  L'  and  C'  are  the  line  induc- 

o  o 

tance  and  capacitance  per  unit  length  with  shorted  apertures. 


(a) 


L' 

C' 


c' 


(b) 


Fig.  4.  (a) Transmission  line  with  lumped  elements  for  widely-spaced 

apertures;  (b) equivalent  circuit  per  section  of  line  for 
closely-spaced  apertures. 


•4 
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2 . 2 . 1 . 1 . 3  Line  Conductors  Inside  a  Triangular  Waveguide  With 
Periodic  Apertures 

A  special  but  important  EM?  penetration,  is  the  leading  edge  of 
an  aircraft  wing  covered  by  an  array  of  dielectric  skin  panels  which 
approximates  a  periodic  array  of  apertures.  The  section  of  wing  exposed 
to  EMP  penetration  via  the  panels  contains  a  pneumatic  duct  and  some 
unshielded  cables  inside  an  approximately  triangular  waveguide  region  as 
shown  in  Fig.  5.  The  interior  problem  may  be  modeled  as  a  triangular 
waveguide  with  a  center  conductor,  as  far  as  the  penetrant  fields  are 
concerned.  An  array  of  apertures  is  used  to  model  the  skin  panels, 
whose  dielectric  constant  has  been  assumed  to  be  that  of  free  space. 

The  exterior  problem  of  determining  the  short-circuit  charge  density  p 
and  current  density  3  can  be  treated  by  the  techniques  in  Chap.  2.1. 


pneumatic  duct 


Fig.  5.  The  edge  of  the  wing  modeled  as  a  cylindrical  tube  with  a 

triangular  cross  section  and  a  periodic  array  of  rectangular 
apertures. 
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The  equivalent  circuit  of  Fig.  4b  is  most  appropriate  to  describe  the 
interaction  problem  of  Fig.  5.  The  distributed  parameters  are  given 
by  [2] 


L'  -  L'  +  L  /d,  C'  -  C’  -  C  /d 
o  a  o  a 


jam  a  Z  * , 
eq  d  Zn  3n 


(9) 


jwa 

Xeq - d“  3n  p(z) 


where.  1/  and  are  the  inductance  and  capacitance  per  unit  length  of 

the  transmission  line  formed  by  the  duct  and  triangular  waveguide, 

Z  ■  /L'/C'  ,  and  L  and  C  are  the  corresponding  lumped  element 
coo  aa 

quantities  representing  the  effect  of  the  apertures  on  the  transmission¬ 
line  mode.  The  scalar  potential  function  ij>  describes  the  TEM  mode  in 
the  closed-aperture  transmission  line.  The  polarizabilities  are 

given  in  Fig.  108  of  Sec.  2. 1.3. 2. 

The  quantities  I/,  and  (3/3n)ij>  in  (9)  have  the  following 
approximate  form 


T  1  s 

voeo  % 

.(SO 

'  o 

Li 

o 

C’  “  2ir 
o 

36  _ 

2 

■cos  ela 

cos  02a  cos  e3a  cos  e4a‘ 

3n  " 

£n(N  /D  ) 
o  o 

Ri 

L  la 

R„  +  R.  R, 

2a  3a  4a  J 

where  (see  Fig.  6) 


N 


o 


R10R20R30R40 


D 

o 


R50R60R70R80 


R, ,  ■  distance  between  point  i  and  point  j,  where 
13  i, j  -  0,1,  ...  8, a. 


0^a  ■  angle  between  the  outward  normal  vector  at  point  a 
and  the  vector  from  point  i  to  point  a. 

Note  that  the  point  a  has  to  be  chosen  such  that  (d/3n)$  at  a  is 
approximately  the  average  value  of  (3/3n)<j>  over  the  aperture. 

2. 2. 1.2  Line  Conductors  Near  a  Conducting  Surface 

When  there  is  a  time-varying  surface  current  flowing  on  one  side 
of  a  finitely  conducting  sheet  (such  as  the  metallic  skin  of  an  aircraft 
or  the  raceway  of  a  missile) ,  the  magnetic  field  associated  with  this 
current  can  diffuse  through  the  sheet  material  and  appear  on. the  other 
side  of  the  sheet.  This  diffusive  field  can  couple  to  conductors 
lying  behing  the  sheet  by  electromagnetic  induction.  In  the  following, 
formulas  are  given  which  describe  this  magnetic- field  coupling  through 
a  conducting  sheet  to  a  line  conductor. 


Fig.  6. 


Geometry  for  the  definitions  of  R 


ij 


and  8 


ia* 
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Fig.  7a  shows  a  conductor  passing  over  a  plane  sheet  at  a  uniform 

height  h.  The  sheet  has  thickness  d,  conductivity  o,  and  permeability 

p.  It  is  assumed  that  both  a  and  p  are  frequency- independent.  Let  a 

time-harmonic  current  be  induced  on  the  under-surface  of  the  conducting 

sheet,  and  the  associated  magnetic  field  be  Hgc>  as  shown  in  Fig.  7a. 

The  effect  of  this  magnetic  field  on  the  transmission  line  above  the 

i  (s) 

sheet  can  be  represented  by  a  distributed  voltage  source  V  in  the 
transmission-line  equations,  viz., 

~  +  Z ' I  =  v’  ~  +  Y'V  =  0  (11) 

dz  dz 

The  equivalent  circuit  representation  of  the  transmission  line  is  shown 

f  (Q\ 

in  Fig.  7b.  The  source  term  V  v  J  is  calculated  from  Faraday’s  law  to  be 


Fig.  7.  Coupling  of  a  magnetic  field  ft  through  a  conducting  sheet 

s  c 

to  a  conductor.  The  effects  of  this  coupling  can  be  represented 
by  a  distributed  voltage  sourre  V  '  in  the  transmission-line 
equation  fur  the  conductor-plane  configuration. 
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where  Tm  is  the  tangential  magnetic  field  transfer  function  across  the 
conducting  sheet.  It  is  given  by 


Tm  -  - - - -  (11) 

cosh  yd  +  ZQ/e/y  sinh  yd 

where 

e  -  eQ  +  a/ jrn,  y  -  jun/pe  (14) 

At  EMP  frequencies,  one  always  has  a  >>  In  this  case  the  following 

expressions  apply 


e  «  a/jo), 


(15) 


where  6  is  the  skin  depth  of  the  sheet  material. 

Fig.  8  shows  a  plot  of  the  transfer  function  for  a  conducting 
sheet  of  thickness  1.5  mm,  taken  from  [3]. 


2.2.2  PROPAGATION 

One  idealized  model  of  a  transmission  line  which  has  found  wide 
application  in  the  EMP  interaction  analysis  consists  of  a  perfectly 
conducting  straight  wire  running  at  a  constant  distance  over  the 
surface  of  an  infinite,  perfectly  conducting  ground  plane.  Electric 
signals  can  be  transmitted  freely  along  this  line  in  the  form  of 
current  and  voltage  waves.  Their  propagation  is  governed  by  a  pair 
of  transmission-line  equations.  The  propagation  characteristics  are 
determined  by  the  uniform,  distributed  impedance  and  admittance  per 
unit  length  of  the  line. 

This  section  deals  with  the  treatment  of  certain  deviations  from 
this  idealized  transmission-line  model  that  are  relevant  to  EMP  inter¬ 
action  analysis.  The  discussions  here  are  limited  to  those  deviations 
that  can  be  represented  by  changes  in  the  impedance  and  the  admittance 
of  the  line.  Deviations  that  are  equivalent  to  current  and  voltage 
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sources  are  treated  in  Sec.  2.2.1  and  Chap.  2.4.  The  deviations 

■  k 

discussed  here  fall  under  the  two  headings  of  (1)  local  discontinuities, 
or  nonuniformities,  in  the  otherwise  uniform  transmission-line  geometry, 
when  all  the  conductors  are  considered  perfectly  conducting,  and  (2) 
distributed  corrections  in  the  impedance  and  admittance  parameters 
arising  from  finite  conductivity. 


2. 2. 2.1  Lumped  Circuit  Elements  of  Discontinuities 

A  strictly  uniform  transmission  line  is  not  often  found  in  practice. 
Instead,  localized  geometrical  nonuniformities  frequently  occur  along 
the  length  of  a  line.  Examples  of  such  nonuniformities  are  cable  bends, 
cable  clamps,  shield  apertures,  and  nearby  conductors.  These  produce 
local  deviations  of  the  distributed  line  Impedance  and  admittance  from 
their  uniform  values,  resulting  in  a  scattering  of  the  waves  on  the  line. 
If  the  dimensions  of  the  nonuniformities  are  small  compared  to  a  wave¬ 
length,  the  scattering  effects  can  be  represented  by  loading  onto  the 
uniform  line  an  appropriate  equivalent  lumped  network  circuit.  Fig.  9 
shows  one  example  of  a  nonuniformity  and  its  modeling  by  a  symmetrical 
T  section.  The  network  is  assumed  to  have  zero  spatial  extension,  and 
is  to  be  inserted  into  the  uniform  line  at  the  location  of  the  nonuni¬ 
formity.  The  lumped  impedance  and  admittance  elements  and  Y^, 
characterizing  the  nonuniformity,  are  to  be  calculated  from  appropriate 
quasi-static  electromagnetic  boundary-value  problems.  The  calculated 
results  for  some  common  cable  discontinuities,  applicable  to  the  EMP 
interaction  problem,  are  summarized  below. 


Fig.  9.  An  example  of  discontinuity  in  the  cable  geometry  and  its 
equivalent  lumped  network. 
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Fig.  10a  shows  a  cable  modeled  by  a  wire  of  radius  a  passing  over 
a  conducting  plane  at  a  constant  height  h.  The  wire  is  assumed  thin 
(a  <<  h) .  The  cable  has  an  abrupt  bend  through  an  angle  o.  Fig.  10b 
is  an  equivalent  lumped  network  circuit  representation  of  the  bend. 

The  parameter  is  the  difference  between  the  total  inductance  of  the 
bend  cable  and  that  of  a  straight  cable.  The  parameter  is  the 
corresponding  difference  in  the  total  capacitance.  The  normalized 
values  of  these  parameters  are  calculated  to  be 

L  C 

h£~  in (25757  (a  COt  a'1)>  h£  "  iMTh/a)  (1'°  C8C  a)  (16) 

where  L'  and  C'  are  the  inductance  and  capacitance  per  unit  length  of 
the  uniform  line  and  are  given  by 

L'  -  uoeo/C*  -  ^  £n(2h/a)  (17) 

The  expression  for  Ld  is  exact  within  the  thin-wire  assumption;  that 
for  is  obtained  by  a  variational  method  and  is  accurate  to  within 
a  few  percent. 


(a) 


Fig.  10.  An  abrupt  cable  bend  and  its  equivalent  lumped 
network  circuit. 
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2. 2. 2. 1.2  Circular  Cable  Bend  [4,5] 


Fig.  11a  shows  a  cable  with  a  smooth  bend  modeled  by  a  circular  arc 
of  radius  R  and  angle  $•  The  cable  is  of  radius  a  and  passes  over  a 
conducting  plane  at  a  constant  height  h.  It  Is  assumed  that  a  <<  h. 

This  configuration  Is  a  generalization  of  the  abrupt  bend,  and  the 
latter  is  recovered  in  the  limit  R  -*■  0.  The  circular  bend,  however, 
is  the  more  realistic  cable  bend  geometry. 

The  circular  bend  is  again  characterized  by  the  bend  inductance 
and  the  bend  capacitance  C^,  as  shown  in  Fig.  11b.  The  two  quantities 
are  functions  of  the  four  geometrical  parameters  R,  $,  a  and  h.  In 
[4,3]  and  C^  are  calculated  and  expressed  in  terms  of  a  number  of 
rather  complicated  one-dimensional  integrals  to  be  computed  numerically. 

The  computed  results  are  shown  in  Fig.  12. 

The  results  for  are  exact  within  the  thin-wire  assumption.  Those 
for  are  obtained  from  a  variational  principle  and  are  accurate  to  within 
a  few  percent. 

2.2. 2.1. 3  Cable  Clamp  [6] 

Fig.  13a  shows  a  model  of  a  common  type  of  cable  clamp.  It  consists 
of  a  thin  metallic  tube  of  length  £  and  radius  b,  concentric  with  the 


Fig.  11.  A  circular  cable  bend  and  its  equivalent  lumped  network  circuit. 


Fig.  12.  Equivalent  inductance  and  capacitance  of  a  circular 
cable  bend  of  radius  R  and  angle  (3  of  Fig.  11.  The  broken 
line  is  for  the  case  of  an  abrupt  bend  (R-Q). 


cable.  The  space  between  the  cable  and  the  tube  Is  filled  with  a 
dielectric  of  permittivity  e.  The  tube  is  connected  at  the  middle  to 
the  conducting  plane  by  a  thin,  vertical,  metallic  strip  of  width  d. 

An  equivalent  lumped  circuit  representation  of  the  cable  clamp 
lb  shown  in  Fig.  13b.  The  inductances  and  capacitances  therein  are 
given  by 


L 


1 


r  .  -2*g*— 
2  £n(b/a) 


li  t  /  ,  ,  tre  £, 

L3  "  17  arcco8h  ( 1 )  •  C4  arcco8h(h/b")  (18> 

b  “  ^  [(h_b)arc8inh  (l7r)  “  <h-b>2  +  (f)  +f] 


In  practice,  the  effects  of  the  elements  and  are  often  negligible. 
The  circuit  in  Fig.  13b  can  then  be  simplified  to  the  common  form  shown 
in  Fig.  lib,  with  Ld  -  21^  +  4L3  and  Cd  -  Cj,. 


Fig.  13.  A  model  of  a  cable  clamp  and  its  equivalent  lumped  network  circuit. 


2. 2. 2. 1.4  Circular  Aperture  on  Ground  Plane  [1] 


.  Fig.  14a  shows  a  cable  passing  by  a  circular  aperture  on  the  ground 
plana.  The  cable  has  radius  a,  and  is  at  a  uniform  height  h  above  the 
plane.  The  radius  of  the  hole  is  R,  and  the  shortest  distance  between 
its  center  and  the  cable  is  D.  It  is  assumed  that  the  hole  is  small 
(R  «  D),  and  that  it  opens  onto  an  empty,  semi- infinite,  free  space 
below  the  ground  plane. 

The  equivalent  lumped  circuit  for  this  discontinuity  is  shown  In 
Fig.  14b.  The  elements  and  are  given  by 

* 

Ld  _  2h  Cd  _  2h  (ig 

^  m  irD4fn(2h/a)  ’  hC'  8  TfD4«,n(2h/a) 


where  a  end  a  are,  respectively,  the  absolute  values  of  the  magnetic 

HI  6 

and  electric  polarizabilities  of  the  circular  aperture  of  radius  R  and 
are  given  by 


4  _3 
am  “  3  R  • 


f  r3 


(20) 


Fig.  14.  A  circular  aperture  on  the  ground  plane  and  its 
equivalent  lumped  network  circuit. 
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.  The  formulas  (19)  for  and  apply  also  to  small  apertures  of  other 
shapes «  One  need  only  substitute  for  and  ag  the  values  appropriate 
to  the  apertures  of  concern.  It  should  be  kept  in  mind  that  am  is 
the  aperture  magnetic  polarizability  in  the  direction  perpendicular 
to  the  wire.  The  polarizabilities  of  specific  apertures  are  given 
in  Sec.  2. 1.3. 2. 

*.  ■  V  1 

2. 2. 2. 1.5  Thin  Rib  on  Ground  Plane  [7] 

Fig.  15a  shows  a  cable  passing  over  a  conducting  plane.  The  cable 
is  modeled  by  a  single  straight  wire  of  radius  a,  and  at  a  constant 
height  h  above  the  plane.  A  rib  in  the  form  of  a  thin  metallic  strip 
of  breadth  b  juts  out  vertically  from  the  plane,  at  right  angle  to  the 
direction  of  the  wire.  The  rib  greatly  alters  the  electric  field  in 
its  vicinity,  but  leaves  the  magnetic  field  relatively  unperturbed. 

The  effect  of  this  discontinuity  is  therefore  mainly  capacitive.  The 
equivalent  lumped  circuit  consists  of  a  shunt  capacitance  (Fig.  15b) 
and  its  normalized  value,  obtained  by  numerically  solving  a  pair  of 
coupled  integral  equations, is  shown  in  Fig.  16, 

2. 2. 2. 1.6  Periodic  Discontinuities  [8] 

Very  often,  identical  discontinuities  recur  at  regular  intervals 
along  the  length  of  a  transmission  line.  Examples  of  such  periodic 


Fig.  15.  A  thin  rib  on  the  ground  p’ane  and  its  equivalent 
lumped  network  circuit. 
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structures  along  aircraft  cables  are  periodically  applied  cable  clamps 
and  periodic  airframe  ribs  over  which  the  cable  runs  are  anchored. 

These  cables  are  equivalent  to  periodically  loaded  transmission  lines . 

Fig.  17a  shows  a  uniform  transmission  line  loaded  at  regular 
intervals  with  identical  two-port  lumped-element  networks.  Each  load 
is  taken  to  have  the  structure  of  a  symmetrical  T  section,  as  shown  in 
Fig.  17b.  It  is  made  up  of  a  discontinuity  series  impedance  and  a 
discontinuity  shunt  admittance  Y^.  The  loading  interval  is  denoted  by  d. 


b/h 

Fig.  16.  Normalized  equivalent  capacitance  of  a  thin  vertical  rib 
on  the  ground  plane  of  Fig.  15. 
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On  a  uniform  transmission  line,  electric  signals  can  propagate  by 

means  of  simple-harmonic  currant  and  voltage  waves.  On  a  periodically 

✓ 

loaded  line,  these  waves  become  modulated  by  the  periodicity  of  the 
loading.  They  then  have  the  general  form 

*(*.t)  -  uk(Z)n'jkz  +  j“t  (21) 

The  wave  number  k  is  determined  by  the  detailed  structure  of  the  line, 
and  u^(z)  is  periodic  in  z  with  the  loading  period  d. 

The  properties  of  these  waves  are  contained  in  the  so-called 
dispersion  relation  which  expresses  k  as  a  function  of  o>.  For  the 
periodically  loaded  line  of  Fig.  17,  the  dispersion  relation  i8 „ 
obtained  in  the  following  form 

cos  led  -  (1  +  4  Y.Z .  )eosh(d/Y'ZT  ) 

\  2  d  d  /  (22) 

+  I  M  (  Zd  +  I  Vd  +  h  T?) 


Fig.  17.  A  periodically-loaded  transmission  line  with  loading  period  d. 
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where  Z’  and  Y'  are,  respectively,  the  series  impedance  and  the  shunt 
admittance  per  unit  length  of  the  uniform  line.  Note  that  k  appears 
only  in  the  function  cos  kd. 

The  graphical  method  is  a  powerful  procedure  for  analyzing  the 
dispersion  relation.  For  the  discontinuities  shown  in  Figs.  10  through 
15,  one  may  take 


Y'  -  juC',  Z'  =  ju)L' 

Yd  "  ^Cd’  Zd  "  J“Ld 


(23) 


Then  the  dispersion  relation  becomes 


cos  kd  ■  1 


-  y  a02  'j  cos  0  -  ^1  +  0  -  y  a02  J  sin  0  (24) 


where 


0  =  ud/L'C' ,  •  a 


LdCd 

d2L'C' 


C  ,L' 

Q 

Ldc' 


Fig.  18a  shows  a  plot  of  the  dispersion  relation  in  the  (ui,cos  kd) 
plane  for  a  »  0.2  and  8  *•  0.5.  The  frequency  ranges  over  which  the 
curve  lies  between  the  horizontal  lines  -1  and  1  are  the  passbands, 
since  they  correspond  to  real  values  of  k.  The  frequency  ranges  over 
which  the  curve  lies  beyond  -1  and  1  are  the  stopbands,  since  they 
correspond  to  complex  values  of  k. 


Fig.  18b  shows  a  plot  of  the  dispersion  relation  in  the  (k,w) 

plane.  One  sees  readily  that  u  is  a  periodic  function  of  k.  Each 

continuous  curve  corresponds  to  a  p.ssband.  Each  point  on  a  curve  is 

a  possible  mode  of  propagation.  The  phase  velocity  v^  and  the  group 

velocity  v  of  a  mode  are  given  by 
8 


v 

P 


> 


(25) 
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Thus  Vp  is  proportional  to  the  slope  of  a  straight  line  drawn  from  the 

origin  to  the  point  (k,w),  while  v  is  proportional  to  the  slope  of  the 

8 

curve  at  the  latter  point.  It  is  seen  that  at  a  given  to  there  exists 
an  infinite  sequence  of  phase  velocities,  while  the  group  velocity  is 
unique  up  to  a  sign. 
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Fig.  18.  A  plot  of  the  dispersion  relation  of  a  periodically-loaded 
transmission  line  of  period  d  on  the  (to,  cos  kd)  plane  in 
Fig.  18a  and  on  the  (k,u>)  plane  in  Fig.  18b.  The  shaded 
areas  in  Fig.  18a  are  the  passbands  and  each  continuous 
curve  in  Fig.  18b  represents  a  passband. 


2 . 2 . 2 . 2  Distributed  Impedances  of  a  Wire  Over  a  Finitely  Conducting 
Surface 

Many  cable  runs  in  the  interior  of  an  aircraft,  a  missile,  or  a 
large  communication  system  are  routed  over  flat  conducting  sheets,  of 
which  the  aircraft  skin,  the  metallic  floors,  ceilings,  and  bulkheads 
are  examples.  When  all  the  conductors  can  be  assumed  perfectly  con¬ 
ducting,  the  determination  of  the  propagation  characteristics  of  such 
cable  systems  i,  the  subject  of  standard  transmission-line  analysis. 
This  section  deals  with  the  correction  to  the  propagation  parameters 
when  the  metallic  sheets  are  no  longer  assumed  perfectly  conducting. 

In  Fig.  19  is  shown  the  configuration  of  a  single  straight  wire 
over  an  infinite,  flat,  nonmagnetic,  metallic  sheet.  The  wire  is 
perfectly  conducting,  of  tadius  a,  and  located  at  a  height  h  above 
the  sheet.  The  sheet  is  of  thickness  d,  conductivity  a,  and  perme¬ 
ability  It  is  assumed  that  a  is  both  uniform  and  frequency- 

independent  . 

In  the  limit  of  infinite  sheet  conductivity  (a  ®  °°) ,  the  series 
impedance  Z'  and  the  shunt  admittance  Y'  per  unit  length  of  the 


Fig.  19.  A  cable  passing  over  a  finitely-conducting  plane  sheet  of 
conductivity  a  and  thickness  d. 


transmission  line,  as  depicted  by  the  configuration  of  Fig.  19,  are 


Y'  ■  2ir  jweQ/£n  ^  (h  >>  a) 


(26) 


When  the  sheet  conductivity  a  is  finite,  the  electromagnetic  fields 
can  penetrate  into  the  sheet  material  as  well  as  leak  into  the  space 
below  the  sheet.  These  effects  bring  about  a  distortion  of  the  fields, 
so  that  a  longitudinal  electric  field  component  appears.  As  a  conse¬ 
quence  the  fields  above  the  sheet  are  no  longer  purely  TEM.  The  wave 
propagation  is  damped  to  a  certain  extent,  since  electromagnetic  energy 
is  irreversibly  lost  through  heat  dissipation  in  the  sheet  material. 

In  this  case  the  variation  of  current  and  voltage  along  the  line  is 
still  described  by  the  source-free  transmission-line  equations  (11); 
but  the  impedance  and  admittance  parameters  Z'  and  Y'  must  be  corrected 
for  finite  sheet  conductivity.  It  is  found  that  from  the  solution  of 
an  appropriate  boundary-value  problem,  Z'  and  Y'  are  given  by  [9,10] 


where 


z'  -  r«  +  j«L;ff,  -  K  + 


y’  p  >c;ff 


l;££  -fe[2i»(f)+  *] 


(27) 


4ire 


C'  rf 
eff 


(28) 


R'  “  T —  wA,  R'  -  T  

s  4u  p  4tte  a) 


(29) 


The  dimensionless  quantity  A  is  given  by 


I-  i  Jl~ 

h  h  fu)Moo 


(30) 


which  completely  contains  the  effects  of  the  finite  sheet  conductivity. 
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The  reeults  in  (27)  -  (30)  are  valid  down  to  frequencies  at 
which  the  skin  depth  5  becomes  comparable  to  the  sheet  thickness  d. 

For  the  aluminum  aircraft  skin,  d  is  typically  of  the  order  of  3 
millimeter.  The  results  are  therefore  applicable  down  to  about  10  kHz. 

To  investigate  the  behavior  of  Z'  and  Y1  below  10  kHz,  one  has 
to  take  into  account  the  finite  sheet  thickness  d.  The  boundary-value 
problem  becomes  considerably  more  complicated,  and  no  quantitative 
results  are  as  yet  available  in  the  literature. 


2.2.3  PENETRATION 


In  this  section  EMP  penetration  through  an  imperfect  tubular 
shield  is  treated.  The  penetration  can  proceed  by  way  of  two  physical 
mechanisms:  (1)  diffusion  through  the  imperfectly  conducting  shield 

material,  and  (2)  leakage  through  the  shield  apertures.  The  determina¬ 
tion  of  these  two  penetration  effects  for  the  tubular  geometry  is  of 
major  concern  to  the  analysis  of  cable  shields.  In  this  connection  it 
is  dealt  with  fully  in  Chap.  2.4,  which  discusses  cable  interaction. 

The  present  treatment  is  therefore  limited  to  consideration  of  (1)  EMP 
diffusion  through  cable  conduits  (distributed  penetration) ,  and  (2) 
aperture  penetration  at  conduit  junctions  (local  penetration). 


2. 2. 3.1  Cable  Conduit 


Important  cable  runs  in  certain  aircraft  are  shielded  electro- 
magnetically  in  special  conduits.  The  conduits  are  essentially  metallic 
tubes  with  diameters  ranging  from  1  to  3  cm.  The  conduit  material  is 
commonly  a  type  of  ferrous  alloy  or  aluminum.  The  electrical  conduc¬ 
tivity  of  ferrous  alloy  is  about  that  of  steel  (  ~  lO^mhos/meter)  and 

4 

its  permeability  has  a  high  value,  of  the  order  of  10  p  .  The  electrical 

7  0 

conductivity  of  aluminum  is  3.54x10  mhos/meter  and  its  permeability 
is  y  . 


A  cable  conduit  is  usually  modeled  by  an  infinitely  long  and 
apertureless  cylindrical  shell  as  shown  in  Fig.  20.  The  shell  material 
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is  characterized  electromugnetically  by  the  constant  and  uniform 
conductivity  0  and  permeability  y.  The  inner  radius  of  the  shell  is 
denoted  by  b,  and  the  outer  radius  by  c.  The  cable  shielded  within 
the  conduit  is  modeled  by  a  single  conductor  and  represented  in  Fig.  20 
by  an  infinitely  long,  perfectly  conducting,  and  nonmagnetic  cylinder 
of  radius  a,  concentric  with  the  cylindrical  shell. 

Let  the  total  EMP-induced  current  in  the  entire  conductor  system 
(shield  and  cable)  be  denoted  by  lt .  This  current  is  assumed  to  have 
only  a  z-component  and  to  be  axially  symmetric.  It  consists  of  a  core 
current  I  flowing  in  the  inner  conductor  and  a  shield  current  I 

s 

flowing  in  the  shell 

It  -  I  +  Is  (31) 


Let  V  be  the  potential  of  the  inner  conductor  relative  to  the  shield. 
Then,  for  harmonic  time  variation  e^Ut  the  propagation  of  V  and  I  is 
governed  by  the  pair  of  transmission-line  equations  (11) ,  namely 


—  +  Z'l  -  E  (b) 

dz  z 

—  +  y'V  M  0 
dz 


(32) 


Fig.  20.  Model  of  a  cable  conduit  as  a  tubular  shell. 
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where  Z'  and  Y1  are  given  by  (26)  with  2h  replaced  by  b.  The  term 

E  (b)  on  the  right-hand  side  of  (32)  is  the  z-component  of  the  electric 
z 

field  on  the  inner  surface  of  the  shell  (p  -  b) .  Its  presence  in  the 
equation  is  due  to  the  finite  conductivity  of  the  shield,  and  is  given 
by  [11-13] 

Ez(b)  -  -  Z'l  +  Z^,lt 

where 

k  Yo(kb)J]_(kc)  -  Jo(kb)YL(kc) 

Zi  “  2rrba  J^kb^kc)  -  Y1(kb)J1(kc) 

k  Jx(kb)Yo(kb)  -  Y1(kb)Jo(kb) 

ZT  "  2nca  J^kbjY^kc)  -  Y1(kb)J1(kc) 

with  k  -  /- j (uya ,  and  JQ,  YQ,  etc.  denoting  Bessel  functions  of  the  first 
and  second  kinds.  Z^  is  referred  to  as  the  internal  impedance  per  unit 
length  and  Z^,  as  the  shield  transfer  impedance  per  unit  length. 

Substituting  (33)  into  the  first  equation  of  (32)  one  obtains 

dv 

~+  (Z*  +  zpi  -  Zjlt  (36) 

The  effects  on  the  transmission-line  equation  due  to  the  finite 
conductivity  of  the  conduit  shield  consist  of  a  correction  to  the 
series  impedance  Z'  and  the  appearance  of  a  distributed  voltage  source 
term  Z,J,It.  The  transfer  impedance  Zrj,  is  completely  determined  by  the 
frequency  and  the  shield  material  and  dimensions.  For  a  highly 
conducting  shield  the  total  current  I  is,  to  a  good  approximation, 
given  by  the  EMP-induced  current  on  the  outer  surface  of  a  perfectly 
conducting  cylinder.  Eq.(36)  and  the  second  equation  of  (32)  jointly 
describe  the  excitation  and  propagation  of  voltage  and  current  distur¬ 
bances  within  the  conduit  as  a  result  of  EMP  diffusion  through  the 
conduit . 


(33) 

(34) 

(35) 
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The  transfer  impedance  Z^,  is  completely  defined  by  (35);  but  for 
EM?  shielding  analysis  a  simpler  asymptotic  formula  suffices.  This 
formula  obtains  when  the  skin  depth  6,  defined  in  (15),  of  the  shield 
material  is  much  smaller  than  the  shield  radius.  When  6  <<  b  <  c,  (35) 
reduces  to 


7  ?  a  P  f  _ I..  ■■  -- 

r  clc  sinh  yd 


dc  2irod/bc" 


(37) 


where  R^c  is  the  dc  shield  resistance  per  unit  length,  y  is  defined  in 
(14),  and  d  ■  c  -  b  is  the  shield  thickness.  For  a  tubular  shield  of 
high  permeability  and  radius  of  the  order  of  1  centimeter,  the  formula 
(37)  is  valid  down  to  about  1  kHz;  for  a  nonmagnetic  shield  it  holds 
down  to  about  10  kHz. 

Defining  the  amplitude  A  and  the  phase  g  such  that 


'  R^c  sinh  yd 

one1  finds  that 

A _ 2d/6 _ 

/cosh(2d/6)  -  cos(2d/6) 


(38) 


(39) 


7T  d 

8  ■  -  -jj-  -  arc  tan 


sin(2d/6) 
2d  /  5 


-  cos(2d/5) 


(40) 


Thus  the  transfer  impedance  is  a  function  of  the  ratio  d/6.  The  depen¬ 
dences  on  (a  and  y  are  absorbed  into  that  on  6.  Fig.  21  is  a  plot  of  A 
and  g  as  functions  of  d/6.  It  is  seen  that  for  d/6  »  1,  as  when  the 
frequency  becomes  high,  the  amplitude  A  of  the  transfer  impedance  is 
vanishingly  small,  and  one  has 
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They  are  increasingly  being  used  in  electromagnetic  shielding  technology. 
The  high  permeability  of  a  ferromagnetic  material  is  due  to  the  existence 
of  large  numbers  of  microscopic  ferromagnetic  domains  in  it  that  can 
easily  be  aligned  in  an  applied  field.  However,  when  the  applied  field 
approaches  a  certain  large  value,  practically  all  the  ferromagnetic 
domains  are  fully  aligned.  A  further  increase  in  the  applied  field 
strength  cannot  bring  about  any  more  alignment.  The  ferromagnetic 
material  is  then  said  to  be  saturated.  Therefore,  in  a  weak  applied 
field,  the  permeability  of  a  ferromagnetic  material  is  constant  and 
large.  As  the  material  approaches  saturation  in  a  strong  field,  p 
begins  to  drop  towards  pQ.  Thus  saturation,  or  even  partial  satura¬ 
tion,  renders  a  ferromagnetic  conduit  less  effective  in  shielding 
external  electromagnetic  fields. 

The  shielding  analysis  carried  out  in  this  section  is  valid  only 
for  an  unsaturated  shield.  Its  extension  to  include  the  nonlinear 
effects  of  saturation  consists  in  accounting  for  the  dependence  of  p 
on  the  magnetic  field.  This  analysis  is  a  nonlinear  boundary-value 
problem,  and  Involves  considerable  mathematical  difficulty.  The  problem 
is  further  complicated  by  the  occurrence  of  hysteresis,  making  p  a 
double-value  function  of  H.  As  a  consequence,  the  theory  of  ferromagnetic 
shields  is  not  yet  fully  developed.  Some  early  attempts  on  the  problem 
can  be  found  in  the  recent  literature  [14,15]. 

2. 2. 3. 2  Conduit  Junction 

A  typical  cable  conduit  is  made  up  of  several  segments.  In  some 
cases,  two  adjacent  segments  are  joined  together  end-to-end  by  means 
of  a  connector.  In  other  cases,  the  segments  are  simply  welded  together 
or  mated  together  through  screw  threads.  These  different  kinds  of 
connections  have  a  certain  degree  of  imperfection  which  gives  rise  to 
local  EMP  penetration.  In  this  section  the  discussion  will  be  limited 
to  penetration  through  conduit  connectors.  Fig.  22  illustrates  the 
principal  components  of  a  conduit  connector.  In  the  connector  the 
matching  ends  of  two  adjacent  conduit  segments  are  joined  together 


inside  a  coupler.  The  coupler  is  a  broad  metallic  ring  which  fits 
snugly  over  the  ends  of  the  conduits  to  be  joined.  When  the  two  outer 
rings  of  the  connector  are  tightened,  two  coils  of  fine  flexible  spring 
are  pressed  against  the  ends  of  the  coupler  and  the  conduits,  thereby 
sealing  the  narro.w  apertures  between  the  ends  of  the  two  conduits. 

At  EMP  frequencies,  penetrations  through  the  apertures  at  the 
two  ends  of  the  coupler  by  the  electric  field  and  the  longitudinal 
component  of  the  magnetic  field  .(directed  along  the  axis  of  the  conduit) 
are  entirely  negligible.  These  two  field  components  are  severely 
attenuated  as  they  enter  the  coaxial  region  between  the  coupler  ring 
and  the  outer  surfaces  of  the  two  conduit  segments.  The  distance  of 
significant  penetration  is  of  the  order  of  the  clearance  between  the 
coupler  and  the  conduit.  By  making  the  clearance  small  and  the  width 
of  the  coupler  large,  these  two  field  components  can  be  effectively 
blocked.  However,  the  penetration  by  a  transverse  external  magnetic 
field  is  a  different  matter.  An  example  of  such  a  magnetic  field  is 


Fig.  22.  Principal  structural  elements  of  the  cable  conduit  connector. 


that  generated  by  EMP-induced  axial  skin  currents  flowing  on  the  outer 
surface  of  the  conduit.  This  transverse  magnetic  field  couples  into 
the  conduit  interior  through  the  circumferential  slot  A  (Fig.  22)  and 
induces  currents  on  the  cables  inside  the  conduit. 

An  electromagnetic  equivalent  of  the  conduit  connector  shown  in 
Fig.  22  is  given  in  Fig.  23.  It  incorporates  the  essential  electro¬ 
magnetic  shielding  features  in  the  connector  design.  The  two  apring 
coils,  which  are  made  up  of  extremely  fine  and  closely  packed  turns 
of  wire,  are  here  modeled  by  two  equivalent  imperfectly  conducting 
annular  gaskets.  They  plug  the  two  openings  at  the  ends  of  the  coupler 
ring.  Most  of  the  minor  aspects  of  the  actual  connector  geometry, 
notably  the  two  outer  rings,  have  been  eliminated. 

At  EMF  frequencies  the  magnetic  field  at  the  internal  aperture  A 
in  Fig.  23  can  be  expressed  in  terms  of  three  admittances  Y  ,  Y. 

0  lQu 


VA)  "  Jac  Y  +Y 


int 


+  Y 
int  ext 


(42) 


Fig.  23.  Geometry  of  an  electromagnetic  equivalent  of  the  cable 
conduit  of  Fig.  22, 


The  admittance  Yg  Is  the  sheet  admittance  characterizing  each  of  the 
two  gaskets.  It  Is  given  by  the  product  of  the  gasket  conductivity 
and  the  gasket  thickness  A 


Y  -  oA 

8 


(43) 


The  admittance  Y^  is  the  internal  admittance  characterizing  the 
small  coaxial  region  between  the  coupler  and  the  conduit,  while  the 
admittance  Yext  Is  the  external  admittance  characterising  the  free 
space  outside  the  conduit. 

The  admittances  Y^nfc  and  Y  t  are  found  to  be  [16] 

Yint  ■  s-  •  tjr  *“  (s)  «4> 

o 


The  magnetic  field  (A)  given  by  (42)  can  penetrate  Into  the 

conduit  Interior  and  excite  the  cable  within.  The  open-circuit  voltage 

V  induced  by  this  field  across  the  aperture  gap  A  is  approximately 
oc 

given  by 


V  - 

oc 


Vt 


(45) 
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where  h  is  the  separation  between  the  coupler  and  the  conduit  (Fig.  23), 

c  is  the  outer  radius  of  the  conduit,  and  -  2ircJ  . 

t  sc 

The  effects  of  the  aperture  field  H,(A)  on  the  cable  within  the 

9 

conduit  can  be  represented  by  taking  the  source  term  in  the  transmission- 
line  equations  (11)  to  be 

V,<a)  -  ZTItd(z-zo)  (47) 

where  zQ  is  the  z-coordinate  of  the  center  of  the  aperture  A. 
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CHAPTER  2.3 

INTERMEDIATE  INTERNAL  INTERACTION,  II:  CAVITIES 


Within  the  intermediate  internal  interaction  region,  which  is 
defined  to  be  the  region  between  the  outermost  layer  of  the  system's 
shield  topology  and  the  next  inward  shield  —  usually  the  equipment 
boxes  — ,  there  exist  line  conductors  and  cavities.  Examples  of  line 
conductors  are  hydraulic  lines,  control  cables,  pneumatic  ducts, 
electrical  cables,  etc.  Data  and  formulas  for  their  interaction 
properties  have  been  give  a  in  the  preceding  chapter.  This  chapter  is 
devoted  to  data  presentation  for  cavities,  typical  examples  of  which 
are  aircraft  cockpits,  avionics  bays,  wheel  wells,  and  weaoons  bays. 

2.3.1  COUPLING 

The  sources  that  excite  the  cavities  behind  the  surface  S  .. 

m  —  l  ,m 

which  separates  the  volumes  V  and  V  arise  from  various  kinds  of 

m  -  1  m 

penetration  on  S  ,  ,  as  described  in  Chap.  1.2.  Examples  of  these 

m  -  l,m 

sources  are  shown  in  Fig.  1.  If  the  sources  such  as  those  depicted  in 

Figs,  la  -  c  can  be  approximated  by  point  dipoles,  they  are  called 

localized  sources;  otherwise,  they  are  referred  to  as  distributed 

sources  (see  Figs.  Id  -  f ) .  These  sources  have  been  treated  in  Sec. 

2.1.3  under  the  assumptions  that  the  surface  S  .  is  flat  and  the 

m  -  1  ,m 

cavity  behind  It  is  an  infinite  half-space.  In  practice,  these  assump¬ 
tions  will  be  violated  to  a  certain  extent. >  In  this  section  various 
modifications  of  the  results  of  Sec.  2.1.3  will  be  given  when  these 
two  assumptions  are  removed. 

2. 3. 1.1  Coupling  via  Apertures 

There  are  various  factors  that  would  affect  the  penetration  sources 
based  on  the  planar  approximation  [1].  The  most  common  factors  are  the 
curvature  itself,  nearby  conductors  or  apertures,  a  backup  cavity,  an 
impedance  cover  or  a  dielectric  coating.  Each  of  these  factors  will 
be  discussed  in  this  section. 
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LOCALIZED  SOURCES 


l 


2. 3. 1.1.1  Aperture  In  a  Carved  Surface 


The  only  problem  that  has  been  solved  rigourously  regarding  the  effect 
of  curvature  on  polarizabilities  is  that  of  an  infinitely  long  slot  in  an 
infinite  hollow  circular  cylindrical  shell  [2],  Let 

a^,  -  electric,  magnetic  polarizability  per  unit  length  of  an  infinite 

slot  of  width  a0Q  in  an  infinite  cylindrical  shell  (see  Fig.  2) 

aeo*  °mo  "  e^ectr^c*  magnetic  polarizability  per  unit  length  of  an  infinite 
slot  of  width  a0Q  in  an  infinite  ground  plane 

-  (aeQ)2/4 


-2 


Fig.  2.  Curvature  effect  on  the  polarizabilities  of  a  two-dimensional  slot. 
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•  ’  ^  ,i 

'.•/draft Sfe 


*  - 


Then,  the  normalized  polarizabilities  ag  and  defined  by 


are  given  by 


S'  -  a’/a*  ,  jr  -  a' /a’ 
e  e  eo  mm  mo 


ae  "  am  "  1  -  fc(d/a) 


f  (x)  -  1  +  64  C08(x/4)&ntc°8U/^)1 
C  x2[l  +  cos(x/4) ] 


*  192  *  for  x  <  1 


(1) 

(2) 

(3) 


The  geometry  of  the  problem  and  the  curvature  correction  factor  f. 
given  by  (2)  and  (3)  are  shown  in  Fig.  2.  The  simple  approximate 
formula  (3)  is  accurate  to  within  1.5%  for  d/a  <.  1  (or  the  angular 
opening  0Q  <_  57.3d),  and  the  correction  required  is  less  than  0.6%. 

2. 3. 1.1. 2  Aperture  With  a  Backup  Ground  Plane 

A  particular  static  boundary-value  problem  is  solved  in  [2]  to 
'  study  the  effect  of  a  nearby  conductor  on  the  polarizabilities  of  an 
aperture  in  an  infinite  ground  plane.  The  aperture  is  taken  to  be  a 
circular  hole  of  radius  a  and  the  nearby  conductor  an  infinite  perfectly 
conducting  plane  parallel  to  the  plane  of  the  hole  and  at  a  distance  h 
away  (see  Fig.  3).  The  normalized  polarizabilities  5^  and  can  be 
written  as 


a  -  a  *  1  -  f  (h/a) 
e  m  p 


(4) 


where  the  correction  factor  f  is  a  positive  function  of  h/a  and  the 

P 


normalizing  polarizabilities  ueQ  and  amo 
infinite  ground  plane  are  given  by 


’f  a  circular  hole  in  an 


a 

eo 


2  3 

3  8  * 


a  -Aa3 
mo  3 


(5) 
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where 

F(x)  ■  arctan(l/x)  +  x  -  (x^  +  3x/2)£n(l  +  1/x^)  (7) 

The  expression  (6)  differs  from  the  correct  value  by  less  than  0.03% 
for  h  >_ a/2  and  less  than  11%  for  h  <  a/2.  From  Fig.  3  it  may  be 
concluded  that  if  the  backup  plane  is  at  least  one  aperture  radius 
away,  the  correction  required  is  less  than  5%. 

2. 3. 1.1. 3  Aperture  With  a  Backup  Cavity 

The  effect  of  a  backup  cavity  on  the  polarizabilities  of  an 

aperture  has  not  been  treated  to  the  extent  where  quantitatively  useful 

Information  is  available.  In  the  case  where  the  cavity  is  a  long 

cylinder  with  a  circular  opening  in  the  plane  of  its  flange  as  shown 

in  Fig.  4, the  effect  of  the  long  cylinder  on  the  magnetic  polarizability 

of  the  opening  can  be  obtained  by  a  simple  manipulation  of  the  results 

in  [31.  With  a  given  in  (5)  as  the  normalizing  factor,  the  normalized 
mo 

magnetic  polarizability  o’  is  given  by 


£b  ■  1  '  T  ^  °rW/l;r  (8> 

r 

«  0.33 

where  £r  denotes  the  roots  of  J^(cr)  *  0,  and  Jg  are  Bessel 
functions  of  the  first  kind  of  order  1  and  2,  the  prime  denotes 
differentiation  with  respect  to  the  argument,  and  the  C^'s  satisfy  a 
matrix  equation  [3].  The  first  two  values  are  “  1.84,  ^  "  5.33 
and  =  1.68,  “  -  0.84.  The  value  f^  *  0.33  is  accurate  to 

within  5%.  Thus,  for  the  geometry  shown  in  Fig.  4  the  effect  of  a 
deep  cylindrical  cavity  on  the  aperture's  magnetic  polarizabilltv  is 
33%  ±  5%. 
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Fig,  4.  A  circular  hole  backed  up  by  an  infinite  cylindrical  tube. 


2. 3. 1.1. 4  Aperture  With  Other  Modifications 

There  are  other  effects,  such  as  nearby  apertures  (Fig.  5a), 
impedance  loading  (Fig.  5b)  and  dielectric  coating  (Fig.  5c),  that 
may  change  the  aperture's  polarizabilities.  Formulas  for  these 
effects  can  be  found  in  Sec.  2. 1.3. 2.1. 

2.3.1. 2  Coupling  via  Diffusion 

In  EMP  shielding  problems  involving  closed  conducting  shells, 
displacement  currents  may  be  neglected  throughout.  Hence,  for  the 
regions  outside  and  inside  the  enclosure  (Fig.  6a)  one  may  write 


if*  -  -  »*“ 

m 


Hin  -  -  ™iu 

H  -  -  V$m  , 


vVx  -  0 

m 


vVn  -  0 

Ym 


(9) 


and  within  the  enclosure's  wall  one  has,  in  the  s-domain. 


v  x  h  -  at 


V  X  t  -  -  p  s$ 


(10) 
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The  quantity  of  interest  is  the  cavity  field  H  or  the  interior  magnetic 

scalar  potential  The  source  term  for  <i>in  is  either  the  normal 

n*  in  ® 

derivative  (3/3n)<j>^n  or  4>  a  itself  on  the  inner  surface  S.  of  the 
mm  i 

cavity  wall  (Fig.  6a).  These  boundary  values  are  related  to  the  boundary 

values  (3/3n)<j>ex  and  <pex  on  the  outer  surface  S  of  the  cavity;  the 
mm  o 

relationship  can  be  obtained  by  integrating  (10)  across  the  enclosure's 


impedance -loaded 


Fig.  5.  (a)  A  row  of  periodic  small  apertures,  (b)  an  impedance-loaded 

aperture  in  an  infinite  ground  plane,  and  (c)  a  circular  hole 
in  an  infinite  ground  plane  sandwiched  by  dielectric  slabs. 


519 


wall.  A  knowledge  of  this  boundary  relationship  greatly  simplifies  the 
original  two-surface  boundary-value  problem  (Fig.  6a)  to  the  one-surface 
boundary-value  problem  (Fig.  6b).  For  the  more  general  case  where  dis¬ 
placement  currents  need  to  be  taken  into  account ,  the  boundary  conditions 
between  the  two  sides  of  the  cavity  wall  are  of  the  form  of  a  "boundary 
connection  supermatrix,"  presented  in  Sec.  2. 1.3. 3. 

For  metallic  enclosures  whose  wall  conductivity  is  usually  very  high, 

the  true  source  for  the  penetrant  cavity  field  is  the  normal  component 

of  the  magnetic  field  H^11  (which  is  equal  to  the  magnetic  surface  charge 

density  p  n  divided  by  u  )  on  the  inner  surface  S.  of  the  cavity  wall. 

This  source  can  be  calculated  by  a  perturbation  technique  by  first 

assuming  the  wall  to  be  perfectly  conducting  [4,5],  It  turns  out  that 
in 

Hn  011  Si  is  tersely  proportional  to  the  wall  conductivity  and  directly 
proportional  to  the  spatial  variations  of  the  induced  surface  currents  on  S  . 


Fig.  6.  (a)  An  enclosure  with  conducting  walls,  (b)  a  mathematical 

configuration  in  which  the  volume  enclosed  by  S  is  equal  to 
the  interior  volume  of  Fig.  6a  and  the  surface  S  is  similar 
to  either  or  Sq  of  Fig.  6a. 
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2. 3. 1.2.1  Cavities  With  Electrically  Thin  Walls 

For  cavities  whose  wall  thickness  is  less  than  the  wall's  skin 
depth  the  boundary  conditions  across  S  (Fig.  6b)  are  given  by  [4] 


i-  -  A-  <f,in - v2  ( *in  -  4>ex) 

3n  m  3n  m  spQaA  s  \  m  m  / 


(ID 


2 

where  a  and  A  are  the  wall's  conductivity  and  thickness,  and  7  is  a 

2  if. 

surface  Laplacian  operator.  In  practice,  one  may  neglect  V  <j>  in 

2  ex  8  m 

comparison  to  VJ  and  obtain  from  (11)  for  the  surface  magnetic 
s  in 

charge  density  p^11 


in 

U  H 

Ho  n 


R  „2  ex 
—  7  A 
s  sym 


(12) 


”1  ©X 

where  R  «  (crA)  is  the  resistance  of  the  wall.  If  <fc  is  eliminated 
in  favor  of  the  surface  current  density  J,  (12)  becomes 


in 

m 


=  -  r1-  7  x  J 
s  ns 


(13) 


where  J  is  obtained  by  solving  an  external  interaction  problem  for  the 
case  of  infinite  wall  conductivity  (nee  Sec.  2.1.2). 


2 . 3 . 1 . 2 . 2  Shells  of  Arbitrary  Electrical  Thickness 


For  cavities  whose  wall  thickness  xs  comparable  to  or  greater 
than  the  wall's  skin  depth  the  boundary  conditions  are  much  more 
complicated  and  are  given  by  [4] 


(14) 


where 


521 


^TTrr 


1  ~ 


2  /aTd/2 

svoaA  tanh(v/ST~j/2) 


PrA  tanh(/sTj/2) 

^  /sTj/2 


2  2  in 

and  -  yoA  and  y  ■  y/y  .  In  practice,  V  <j>  may  be  neglected  in 

2  PY 

comparison  to  V  <j>  ,and  (14)  and  (15)  give 
s  in 


D^n  »  -  z  1  •  y  xj 

Hm  a  T  n  s 


where  the  transfer  impedance  is 


ZT  -  R 


sinh^sr. 


and  is  plotted  in  Fig.  21  of  Sec.  2.2.3  and  Fig.  1  of  Sec.  2.4.1. 

2.3.2  PROPAGATION 

Electromagnetic  energy  can  penetrate  into  a  cavity  either  through 
apertures  in  the  cavity  surface  or  by  means  of  diffusion  through  cavity 
walls.  Engineering  formulas  and  data  for  excitation  of  cavity  fields 
by  apertures  are  given  in  Sec.  2. 3. 2.1  and  by  diffusion  in  Sec.  2. 3. 2. 2. 


2. 3. 2.1  Cavity  Excitation  via  Apertures 

Although  electromagnetic  penetration  through  an  aperture  into  a 
cavity  is  a  problem  of  great  practical  interest,  quantitatively  useful 
results  exist  only  for  a  few  simple  cavity-aperture  geometries  because 
the  general  problem  of  calculating  the  interaction  between  aperture 
and  cavity  is  very  difficult,  if  not  impossible,  to  solve.  However,  if 
the  cavity-aperture  problem  can  be  separated  into  two  independent  problems. 


t  ** 


namely,  (a)  the  aperture  problem  in  an  infinite  ground  plane  and  (b) 
the  cavity  problem  with  given  aperture  field,  then  the  amount  of 
information  on  the  cavity  excitation  via  apertures  can  be  greatly 
increased.  Under  this  decoupling  approximation  the  results  of 
Sec.  2. 1.3. 2  on  the  aperture  problem  in  an  infinite  ground  plane 
serve  as  input  to  the  cavity  problem  which  is  relatively  easy  to 
solve,  since  methods  to  calculate  the  cavity  field  distribution  with 
known  aperture  field  are  well  developed  [6-10]. 

In  the  following,  results  derived  under  this  approximation  are 
presented  as  well  as  results  obtained  without  this  approximation. 

2. 3. 2. 1.1  Parallel-Plate  Cavities 

a.  Small  Apertures  in  the  Front,  Plate 

* 

Electromagnetic  penetration  into  a  parallel-plate  region  through 
an  electrically  small  elliptic  aperture  has  been  investigated  in 
[11,12],  in  which  the  aperture  is  replaced  by  point  dipoles  with 
polarizabilities  afi  and  am  appropriate  to  an  elliptical  hole  (see 
Sec.  2. 1.3. 2.1).  The  geometry  is  shown  in  Fig.  7  where  the  x-axis 
is  parallel  to  the  major  axis  of  the  elliptic  aperture.  Figs.  8a -d 
show  some  typical  normalized  time-harmonic  data  indicative  of  the 
behavior  of  the  penetrant  field.  The  data  are  applicable  under  the 
following  conditions: 

(a)  linear  dimension  of  aperture  <<  plate  separation  h,  wave¬ 
length  1,  and  the  distance  between  the  aperture  and  the 
field  point; 

(b)  | h  -  nA/2  j  >  X/20,  n  -  1,3, 5, 7,  .... 

Although  the  results  presented  are  for  the  elliptic  aperture 
case,  the  curves  shown  in  Figs.  8a  -  d  also  apply  to  small  apertures 
of  any  shape,  provided  that  suitable  polarizabilities  are  used. 

b.  Long  Slot  in  the  Front  Plate 

A  slot  with  length  much  greater  than  its  uniform  width  may  be 
approximated  by  an  infinitely  long  uniform  slot.  The  problem  of  an 
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infinitely  long  uniform  slot  in  the  front  plate  of  a  parallel-plate 
cavity  excited  by  an  EMP  has  been  treated  in  [13,14], 

The  geometry  of  the  problem  considered  in  [13]  is  shown  in  Fig.  9, 
in  which  the  incident  fields  are  assumed  to  be  uniform  and  h  «  v  «  A 

(wave length).  The  following  results  are  obtained  for  the  region 
between  the  plates  and  jxj  >  w/2 


»-*(!*!  -  w/2)/h 


sin(7rz/h) 


-7r(jxj  -  v/2)/h 


co a(irz/h) 


(18) 


apsrfurs 

(small) 


x 


Flg*  7.  Parallel  plates  with  aperture  in  front  plate. 
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8.  Real  and  imaginary  parts  of  (a)  Ex(0,0,z)/(ZqH^)  and 
(b)  Ez(0,0,z)/Ez,  where  Hy  -  k3«m>yyHsc,y/(2Tr)  and 

\  '  k3ae,zZEsc,Z/lT' 


imaginary  component 


Fig.  9.  Parallel  plates  with  uniform  slot  in  che  front  plate. 


It  is  seen  that  in  this  special  case  the  characteristic  length  for  EMP 
penetration  is  h.  Eqs.(18)  are  found  to  be  useful  for  an  estimation  of 
the  low-frequency  EMI3  penetration  through  joints  of  aircraft  skin  panels 

The  geometry  of  the  problem  considered  in  [14]  is  shown  in  Fig.  10. 
The  slot  is  exceed  by  a  normally  incident  plane  wave  whose  electric 
field  is  parallel  to  the  x-axis.  It  is  found  that  the  strength  of  the 
field  component  at  the  slot's  center  generally  differs  from  that  in 
an  isolated,  slotted  plate.  The  difference,  however,  is  small  if 
w  <  h  <  A/2.  The  TEM  field  in  the  region  between  the  plates  is  plotted 
in  Fig.  11  as  function  of  plate  separation  h,  where  h  <  a/2  in  which 
case  only  the  TEM  mode  can  propagate. 

c .  Periodic  Array  of  Rectangular  Apertures  in  the  Front  Plate 

In  Fig.  12  is  shown  the  geometry  of  the  problem  of  low-frequency 
magnetic  field  penetration  into  the  para1.1  el-plate  region  through  a 
periodic  array  of  rectangular  apertures. 

The  problem  is  solved  in  [12]  in  which  an  integral  equation  for 
the  normal  component  of  the  aperture  magnetic  field  is  first  formulated 
and  solved  subsequently  by  introducing  a  suitable  trial  function  with 
an  adjustable  constant.  The  normal  component  of  the  aperture  magnetic 


(19) 


H  (x,y ,0) 


/  2  2  2.  2 
(w  /4  -  x  ) (l  /4  -  y  ) 


where 


K  "  ^  1  -  exp(-mrw/p)I  (mrw/p) 

p  £  ~2  ^(niri/p)  [1  -  cos(mr£/p)] - ri-nw/v  ° - 

n=l  n  p 


which  simplifies  to 


K  =  “  l-3hH 

2J^(7t)  sc 


for  p  >>  w  and  p  “  i.  Here,  and  I  are  Bessel  functions. 

From  the  aperture  field  (19)  one  finds  that  the  maximum  penetrant 
field  strength  inside  the  parallel-plate  region  is  given  by 


max  |H(x)  |  -  H  exp(-2ir|x| /p) 
s  c* 


ZZJiE 


Fig.  12.  Parallel  plates  with  a  periodic  array  of  rectangular 
apertures  in  the  front  plate. 
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for  |x|  >  w  (Fig.  12),  and  the- maximum  penetrant  magnetic  flux  density  i>’ 
per  unit  length  is  given  by 

2 

max |  <J>'  (x)  |  =  —  hHscexp(-2ir|x|/p)  (23) 

2 . 3 . 2 . 1 . 2  Infinite  Circular  Cylindrical  Cavities 

a i  Magnetic-Field  Penetration  via  an  Aperture 

The  degradation  in  magnetic-field  shielding  due  to  the  presence  of 
an  aperture  in  a  long  hollow  conducting  tube  (Fig.  13)  Is  studied  in 


fr 


Fig.  13.  (a)  and  (b)  Small  aperture  in  a  long  cylindrical  shell 

immersed  in  uniform  axial  magnetic  field  $*(t),  and  (c) 

peak-to-peak  ratio  of  -H  (a,0,z,t)  to  H  (t)  along  the 

X  i 

cylinder's  axis  for  a  ”  16.5  cm,  vQ  m  5  cm,  and  H  (t)  ok 
t exp (-at)  with  a =  10^. 


530 


1  - 


[15,16]  which  contain  a  comparison  of  experimental  data  with  theoretical 
data,  the  latter  being  obtained  from  the  solution  for  an  infinite  plane 
with  a  circular  aperture.  The  excellent  agreement  can  be  attributed 
to  the  fact  that  the  dimensions  of  the  aperture  are  small  compared  to 
the  tube's  radiu.j  and  the  distance  between  the  aperture  and  the  field 
point,  and  that  the  tube's  radius  is  only  a  small  fraction  of  the 
important  spectral  wavelength  of  the  incident  field. 

b.  Long  Slot  in  a  Long  Circular  Cylinder 

The  geometry  depicted  in  the  inset  of  Figs.  14a, c  is  the  cross 
section  of  an  infinitely  long  circular  cylinder  with  an  angular  opening 
of  2<|>o.  The  electric  field  vector  of  the  incident  plane  wave  is  parallel 
to  the  cylinder's  axis  and  the  incident  wave  has  a  zero  phase  at  the 
cylinder's  center.  Figs.  14a, b  show  the  angular  variations  of  the 
aperture  field  for  half-angles  <J>  *  10°  and  30°  and  for  various  values 

of  ka.  The  field  at  the  aperture  center  is  plotted  in  Fig.  14c  as  a 

function  of  ka  for  two  opening  angles,  (j>Q  =  10°  and  <J>  *  30°.  Note 

the  dramatic  effects  of  the  interior  resonance  near  ka  =  2.4  [17], 

Figs.  15a, b  show  the  electric  field  variation  along  the  cylinder's 
radius  from  the  aperture's  center  to  the  cylinder's  center  for  various 
frequencies  [17].  The  dramatic  increase  in  interior  fields  can  be  seen 
for  the  wider  aperture  and  for  frequencies  near  the  interior  resonance. 
Fig.  15c  is  a  plot  of  the  cavity  field  magnitude  at  the  center  of  the 
cavity  as  a  function  of  frequency.  Again,  the  effect  of  resonance  is 
seen  to  be  quite  dramatic. 

A  plot  of  the  first  interior  complex  resonance  frequency  as  a 

function  cf  the  aperture  half-angle  <|>  can  be  found  in  Fig.  16.  Although 

any  opening  of  the  cavity  will  chift  the  resonance  frequency,  the  effect 
is  quite  small  for  <f>Q  <_  10°  but  increases  rapidly  with  increasing  <j>Q. 

In  the  case  where  the  wavelength  of  the  incident  wave  is  much 
greater  than  the  diameter  of  the  cylinder,  one  may  use  an  electro¬ 
static  boundary-value  problem  to  find  the  low-frequency  penetrant  field. 
For  the  field  polarization  shown  in  Fig.  17,  the  penetrant  electric  and 
magnetic  fields  at  the  center  of  the  cavity  take  the  simple  form 
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Fig.  15.  Variation  of  interior  field  along  $  ■  0U  with  ka  as  parameter 
for  (a)  <{>  “  10°,  and  (b)  ^  »  30° ,  and  (c)  field  at  the 
center  of  the  cavity  versus  ka  for  d>  *  10°  and  30°. 


E(0)/t’  =  HiO)/H 


Re(sa/s) 

Fig.  16.  First  interior  complex  resonance  frequency  for  0  <.  <j>  <.  40°. 

where  a  is  the  radius  of  the  cylinder,  c  is  the  vacuum  speed 
of  light,  and  2<£o  is  the  angle  of  the  opening. 


Fig.  17.  Static  penetrant  fields  at  the  center  of  the  cylinder  versus 
aperture  opening. 


(24) 


S&L  -  m.  .  8ln*(» /2) 


H 


which  is  plotted  in  Pig.  17. 

la  the  case  where  the  cylindrical  shell  has  N  slots  periodically 
distributed  around  its  periphery  {Fig.  18),  the  low-frequency  penetrant 
field  at  the  center  of  the  cavity  is  given  by  [18] 

E  (0> 

z  _ F _ 

Ei  "  N  in (1/ka)  '25> 

where  F  is  a  function  only  of  tf>o  being  the  half  augular  opening  of 

one  slot.  In  Pig.  18,  F  is  plotted  versus  Nip^/n. 


Fig,  18.  The  function  F  versus  N^/ir,  N  being  the  number  of  apertures 
or  strips. 
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2. 3. 2. 1.3  Simply-Connected  Cavities 


a.  Circular  Aperture  in  the  Wall  of  a  Spherical  Cavity 

The  geometry  is  shown  in  the  inset  of  Fig.  19  where  the  circular 
aperture  is  centered  about  the  polar  axis  and  the  angle  20q  specifies 
the  angular  opening  of  the  aperture.  A  time-harmonic  plane  wave  is 
traveling  along  the  negative  z-axis  and  polarized  with  its  electric 
vector  along  the  x-axis. 

In  Figs.  19-22  the  variations  of  the  total  electric  and  magnetic 
fields  are  shown  along  the  sphere's  diameter  from  the  center  cf  the 
aperture  to  the  back  of  the  cavity  {19].  In  addition  to  the  solution 
obtained  by  solving  the  exact  equations  numerically,  three  different 
approximate  solutions  are  given.  In  the  approximate  solution  A,  the 
aperture  electric  field  distribution  is  assumed  to  be  that  of  the 
incident  field  but  with  an  adjustable  amplitude.  The  interior  fields 
are  then  represented  in  terms  of  cavity  modes  whose  coefficients  are 
computed  from  mode  matching.  The  adjustable  amplitude  is  determined 
from  the  continuity  of  the  magnetic  field  at  a  chosen  point  on  the 
aperture.  In  the  approximate  solution  B,  the  Kirchhoff  approximation 
is  used  and  the  interior  fields  are  computed  from  Huygens'  principle. 

In  the  approximate  solution  C,  the  aperture  is  represented  by  equivalent 
dipole  moments  which  are  computed  as  if  the  aperture  were  in  an  infinite 
planar  sheet.  The  approximate  solutions  B  and  C,  of  course,  do  not 
take  into  account  the  presence  of  the  cavity  and  hence,  as  Figs.  19-22 
show,  they  exhibit  no  resonance  effects. 

The  energy  density,  |e|^  +  |zqh|^,  at  the  center  of  the  cavity  as 
a  function  of  ka  is  shown  in  Fig.  23  for  two  aperture  openings,  0Q  ■  10“ 

and  0  ■  30°.  The  resonances  at  ka  ^  2.75  and  4.49  are  clearly  seen 

o 

and  are  more  pronounced  for  the  smaller  aperture.  At  non-resonant 
frequencies,  the  density  for  flQ  =  30°  exceeds  that  for  0Q  ■  10°  by  as 
much  as  10^  . 

At  low  frequencies  where  ka  is  much  less  than  unity,  the  penetrant 
field  at  the  center  of  the  cavity  takes  an  extremely  simple  form,  namely 
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Normalized  total  electric  field  along  the  z-axis  for  half 

opening  angle  8q  -  10°;(  exact  ( - ),  approximation  A  ( - 

approximation  B  ( — •• — ),  approximation  C  ( — • — ). 


|z0h)/]e'1 


Fig.  22.  Normalized  total  magnetic  field  along  the  z-axis  for  half 

opening  angle  9q  -  30°;  exact  ( - },  approximation  A  ( - ), 

approximation  B  ( — •• — ),  approximation  C  (  —  •  — ). 
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Fig.  23. 


Normalized  energy  density  (|1|2  +  |ZqH|2  ) | E1" ] 2  as  a  function 
of  ka. 


,  ^1 
for  E 


parallel  to  z-axis  (Fig.  24a),  and 


(26) 


E  (°)  Hz(0)  1  / 

-^1 - ~r  m  v  Vo  -  2  8in  eo  -  2  sin  2eo  +  £  sin  30o 


(27) 


for  E  and  H  respectively  transverse  and  parallel  to  the  z-axis  (Fig.  24b), 
where  0q  is  the  half  angle  of  the  aperture  opening.  Eqs.(26)  and  (27)  are 
plotted  in  Figs.  24a, b  as  functions  of  0  . 


Small  Apertures  in  the  Wall  of  Cylindrical  Cavitj 


Two  different  aperture  locations  in  the  wall  of  a  cylindrical  cavity 
are  shown  in  Figs.  25a, b.  With  the  technique  discussed  in  [10]  simple 
formulas  can  be  obtained  for  the  penetrant  quasi-static  magnetic  field 
at  the  center  of  the  cavity. 
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Fig,  24.  Normalized  static  penetrant  field  at  file  center  of  a  spherical 

cavity  with  a  circular  aperture  for  ( i  >  E^-  parallel  to  the 

"►i  -^i 

polar  axis,  and  (b)  E  transverse  and  H  prrallel  to  the 
polar  axis. 


(a)  For  H  »  a  (Fig.  25a)  the  low-frequency  penetrant  magnetic  field 
at  the  center  of  the  cavity  for  an  aperture  at  (pQ,0,0)  is 
given  by 


Hai~^e  11  (Alx  +  Bl  ) 

a  po 


+t  h. « 

z  3  l  uz  o  x  m  sc 

a 


gllPQ  T  t 


J[(Cnpo/a)1x*\-He 


z» 0  z*/ 


Fig.  25.  A  cylindrical  cavity  with  a  small  aperture  in  the  wall:  (a) 
aperture  at  (po>0,0);  (b)  aperture  at  (a,0,zo)  where  a  is 
the  radius  of  the  cylinder. 
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B  -  J,  (C,iPft/a)t  *  H 
1  11  o  y  m  sc 


?1X a 1-84, 


?02  ~3,83 


(b)  For  \zq-  l/2\  >>  a  (Fig.  25b)  the  low-frequency  penetrant 

magnetic  field  at  the  center  of  the  cavity  for  an  aperture  at 
(a,0,zQ)  is  given  by 


*  0.776  “i’11lZo  “  £/2i/a 

H  -  —  e 

a 


(01^+  Dly) 


*  3.03  021  o 


z  3 
a 


"C02lzo  "  4»-  -$ 

e  1  •  a  •  H 

z  m  sc 


(29) 


where 


C  “  C, « 1  •  ot  •  H  t 
*11  z  m  sc* 


_  it  M-  ± 

D  -1  *  a  • h 
y  m  sc 


(c)  For  a  >>  £  (Fig.  25b)  the  low-frequency  penetrant  magnetic 

field  at  the  center  of  the  cavity  for  an  aperture  at  (a,0,zQ) 
ia  given  by 


h  * 

r£a2  y  m  SC  y 


+t_  e  1Ta//Asin(7rz„/7)l _*"a_  •  S 


' z  a£2  y  £ 


z  m  sc 


(30) 


In  the  above  formulas,  am  is  the  magnetic  polarizability  of  the 
aperture  in  an  infinite  plane  (see  Sec.  2. 1.3. 2.1),  K  is  the  field  at 
the  aperture  with  the  aperture  covered.  The  validity  of  the  above 
formula  lies  in  the  assumption  that  the  aperture  is  smaller  than  all 
other  relevant  dimensions  of  the  problem,  in  addition  to  being  electri¬ 
cally  small. 


- 


544 


c.  Apertures  Backed  by  a  Rectangular  Cavit 


Figs.  26a,  b  show  two  different  hinds  of  apertures  in  the  wall  of  a 
rectangular  cavity.  For  the  problem  depicted  in  Fig.  26a  simple  formulas 
for  the  quasi-static  penetrant  magnetic  field  at  the  center  of  the  cavity 
are  summarized  below  [10] . 


Fig.  26.  (a)  A  rectangular  cavity  with  a  small  aperture  in  one  of  its 

walls,  (b)  a  hatch  aperture  with  gasket  in  an  infinite  planar 
plate  backed  by  a  rectangular  cavity. 


(a)  c  >>  a  >  b  (deep  cavity) 


«(a/2,  b/2,  c/2)  .-“Z «■>.*(„ 

a  b 


o’  mx 


+  i  JjL  -ire/ (2b) 


(31) 


y  ab2 


sin(uy0/b)  my 


(b)  a  >  b  »  c,  jxo-a/2j  >  b  (shallow  cavity) 


->  ,  .  -irlx  —  a/2 1 /b 

H  a  2,  b/2,  c/2)  «  ty-j-  e  0  [mysin(iryo/b)  -  m^os  (iry  /b)  ] 


b  c 

+  t  J]L  “27rlxo"a/2l/b 


(32) 


x,  2 


b  c 


[mxcos(2Tryo/b) -m  sin(27ry  /b)  ] 


where  (x0»yQ)  is  the  center  of  the  aperture  c 


ad 


.a.  ^.y.  v 

a  •  H  ,  m  ■  1  ■  a  •  H 
a  x  m  gc  y  y  in  sc 


(33) 


In  each  case  the  aperture  is  assumed  to  be  small  compared  to  all  relevant 
length  parameters  of  the  problem. 


For  the  problem  of  Fig.  26b,  an  expression  for  the  magnetic  flux 
linking  a  rectangular  loop  (see  the  shaded  area  of  Fig.  26b)  formed  by 
a  line  located  at  z  =  z1,  x  =  a/2  and  the  cavity  walls  is  given  by  [20] 


RL 


where 


$  ~  R+sL  f (a,b,c,Zl)Hsc 

f,  .  s  8a  ?  sinh[TT(c  -  z,)/a] 

•  »Ta  +  2bT  0-  +  W*  ~tnh(,c/£)  . 

f(»,b,c,Zl)  . 


(34) 


if  c  > 


4a  !c"zl 

a  (a  +  2b) 

zl(2c  -  Zt) " 

a  +  2b  J  ac 

L  4 

3  J 

'  2  2 
f  (b-4c  / 7i  a)sechZ(7Ta/2c)sin(TrZl/c) 


,  if  a  >  c 


R  *  2w/ (crAa)  ,  L  ■  ttpq  (a  +  2b)  /(4ft) , 
ft  ■  2  £n[4(a  +b)/w] , 
a  ■  conductivity  of  gasket 
A  -  thickness  of  gasket 


2. 3. 2. 1.4  Coaxial  Cavities 


a.  Coaxial  Cavity  With  a  Small  Aperture  in  the  Outer  Conductor 


The  geometry  of  the  problem  is  shown  in  Fig.  27.  An  approximate 

expression  for  the  magnetic  field  of  the  dominant  mode  excited  through 

an  electrically  small  aperture  A  by  a  quasi-static  external  short- 

circuit  magnetic  field  H  is  given  by  [10] 

s  c 


4  *1  . „r-i- . . — 

<t>  2ira &  &n(a/b) 


where  am  is  the  magnetic  polarizability  of  the  aperture  in  an  infinite 
plane  (see  Sec.  2, 1.3. 2.1) ,  1,  and  1a  are  respectively  the  unit  vectors 

T  “0 

along  the  ^-direction  at  the  field  point  and  the  aperture.  The  dimension 
of  the  aperture  is  small  compared  to  all  other  relevant  dimensions  of 
the  problem. 
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b.  Coaxial  Cavity  With  a  Hatch  Aperture  in  the  Outer  Conductor 

For  the  geometry  shown  in  Fig.  28  the  magnetic  field  of  the  dominant 
mode  excited  through  a  hatch  aperture  by  a  quasi-static  short-circuit 
magnetic  field  Hsc  -t^Hgc  is  given  by  [21] 

jj..Tl2l+Q  »ac  2  +  3t/(«V  RL 
1*P  h r  iln(a/b)  3+3^/(a^o)  yo(R  +  sL) 

where 

R  ■  w/(crAa4>o) 

7ry  a  4> 

L  "  4  *n[4U  +  2aJo)/w]  [l  + 

and  0  and  A  are  respectively  the  conductivity  and  thickness  of  the 
gasket . 

2. 3. 2. 1.5  Depressions 

a.  Infinitely  Long  Rectangular  Trough  in  a  Ground  Plane 

The  cross  section  of  a  two-dimensionel  rectangular  trough  in  a 
ground  plane  is  shown  in  Fig.  29a,  where  the  dimensions  h  and  w  are  assumed 


(a)  Cross  section  of  an  infinitely  long  rectangular  trough 
in  a  ground  plane,  (b)  the  normalised  magnetic  and  electric 
fields  at  the  center  of  the  trough's  bottom,  (c)  the 
normalized  magnetic  and  electric  fields  along  the  center 
line  of  the  trough,  and  (d)  the  normalized  magnetic  flux 


and  the  normalized  electrostatic  potential  along  the  center 


line  of  the  trough,  where  V 


E  w/2  and  4>  •  p  H  w/2. 

fir.  n  n  9C 


to  be  small  compared  to  the  wavelengths  of  the  incident  wave.  Thus, 
the  quasi-static  approximation  can  be  used,  and  the  field  inside  the 
trough  can  be  obtained  by  the  method  of  conformal  mapping  [22,23]. 
Fig.  29b  shows  the  field  strength  at  the  center  of  the  trough’s 
bottom.  Fig.  29c  gives  the  field  variation  along  the  center  line 
of  the  trough.  Fig.  29d  shows  the  variation  along  the  center  line 
of  the  trough  of  the  normalized  magnetic  flux  between  z  ■  z  and  z ** h 
and  the  normalized  electrostatic  potential  relative  to  the  bottom  of 
the  trough. 


Infinitely  Long 
a  Ground  Plane 


Rectangular  Trough  Flanked  by  Two  Dikes  in 


The  field  penetration  into  a  rectangular  trough  flanked  by  two 
dikes  in  a  ground  plane  has  been  analyzed  in  [23]  in  connection  with 
EMP  penetration  into  an  open  nose  wheel  well  of  an  aircraft.  The 
geometry  of  the  problem  is  shown  in  Fig.  30a.  Under  the  quasi-static 
approximation,  the  two-dimensional  boundary-value  problem  is  solved 
by  the  method  of  conformal  mapping.  Fig.  30b  shows  the  field  strength 
along  the  center  line  of  the  trough.  Fig.  30c  gives  the  normalized 
magnetic  flux  and  electrostatic  potential  along  the  center  line  of 
the  trough. 


For  h  >  w/2,  the  field  strength  at  the  center  of  the  trough's 
bottom  is  given  by  the  simple  formula 


H 

~  *  0.4789  e 

ri 


-irh/w 


(37) 


Magnetic-Field  Penetration  Into  a  Semi- Infinite  Pipe 


The  penetration  of  a  quasi-static  magnetic  field  into  a  perfectly 
conducting,  semi-infinite  circular  pipe  under  four  different  end 
conditions  has  been  analyzed  in  [3]  (see  Figs.  31a -d).  The  magnetic 
field  of  the  dominant  mode  along  the  axis  of  the  pipe  is  found  to  be 
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Fig.  31.  A  semi-infinite  pipe  immersed  in  an  external  magnetic  field 
(a)  without  flange,  top  view,  (b)  with  flange,  side  view, 
(c)  with  flange  and  resistive  cap,  side  view,  and  (d)  with 
flange  and  annular  slot,  side  view. 


(38) 


Hx  =  j  C1Hscexp(-C1z/a)-  z  >  0 
where  =  1.84118  and  C^/2  is  given  in  table  1. 


TABLE  1.  THE  COEFFICIENT  0^2 


Perfectly  Conducting,  Semi- Inf inite  Pipe 

C1/2 

With  a  perfectly  conducting  flange 

0.838 

Without  a  flange 

1.120 

With  a  perfectly  conducting  flange  and  a 
resistive  cap 

0.338 

1  +  0.349  s  y  aoA 
o 

With  a  perfectly  conducting  flange  and  a 
cap  having  an  annular  slot  of  width 
a/2000  at  a  distance  a/10  from  the 
pipe's  wall 

0.30 

From  the  table  it  is  observed  that  (1)  the  effect  of  removing  the 
flange  is  about  34%,  (2)  the  effect  of  inserting  a  resistance  cap  is 
to  yield  a  "shielding  ratio"  similar  to  that  in  other  low-frequency 
shielding  problems,  and  (3)  a  perfectly  conducting  cap  with  an  annular 
slot,  even  though  the  slot  is  extremely  narrow,  seems  to  have  little 
effectiveness  in  shielding  against  the  external  magnetic  field. 

d.  Hemispherical  Depression  in  an  Infinite  Conducting  Plane 

A  hemispherical  depression  in  an  infinite  conducting  plane  is  shown 
in  Fig.  32.  The  quasi-static  electric  field  penetration  into  such  a 
depression  has  been  solved  exactly  by  the  method  of  inversion  in  [24], 
whereas  the  quasi-static  magnetic  field  problem  has  been  treated  by 
an  integral-equation  formulation  solved  numerically  to  a  high  degree 
of  accuracy  [25].  It  is  found  that  in  the  illuminated  side,  the 
circular  aperture  backed  by  the  hemispherical  cavity  has  the  following 
polarizabilities 
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2. 3. 2. 2  Diffusive  Penetration  Into  Cavities 


The  diffusive  penetration  comes  about  because  the  conductivity  of 
the  walls,  albeit  high,  is  not  infinite.  At.  low  frequencies  for  which 
the  wall  thickness  is  less  than  the  skin  depth,  the  diffusion  mechanism 
is  known  to  be  an  effective  means  for  penetration  by  the  magnetic  field, 
while  penetration  by  the  electric  field  is  negligibly  small  by  comparison. 
At  higher  frequencies  for  which  the  wall  thickness  is  larger  than  the 
skin  depth,  most  of  the  incoming  electromagnetic  energy  is  shielded 
out  by  reflection  and  attenuation  losses  due  to  the  cavity  walls.  Thus, 
diffusion  penetration  is  of  concern  to  the  EMP  system  analyst  mainly 
for  the  low-frequency  magnetic  field. 

In  this  section  simple  working  formulas  are  given,  both  in  frequency 
and  time  domain,  to  calculate  the  cavity  fields  for  certain  simple-shaped 
enclosures.  These  simple  formulas  are  then  generalized  so  as  to  be 
applicable  to  general-shaped  enclosures. 

2. 3. 2. 2.1  Physical  Considerations  of  Shielding 

Fig.  33  shows  an  electromagnetic  pulse  Hex(t)  of  width  impinging 
on  a  closed  metallic  shell  of  conductivity  a,  permeability  y,  and  wall 


H*x 


x 


Fig.  33.  An  external  electromagnetic  pulse  impinging  on  a  closed  cavity 
with  finitely  conducting  walls.  V  ■  interior  volume  of 
enclosure;  S  ■  surface  of  enclosure. 
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thickness  A.  The  qualitative  features  of  the  penetrant  pulse  Hin(t) 

can  be  obtained  by  first  identifying  the  important  time  parameters 

involved  in  the  problem  and  then  studying  their  relative  magnitudes 

for  enclosures  used  in  practice  [26],  These  parameters  are  the  pulse 

width  xQ  of  the  incident  wave,  the  transit  time  x^  (•*  a/c)  for  a  signal 

traveling  across  the  enclosure,  the  diffusion  time  xd  («  poA2)  of  the 

enclosure's  wall,  and  the  fall  time  x^  of  the  interior  pulse  H*n(t). 

The  fall  time  x^  can  be  understood  as  the  time  constant  of  an  LR 

circuit  which  describes  the  decay  of  the  induced  eddy-current  loops 

in  the  shell.  Clearly,  these  current  loops  have  a  resistance  R  «  1/(ctA) 

and  an  inductance  L  «  pQa.  Hence,  xf  -  L/R  «  pQada.  In  terms  of  the 

volume  V  and  surface  S  of  the  enclosure  one  then  expects  x_  «  p  oAV/S. 

f  o 

For  a  typical  high— altitude  EMP  and  a  typical  enclosure  of  several 

meters  in  diameter  and  a  few  millimeters  in  wall  thickness  made  of 

aluminum,  x&  “  tens  of  nanoseconds,  xQ  a  hundreds  of  nanoseconds, 

xd  “  tens  of  microseconds,  while  xf  *  tens  of  milliseconds.  It  is 

thus  seen  that  these  time  parameters  are  well  separated  by  orders  of 

magnitude.  The  great  separation  in  value  between  x  and  x  is  not 

a  o 

crucial  in  order  to  have  a  simple  description  of  the  diffusion  and 

decay  processes  that  are  involved  in  the  physics  of  shielding  by  an 

enclosure.  Suppose  the  external  pulse  H®X  strikes  the  enclosure 

surface  at  t  -  0  (see  Fig.  33).  Then  for  t  <  xd,  the  interior  pulse 

H  is  insignificant,  since  xd  is  the  time  for  the  pulse  to  "ooze" 

through  the  wall.  For  t  of  the  order  of  xd,  Hin  reaches  its  peak  and 

by  this  time  the  external  pulse  has  long  passed  the  enclosure.  For 

b  >  td»  the  enclosure  is  left  alone  to  decay  through  energy  dissipation 

in  the  walls  according  to  the  decay  law  of  eddy  currents  [27],  implying 

that  the  fall  time  t~  of  H*n  is  given  by  L/R  and  the  peak  value  of  Hin 

is  proportional  to  R/L.  Furthermore,  Hex  is  effectively  an  impulse 

compared  to  Hln  because  xQ  <<  xd.  Thus  the  total  time  integral  of  Hex 

is  expected  to  play  an  important  role,  and  so  one  can  introduce  an 

effective  impulse  st-ength  H  as 

o 


H 


o 


Hex(t)dt 


(41) 
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In  terms  of  Hq  the  peak  value  of  H*n  is  expected  to  be  proportional  to 
HqR/L  with  a  dimensionless  proportionality  constant  of  order  unity. 

In  the  frequency  domain,  the  important  length  parameters  are  the 
wall  thickness  A,  the  enclosure  maximum  linear  dimension  a,  the  wall 
skin  depth  5  (“  /2/ (may) ) ,  and  the  characteristic  wavelength  Aq  (“  ctq) 
of  the  incident  pulse.  Typically,  A  *  a  few  millimeters,  a  a  several 
meters,  Ao  -  hundreds  of  meters,  and  6  s  5  x 10  /a  millimeters  for  an 
aluminum  shell  with  A  being  the  wavelength  variable  of  H*n  and  measured 
in  meters.  For  £  <A  the  wall  is  said  to  be  electrically  thick  and  the 
attenuation  and  reflection  losses  in  the  wall  account  for  a  great  deal 
of  shielding.  For  6  >  A  the  wall  is  electrically  thin  and  the  shielding 
comes  entirely  from  the  eddy-current  distribution  in  the  wall,  while 
the  attenuation  and  reflection  losses  become  irrelevant.  This  implies 
that  for  an  electrically  thin  shell  the  geometrical  shape  of  the  enclosure 
is  critical  [4].  If  one  uses  the  above  typical  values,  the  dividing 
point  6  ■  A  corresponds  to  A  58  tens  of  kilometers  (or  f  =  tens  of  kHz) ; 
that  is  to  say,  for  A  >  tens  of  km  (or  f  <  tens  of  kHz)  diffusive 
penetration  will  become  important  and  if  the  planar- shield  approximation 
to  enclosure  geometry  is  used,  shielding  effectiveness  can  be  over¬ 
estimated  by  as  much  as  5  orders  of  magnitude  or  100  dB  [28]. 

2. 3. 2. 2. 2  Simple-Shaped  Enclosures 

There  are  three  canonical  shapes  of  enclosure  that  have  engaged 
the  attention  of  many  investigators  in  the  past,  namely,  two  parallel 
plates  [5,29],  an  infinite  circular  cylindrical  shell  [5,30,31],  and 
a  spherical  shell  [5,31-33].  For  these  geometries  the  penetrant 
cavity  field  takes  an  extremely  simple  analytical  form  under  the 
assumption  that  displacement  currents  are  neglected  throughout.  This 
assumption  has  been  shown  to  be  sufficiently  adequate  for  treating 
EMP  shielding  problems  [34].  Other  cavity  chapes  such  as  a  prolate 
spheroidal  shell  [35]  and  a  finite  hollow  cylinder  [36]  have  also  been 
studied  but  with  no  simple  useful  results. 

The  basic  equations  to  be  solved  are 
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(42) 


V  X t(r,s) 


aE(r,s),  inside  shell 


0,  outside  shell 


(43) 


with  the  usual  boundary  conditions  that  tangential  E  and  H  be  continuous 
across  the  air-shell  interfaces  (see  Fig.  33).  The  constitutive  rela¬ 
tion  between  S  and  2  is 


yH, 

inside  shell 

outside  shell 

(44) 


a.  Frequency-Domain  Solution 


Define  the  transfer  function  T  as 

m 


T  (s) 

m 


Hln(s)  _  _ magnetic  field  inside  cavity 

ex ,  »  magnetic  field  in  the  absence  of  shield 
H  (s) 


(45) 


In  what  follows,  Hex  is  taken  to  be  uniform.  We  will  use  T  for  two 

(SL)  p 

parallel  plates  (Fig.  34a),  for  a  cylindrical  shell  with  a 

longitudinal  Hex  (Fig.  34b),  for  a  cylindrical  shell  with  a 

transverse  Hex  (Fig.  34c)  and,  finally,  Tg  for  a  spherical  shell 
(Fig.  34d) .  Solving  (42)  and  (43)  for  these  geometries  one  obtains  [28] 


Tp(p)  - 

1 

(46) 

cosh  p 

+  Kp  sinh  p 

Tf}(p) 

1 

(47) 

cosh 

p  +  y  Kp  sinh  p 

^t}(p) 

1 

(48) 

cosh 

p  +Y  (Kp  +^)sinh  P 
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For  non-ferrous  shells,  such  as  aluminum  or  titanium  shells,  K  >>  1 
since  the  linear  dimension  of  a  typical  cavity  is  several  orders  of 
magnitude  larger  than  the  vail  thickness.  In  this  case,  (48)  and  (49) 
are  simplified  to 


T  =  T(t)  ~  Tu) 

Ac  “  c  c 

- A -  (51) 

cosh  p  +  Tj  Kp  sinh  p 

Ts  ■ - - -  (52) 

cosh  p  +  j  Kp  sinh  p 

The  transfer  functions  T  ,  T  and  T  as  given  by  (46),  (51)  and  (52) 

PC  8 

are  plotted  in  Fig.  35a  for  several  values  of  K.  They  are  again  plotted 
in  Fig.  35b  in  units  of  decibels  in  order  to  exhibit  their  “break  points" 
and  asymptotes. 

For  electrically  thin  shells  (6  »  4),  (46),  (51)  and  (52)  are 
reduced  to  the  simple  forms 


Tp(s) 

1 

1  +  syocrAa 

(53) 

Tc(s) 

1 

+  1  +  sy0aAa/2 

(54) 

Ts(s) 

1 

1  +  sy  crAa/3 

0 

(55) 

each  of  which  has  only  one  break  point,  i.e.,  the  first  break  point  in 
Fig.  35b.  This  break  point  is  directly  related  to  the  decay  constant 
of  the  late-time  behavior  of  the  interior  pulse. 

For  electrically  thick  shells,  i.e.,  6«A,  (46),  (51)  and  (52) 

give 


560 


at  (nir) 


Tp(s) 


(56) 


2pA 

V 


T^(s) 


Ts(S) 


(57) 


(58) 


Formulas  (46)  -  (52)  are  valid  for  frequency  f  <<  c/(2a),  and  K  >>  1, 
c  being  the  vacuum  speed  of  light.  When  f  £  c/(16a)  and  K  >  5  they  are 
accurate  to  within  5%. 

b.  Time-Domain  Solution 

Since  a  typical  nuclear  EMP  can  be  treated  as  an  impulse  so  far  as 
the  penetrant  cavity  pulse  Hin(t)  is  concerned,  one  may  write  for  the 
external  pulse  (Fig.  33) 


GX 

H  (t,x)  -  HQ6(t  -x/c)  (59) 

where  Hq  is  given  by  the  time  integral  of  Hex  as  indicated  in  (41). 

Let  the  parameter  £  be  introduced  such  that  £  -  K  for  two  parallel 
plates,  £  =*  K/2  for  a  cylindrical  shell,  and  £  -  K/3  for  a  spherical 
shell.  Then,  the  transfer  functions  (46),  (51)  and  (52)  can  be  written 
in  one  single  formula 


V>  ■  ^ 


Hq  cosh  p  +  £p  sinh  p  *  ^d^ 


(60) 


and  the  time  history  of  the  cavity  field  Hln(t)  is  then  given  by 


Hin(t) 


H 


a 

o 

if  j  . 


St  , 
e  ds 


2ifj  J  cosh  p  +  £p  sinh  p 


(61) 
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aplace  integral  can  be  expressed  in  terms  of  an  infinite  series 
mputational  purposes  and  the  result  is  given  in  Fig.  36  for  various 
i  of  5  [28] . 

?he  early-time  approximation  of  (61)  is  given  by  [28] 


for  t/r ,  <.0.1 
a 


(62) 


36.  Time  variations  of  the  penetrant  EMP  for  various  values  of  K 


whereas  the  intermediate  and  late- time  approximation  of  (61)  is 


HiD(t) 


AT 

L 


-A/r 


— 4tt  t/r  . 


-  2e 


+  2e 


for  t/r^  0.1 


(63) 


-1  2 

Since  £  <<  tt  ,  the  second  and  third  exponentials  can  be  dropped  for 

t  >_  The  approximations  (62)  and  (63)  are  plotted  in  Fig.  37  with 
the  exact  solution  for  £  >  100.  These  two  approximate  formulas  together 
describe  the  entire  time  history  of  the  cavity  field  to  a  0.1%  accuracy. 


t/Td 


Fig.  37.  Approximate  and  exact  solutions  for  a  penetrant  EMP  for  £  >_  100. 


564 


1  - 


Formulas  (62)  and  (63)  are  valid  for  (i)  5  >>  1  (physically 
thin  shells) ,  (ii)  t  >  t  (observation  time  is  greater  than  the  transit 

o 

time  across  the  cavity  which  varies  from  a  few  to  tens  of  nanoseconds), 
and  (iii)  >>  r  (the  diffusion  time  across  the  wall  is  much  greater 
than  the  EMP  pulse  width;  typically,  “  tens  of  microseconds  and 
tq  “  hundreds  of  nanoseconds).  When  these  three  assumptions  are  met, 
formulas  (62)  and  (63)  describe  the  time  history  of  the  penetrant  pulse 
to  a  0.1%  accuracy. 

2. 3. 2. 2. 3  Arbitrarily  Shaped  Enclosures 

Formulas  (60) ,  (62)  and  (63)  can  be  readily  generalized  to  an 
arbitrarily  shaped  enclosure  if  the  parameter  £  can  be  expressed  in 
terms  of  the  global  quantities  of  the  geometry  of  the  enclosure,  such 
as  the  volume  V  and  the  surface  area  S  of  the  enclosure.  Indeed,  one 
can  write  [28] 


5 


_1_  X 
yr  sa 


(64) 


where  yr  is  the  relative  permeability  and  A  the  thickness  of  the  wall. 
Define  (see  Fig.  33) 


R  -  l/(aA)  «  dc  wall  resistance 

L  *  yQV/S  *  cavity  Inductance 

«=  L/R  ■  fall  time 
2 

■  yaA  *  diffusion  time 
Then,  5  can  be  rewritten  as 


5 


(65) 


With  £  interpreted  as  (64)  or  (65),  formulas  (60),  (62)  and  (63)  can 
readily  be  applied  to  enclosures  of  any  shape  provided  that  the 
assumptions  of  the  preceding  section  are  satisfied.  Table  2  summarizes 
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the  important  parameters  of  the  interior  cavity  pulse  H^n(t),  where 
H^n(peak)  means  the  peak  value  of  the  time  derivative  of  H^n(t). 


TABLE  2.  QUANTITIES  CHARACTERIZING  THE  PENETRANT  PULSE  HiU(t) 


H^u(peak) 

Hin(peak) 

Rise  Time 
(10-  90%) 

Decay  Time 
(l/e) 

RH 

6RH 

T  , 

o 

0 

d 

L 

L 

LTd 

4 

R 

2. 3. 2. 2.4  Enclosures  With  Other  Wall  Materials 

There  are  cavities  whose  walls  are  made  of  high-y  metals.  Typical 

3  4 

values  of  the  relative  permeability  y^  are  10  -  10  .  For  these  types 
of  cavities  one  must  resort  to  (46-  49),  the  inverse  Laplace  transform 
of  which  gives  [28],  by  the  method  of  residues,  the  penetrant  cavity 
pulse  shown  in  Fig.  38. 

There  are  also  cavities  with  walls  made  of  ferromagnetic  material 
whose  y  is  a  function  of  the  exciting  field,  or  advanced  composite 
material  whose  conductivity  is  a  tensor.  Cavities  with  these  types 
of  wall  materials  have  received  almost  no  attention,  although  EMP 
penetration  through  a  single  slab  has  been  investigated  [28,  37  -  38]. 
However,  shielding  by  a  single  slab  is  not  in  general  the  same  as 
shielding  by  an  enclosure  against  lew-frequency  magnetic  field.  Fig.  39 
shows  an  example  from  which  one  can  see  that  a  single  slab  is  6  orders 
of  magnitude  (or  120  dB)  more  effective  in  shielding  than  a  spherical 
enclosure  of  3-meter  radius  and  of  the  same  wall  material  and  thickness 
as  the  slab. 


2.3.3  PENETRATION 


The  cavity  fields  discussed  in  Sec.  2.3.2  are 
sources  described  in  Sec.  2.3.1.  These  fields  may 


created  by  the  coupling 
in  turn  penetrate  through 
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Uxi 

Fig.  38.  Effect  of  geometry  on  enclosure  response,  £  «=  K  for  two  parallel 
plates,  £  =  K/2  for  cylindrical  shell,  £  =  K/3  for  spherical  shell. 


I  10  K)2  K)3  (C f 


fraqutncy  (Hz) 

Fig.  39.  Single-plate  and  enclosure  transfer  function  versus  frequency, 
where  is  defined  by  (45) . 
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the  next  layer  into  an  interior  region  oi,  for  example,  an  aircraft  via  the 
three  different  types  of  penetration  treated  in  Sec.  2.1.3,  namely,  the 
deliberate  penetration  via  antennas,  the  inadvertent  penetration  via  aper¬ 
tures,  and  the  diffusive  penetration  through  conductive  walls.  These 
penetration  sources  are  illustrated  in  Fig.  40  and  tabulated  in  table  3. 

The  various  symbols  in  table  3  are  defined  as  follows: 


i  ,  3  = 

c’  c 


s  f, 

ef  ’ 

t  , 

ef 

t  , 

eq* 

1 

eq 

Zin’ 

Yin 

4->- 

a  *  a  = 
e*  m 

T  , 
cm 

Y 

ce 

V  , 

oc 

I 

sc 

cavity  electric  and  magnetic  fields  (see  Sec.  2.3.2) 

=  effective  height  and  effective  area  (see  Sec.  2.1. 3.1) 

=  equivalent  length  and  equivalent  area  (see  Sec.  2. 1.3.1) 

=  input  impedance  and  admittance  (see  Sec.  2. 1.3.1) 

electric  and  magnetic  polarizabilities  defined  with  a 
ground  plane  (see  Secs.  1.4. 1.4  and  2. 1,3. 2) 

=  magnetic  and  electric  current  transfer  functions  (see 
Sec.  2.1. 3.3) 

=  open-circuit  voltage  and  short-circuit  current  at  the 
antenna's  terminals  (see  Sec.  2. 1.3.1) 


m  =  electric  and  magnetic  dipoles  (see  Sec.  2. 1.3. 2) 


m,eq 


equivalent  electric  and  magnetic  surface  currents  (see 
Sec.  2. 1.3. 3) 


antenna  penetration 


V  I 

yoc>  J-«c 


aperture  penetration 


diffusive  penetration 


Ec.Hc 

3eq?Jmieq 


Fig.  40.  Three  tjpes  of  penetration  sources. 
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TABLE  3.  PENETRATION  SOURCES 


Penetration 

Excitation 

Transfer  Function 

Penetration  Source 

Antenna 

•+  -+■ 

E  .  H 

hef *  ^ef*  £eq’  ^eq 

V  ,  I 

c  c 

Zin>  Yin 

oc  sc 

Aperture 

t ,  5 

c  c 

«-*■  -<-> 
a  ,  a 
e’  m 

p,  m 

Conductive 

t  ,  H 

■<=► 

T  ,  T 

?  ,  J 

Wall 

c  c 

ce  cm 

eq  m,eq 

The  penetration  sources  in  the  third  column  of  table  3  can  be  obtained  by 
multiplying  the  appropriate  excitation  in  the  first  column  by  the  appropriate 
transfer  function  in  the  second  column.  It  must  be  remembered  that  the 
transfer  functions  discussed  previously  are  calculated  on  the  assumption 
of  an  infinite  ground  plane ,  and  hence ,  they  do  not  contain  the  character¬ 
istics  of  the  cavity.  The  properties  of  the  cavity,  however,  show  up  in 

the  excitation  fields  ?  ,  5  . 

c  c 
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CHAPTER  2.4 
CABLE  INTERACTION 


Engineering  formulas  and  data  describing  the  interaction  of  EMP- 
induced  fields  with  cables  are  presented  in  this  chapter.  The  cable 
interior  usually  represents  the  final  shielded  volume  of  a  given 
shield  topology;  the  cable  guides  electromagnetic  energy  from  its 
penetration  point (s)  to  the  load  which  terminates  it.  The  formulation 
of  the  differential  equations  governing  the  behavior  of  the  currents 
and  voltages  on  transmission  lines  has  been  described  in  Sec.  1.3.2. 
The  parameters  entering  these  equations  and  the  solution  of  the 
transmission-line  equations  are  given  in  this  chapter. 

Two  distinct  types  of  cable  configurations  commonly  occur  in 
this  interaction  problem:  shielded  cables,  which  are  treated  in 
Sec.  2.4.1,  and  unshielded  or  open  cables,  which  are  treated  in 
Sec.  2.4.2. 


2.4.1  SHIELDED  CABLES 

A  shielded  cable  comprises  one  or  more  conductors  within  a 
cylindrical  conducting  shell  which  serves  to  shield  the  inner 
conductor (s)  from  the  effects  of  external  fields,  in  addition  to 
serving  as  a  return  conductor.  When  there  is  only  a  single  conductor 
within  the  shield  and  coaxial  with  it,  the  cable  is  a  coaxial  cable. 
When  there  are  two  or  more  conductors  within  the  shield,  the  cable  is 
referred  to  as  a  shielded  multiconductor  cable. 

Engineering  data  and  formulas  are  readily  available  for  coaxial 
cables  but  exceedingly  sparse  for  shielded  multiconductor  cables. 
Accordingly,  most  of  this  section  deals  only  with  coaxial  cables. 
Available  data  and  formulas  for  shielded  multiconductor  cables  apply 
only  to  the  propagation  problem  for  such  cables,  and  the  penetration 
problem  is  formally  Identical  to  that  for  open  transmission  lines 
(see  Sec.  2.4.2).  The  coupling  problem  for  shielded  multiconductor 
cables  has  not  been  extensively  studied. 
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2.4. 1.1  Coupling  to  Coaxial  Cables 


The  source  terms  In  the  transmission- line  equations  for  coaxial 
cables  are  presented  in  the  following  two  sections.  In  Sec.  2. 4. 1.1.1 
the  source  terms  for  distributed  coupling  are  given;  source  terms  for 
discrete  coupling  are  given  in  Sec.  2. 4. 1.1. 2. 

2. 4. 1.1.1  Distributed  Voltage  and  Current  Sources  per  Unit  Length 

The  distributed  voltage  and  current  source  terms  in  the  s-domain 
transmission-line  equations  (117)  of  Chap.  1.3  are  respectively  V'^(z,s) 
and  I  (z,s).  For  coaxial  cables  these  source  quantities  are  related 
to  the  total  cable  current  It(z,s)  (the  algebraic  sum  of  the  currents 
carried  by  the  center  conductor  and  the  shield)  and  the  total  charge 
per  unit  length  Q^(z,s)  by 

V,(8)(z,s)  -  Z^(s)It(z,s)  (1) 

I,<a)(z,s)  -  Dt(s)Q'(z,s)  (2) 

in  which  Z^.(s)  is  the  shield  transfer  impedance  per  unit  length  and 
JlT(s)  is  the  charge  transfer  frequency.  It  and  are  related  by 
equation 

dl  (z,s) 

- - +  sQ^(z,s)  -  0  (3) 

Additional  source  terms  associated  with  direct  coupling  to  the  external 
field  exist  for  eccentrically  shielded  "coaxial"  cables  and  multi¬ 
conductor  cables  in  general.  These  terms  do  not  occur  in  a  truly 
coaxial  cables  £1,2] . 

The  parameters  Z^.(s)  ard  flT(s)  for  tubular,  braided,  and  tape- 
helical  cable  shields  are  discussed  in  the  following. 

a.  Tubular  Cable  Shields 

A  tubular  cable  shield  is  a  cylindrical  shell  of  conducting 
material.  The  inner  and  outer  radii  are  denoted  by  b  and  c  respectively, 

575 


the  shell's  thickness  Is  d«c-b,  and  a  denotes  the  conductivity  of  the 
shield  material,  which  is  assumed  to  be  non- ferromagnetic.  For.  such  a 
shield,  the  transfer  impedance  Z ^  has  been  given  by  (35)  of  Chap.  2.2, 
and  the  charge  transfer  frequency  In  practical  shields  b/d  >>  1 

and  c/d  »  1.  An  accurate  approximate  expression  for  Z^,  under  these 
conditions  has  been  given  by  (37)  of  Chap.  2.2  and  is  repeated  here  for 
easy  reference 


Z^(s)  =  Rdc’/®^d  cschy/®^d 


(4) 


R', 


'dc  2irad>fcc"  2lTabd 


(5) 


2 

where  xd  ■  v^ad  •  Curves  of  the  magnitude  and  phase  of  Z^/R^c  as  functions 
of  normalized  frequency  fxd  are  shown  plotted  on  different  scales  in 
Fig.  1.  A  linear-scale  plot  can  be  found  in  Fig.  21  of  Chap.  2.2,  When 
fTd  >>  1(  accurate  approximate  expressions  for  the  magnitude  and  phase 

°f  ZT/Rdc  are 


Z^,/R^ci  »2)/2irfxd  exp(-/irfxd) 

(6) 

arg[Zj,/R^J  «  J  -  4frd 

(7) 

The  relative  error  in  the  expressions  (4)  and  (5)  is  approximately 
50  d/bZ  over  the  EMP  frequency  spectrum.  When  fxd  >  4  the  approximate 
expressions  given  in  (6)  and  (7)  are  accurate  to  within  0.1Z. 

b.  Braided  Cable  Shields 

A  braided  shield  is  shown  in  Fig.  2.  The  radius  of  the  shield  is 
b  and  the  pitch  angle  of  the  woven  braid  is  if).  The  dimension  of  each 
of  the  braid  apertures  in  the  direction  parallel  to  the  cable  axis  is  6 
and  the  circumferential  separation  between  apertures  at  constant  axial 
position  is  w~47rb/N,  where  N  is  the  number  of  carriers  (bands  of  shield 
wires)  in  the  braid  (in  Fig.  2,  N-8). 
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Fig.  1.  Magnitude  and  phase  of  Z^/Rdc  versus  for  tubular  shields. 

The  source  coefficients  and  for  braided  cable  shields  are  given 
by  [3-5] 


Z^(s)  -  Z^,d(s)  +  sl*j. 

00 

nT(s)  -  -  sc’/c^. 

(9) 

In  which  is  the  diffusion  contribution  to  Z^»  Ljj,  is  the  transfer 
Inductance  per  unit  length,  C’  is  the  capacitance  per  unit  length  between 
the  center  conductor  of  the  cable  and  the  shield,  and  Cj  is  the  transfer 
capacitance  per  unit  length. 
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Fig.  2.  (a)  A  braided  shield,  (b)  developed  surface. 

The  diffusion  term  is  given  by  (see  Eq.(4)) 

Z^d^s)  ■  v'sTj  each  /sTj 


(10) 


in  which  denotes  the  shield  de  resistance  per  unit  length  of  the  braid 


where  a  is  the  conductivity  of  the  braid  material,  d  is  the  shield 
thickness  (typically  taken  equal  to  the  diameter  of  the  shield  wires), 
and  K  is  the  optical  coverage  of  the  braid,  i.e.,  the  fraction  of  the 
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total  shield  area  covered  by  the  shield  conductors.  Curves  of  the 
magnitude  and  phase  of  are  shown  in  Fig.  1. 

The  transfer  Inductance  per  unit  length  may  be  expressed  in 
terms  of  N,  K,  and  ip  as  follows  [4] : 


2u 


(1  -  K)3^^3^0J>)cos  \p 


T  N  4  +  (1-K)3/V_ (*)Z.  (*)cos\  esc  2\ p 

in  n 


(12) 


in  which  a  (ip)  is  a  normalized  magnetic  polarizability  of  the  shield 
apertures  and  Eh(^)  is  an  interaction  sum  which  accounts  for  the  effects 
of  neighboring  apertures  in  the  shield.  iT^iJi)  is  related  to  the  magnetic 
polarizability  am(i|0  of  an  isolated  aperture  by 


amW  =(!)3  amW  (13) 

.  3 

am(ip)  and  cos  ip  are  tabulated  in  table  1  and  shown  plotted  as 

functions  of  \p  in  Figs.  3  and  4.  The  transfer  inductance  per  unit  length 
L^,  may  also  be  written  in  the  abbreviated  form 


4  "it8  [(1-K)3/2.*]  (14) 

3/2 

The  function  g  [(1-K)  is  given  in  tabular  form  in  table  2. 

The  transfer  capacitance  per  unit  length  C.J,  is  conveniently 
expressed  as  [4] 


CT 


_2_ 

Ne 


fd(l  -  K)3^ae(ifi)cos  ip 


3/2  3 

4  +  f,(l-K)  a  (\p)E  Cj;)cos  ij;  esc  2\p 
a  6  e 


(15) 


in  which  ae(i|0  is  a  normalized  electric  polarizability  of  the  shield 
apertures  and  Ee(^)  is  an  .interaction  sum  which  accounts  for  the  effects 
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TABLE  2.  g  [(1-K) 


,<1-I03/2 


0.01 

0.02 

0.03 

0.04 

0.05 

(x  10“2) 

1.091 

1.657 

2.236 

2.829 

0.555 

1.117 

1.686 

2.261 

2.344 

0.584 

1.173 

1.767 

2.366 

2.969 

0.621 

1.246 

1.874 

2.507 

3.143 

0.667 

1.337 

2.010 

2.687 

3.368 

0.727 

1.457 

2.190 

2.928 

3.668 

0.807 

1.618 

2.433 

3.253 

4.076 

0.910 

1.825 

2.745 

3.671 

4.603 

1.045 

2.098 

3.158 

4.226 

5.303 

of  neighboring  apertures  in  the  shield,  a  is  related  to  the  electric 
polarizability  of  an  isolated  aperture  by 


aeO)  -  ( 


6  sin^ 


cr  (♦) 

cos  \p  e 


The  permittivity  of  the  dielectric  between  the  center  conductor  and  the 
shield  is  e.  The  factor  f^  depends  on  e  and  upon  the  permittivity  and 
thickness  of  the  cable's  dielectric  outer  jacket.  For  practical  cables, 
f^  is  given  by  [6] 

f  2e 

— — * —  if  no  jacket  is  present 


— -■ —  if  a  jacket  is  present 


The  permittivity  of  the  cable  jacket  ie  denoted  by  e ^ . 


mf  #--  r  V*.  . Jf.  '  .  I  »  g 


—  3 

ae(i|0  and  cos  i|>  2fi(i p)  are  tabulated  in  table  3  and  shown  plotted 
as  functions  of  in  Figs.  5  and  6.  The  transfer  capacitance  per  unit 
length  C^,  may  also  be  written  in  the  abbreviated  form 

V  [<1-W3/2V>]  (18) 

3/2 

The  function  h  [  (1  -  K)  is  tabulated  in  table  4.  Thus  the  charge 

transfer  frequency  is,  according  to  (9), 


-  rWaT  *  [d-K)3/2fd.»]  '  (19) 

where  C'  -  2ue/£n(b/a)  has  been  used  (see  Sec.  2. 4. 1.2.1),  add  where  a 
denotes  the  radius  of  the  center  conductor  of  the  coaxial  cable. 

The  expressions  given  in  (10)  and  (11)  are  accurate  within  approxi¬ 
mately  50  d/b%  for  a  "perforated  conducting  tube"  model  of  the  braid. 

The  expressions  in  (12)  and  (15)  are  based  upon  the  assumption  that 
the  aperture  separation  is  small  in  comparison  to  the  shield  radius, 
so  that  a  planar  model  of  the  cylindrical  shields  can  be  used  for 
analysis.  It  is  estimated  that  for  commonly  encountered  braid  shields 
these  results  are  accurate  within  10%. 

c.  Tape-Helix  Cable  Shields 

A  tape-helical  cable  shield  is  shown  in  Fig.  7.  The  shield  has 
radius  b,  thickness  d  (d  <<  b),  and  pitch  angle  ij).  The  width  of  the 
gap  between  tapes  is  denoted  by  w.  The  number  of  separate  helical 
conductors  in  the  shield  is  M  (in  Fig.  7,  M*2). 

The  source  coefficients  and  are  given  by  [7,8] 

Z^(s)  -  Z,J,d(s)  +  sLT  (20) 

^(s)  -  -  sC'/Cj, 


(21) 


TABLE  4.  h  [(1  -  K)3/2fd,i|>] 


N\(l-K)3/2fd 

* 

0.01 

0.02 

0.03 

0.04 

0.05 

(*  10“2) 

5° 

B m 

1.036 

1.545 

2.049 

2.547 

10° 

1.001 

1.496 

1.987 

2.475 

15° 

mm 

0.987 

1.463 

1.944 

2.423 

20° 

0.480 

0.956 

1.431 

1.902 

2.371 

25° 

0.471 

0.939 

1.404 

1.866 

2.326 

30° 

0.463 

0.922 

1.379 

1.834 

2.285 

35° 

0.458 

0.912 

1.364 

1.813 

2.259 

O 

O 

0.455 

0.906 

1.355 

1.801 

2.244 

45° 

0.454 

0.904 

1.352 

1.796 

2.238 

in  which  Zj,d  is  the  diffusion  contribution  to  Z^,  L^,  is  the  transfer 
Inductance  per  unit  length,  C'  is  the  capacitance  per  unit  length  between 
the  center  conductor  and  the  shield,  and  C,j,  is  the  transfer  capacitance 
per  unit  length. 

The  diffusion  term  Z^d  is  given  by 

Z^d(s)  “  Rdc'/^d  cach  *^d  t1  +  tan2^  cosh*^srd  J  (22) 

Curves  of  the  magnitude  and  phase  of  are  given  in  Fig.  8  for 

various  values  of  tj>.  When  >>  1  and  >  0,  accurate  approximate 
expressions  for  Z^/R^  are 


(23) 

arglZ^/R^,]  «  tt/4 

(24) 

When  ♦  “  0»  (6)  aed  (7)  may  be  used. 
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7*  (a)  A  tape-helical  shield,  (b)  developed  surface. 


The  transfer  inductance  per  unit  length  14  is  expressed  as 

*4  ■  47  [(1  -  a2/b2)tan2<|i  +  ^(w/4b)2sec  )|i  1  (25) 

where  a  denotes  the  radius  of  the  center  conductor  of  the  coaxial  cable. 
When  ij)  >  0  and  w/4b  «  1,  the  first  term  in  the  square  brackets  in  (25) 
is  much  larger  than  the  second  term.  This  is  the  situation  most  commonly 
encountered  in  practice. 


•sa*  -  w *  Jfc '  '■  vt -  , 


Fig.  8.  Magnitude  and  phase  of  versus  fr^  for  tape-helical  shields 

♦  -  20°,  40°,  60°. 


The  quantity  1/C.J,  is  given  by 


4ireM 


2 

(w/4b)  sec  ij> 


(26) 


where  e  is  the  permittivity  of  the  dielectric  between  the  center  conductor 
and  the  shield,  and  f^  is  the  factor  defined  in  (17).  The  charge  transfer 
frequency  £4^  is  given  by 


«T(s) 


-s  ,  ,,,  »2  e  sec  ^ 

I^b/IT  (w/4b)  ~T+e 


(27) 


for  a  helical  shield  with  M«1  and  without  an  outer  dielectric  jacket. 


The  result  In  (22)  Is  analytically  exact  when  d+0  and  the  gap 
width  w  0.  Typically  w  Is  very  small  and  the  error  is  negligible. 

The  most  important  contribution  to  1^,  comes  from  the  first  term  in 
square  brackets  in  (25) .  The  first  term  represents  the  contribution  to 
Z.J,  due  tc  the  circumferential  currents  in  the  shield.  That  term  is 
analytically  exact  under  the  assumption  that  the  current  density  is 
uniform  across  the  tape.  The  remaining  contributions  to  and 
are  accurate  to  within  1%  when  w/4b  <  0.1. 

2. 4. 1.1. 2  Discrete  Voltage  and  Current  Sources 

(B \  /g\ 

The  discrete  voltage  and  current  sources  V  (zQ,s)  and  I  (zq,b) 
due  to  the  presence  of  an  isolated  aperture  or  connector  at  z  ■  zq  are 
given  by  [4,9] 


V(s)(zo,s)  - 


Z' (s)Z  a 
(2irb)  Zc(s) 


(28) 


(a)  Zw°e 

1  <Zo'a) - 2^“Q  t(zo*8) 

°  (2irt>)2Z  (s)  fc  ° 


(29) 


in  which  Z'  denotes  the  cable's  series  impedance  per  unit  length,  Z 

c 

the  characteristic  impedance  of  the  line,  and  Z.  ■  / u ' "/ e  the  wave 

w  o 

impedance  of  the  dielectric  material  between  the  center  conductor  and 
the  shield.  The  magnetic  and  electric  polarizabilities  of  the  aperture 
are  denoted  by  and  respectively. 

(S) 

The  discrete  voltage  source  V  appears,  in  an  incremental 
transmission-line  circuit  model,  in  series  with  an  impedance  Z&  given  by 


Za(8)  - 


s  Z  a  L' 
w  m 

(27rb)2Zc(s) 


where  L*  denotes  the  cable's  series  inductance  per  unit  length. 

(g) 

discrete  current  source  I  appears  shunted  by  an  admittance  Y 


(30) 


The 

,  given  by 
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1  - 


Y„(s) 


(31) 


-a  Z  a  C’ 

_ w  c 

<2irb)2Zc(8) 

la  which  C*  denotes  the  shunt  cepecltsnce  per  unit  length  of  the  coaxial 
cable.  When  the  Isolated  aperture  Is  used  to  model  a  connector,  a  contact 
resistance  term  whose  value  must  be  determined  from  measurements  Is 
added  to  the  right-hand  side  of  (30).  An  equivalent  circuit  representation 
of  these  discrete  sources  and  their  associated  lanittances  la  shown  In 
Fig.  9. 


V* 


transmission 

Hits 


■a-^cA 


VW/2  Zq/Z 


transmission 

lino 


Fig.  9.  Current  and  voltage  sources  and  their  associated  lmmitances 
for-  discrete  excitation. 


In  practice,  one  may  use  the  ideal  values  for  Z',  Z£,  L' ,  and  C' 
(cf.  2.4. 1.2)  in  (28)  -  (31)  to  obtain  for  tubular  or  bralded-shield 
cables  the  following  formulas 


V<8)(zo,s)  « 
I(fl)U0,8)  « 


8U 


(2wb) 


2  VtV> 


-2Trsa 

(2rb)Zfn(b/a)  C  0 


(32) 


3) 


(3 


For  tape-helix  shield  cables,  V 
be  multiplied  by  the  factor 


(a) 


and  Z 

a 


given  in  (32)  and  (34 )  should 


tan2il> 

2  £n(b/a) 


(l  -  a2/b2) 


m 


(q\ 

and  I  and  Y^  given  in  (33)  and  (35)  should  be  divided  by  this  factor. 
Polarizabilities  a£  and  am  for  apertures  of  various  shapes  are  given 
In  Sec.  2.1. 3.2. 

The  results  in  (28)  -  (31)  are  analytically  exact  for  apertures 
whose  dimensions  are  electrically  small.  Thus  they  may  be  regarded  as 
exact  in  practice.  The  expressions  in  (32)  -  (35)  are  as  accurate  as 
the  approximations  used  (see  Sec.  2. 4. 1.2). 

2.4.1. 2  Propagation 

The  total  series  impedance  per  unit  length  ?/  and  the  total  shunt 
admittance  per  unit  length  Y'  for  coaxial  cables  with  tubular,  braided- 
wire,  or  tape-helical  shields  and  shielded  multiconductor  cables  are 
presented  in  2. 4. 1.2.1.  The  solutions  of  the  transmission-line  equations 
are  presented  in  2.4.1. 2. 2  for  coaxial  cables  with  distributed  shield 

coupling  and  for  coaxial  cables  excited  at  an  isolated  aperture. 

i 

2 . 4 . 1 . 2 . 1  Series  Impedance  and  Shunt  Admittance  per  Unit  Length 

The  series  impedance  per  unit  length  Z'  for  coaxial  as  well  as 
shielded  multiconductor  cables  contains  terms  arising  from  the  finite 
resistance  per  unit  length  of  the  shield  and  of  the  conductor  or 
conductors  within  the  shield,  and  terms  arising  from  the  inductance 


of  the  region  between  the  shield  and  the  center  conductor  or  conductors. 
In  well  shielded  low-loss  cables,  neglect  of  the  resistive  contributions 
is  a  standard  engineering  approximation  which  leads  to  conservative 
estimates  of  the  induced  voltages  and  currents  on  the  cable  interior. 
This  approximation  is  adopted  throughout  this  section.  In  the  following 
paragraphs,  Z*  and  Y*  are  presented  for  coaxial  cables  with  tubular, 
braided-wire,  and  tape-helical  shields,  as  well  as  for  shielded  multi- 
conductor  cables. 

a.  Z*  (s)  and  Y'(s)  for  Tubular-Shielded  Coaxial  Cables 


The  internal  immittances  per  unit  length  Z'  and  Y*  for  a  tubular- 
shielded  cable  are  given  by  [10] 


Z'  (s)  -  £n(b/a) 


Y'(s)  - 


Jin(b/a) 


when  resistive  contributions  to  Z*  are  neglected. 

b.  Z'(s)  and  Y'(s)  for  Braided-Shield  Coaxial  Cables 

The  Internal  immitances  per  unit  length  Z'  and  Y'  for  a  braided- 
shield  cable  are  given  by  [2,11] 


Z*(s)  -  Jin(b/a)  +  sL^, 


Y'(s) 


*  [2^?  tn(b/“> 


where  L.J,  and  1/Cj,  are  given  in  (12)  and  (15)  respectively.  Resistive 
contributions  to  Z'  have  been  neglected. 

If  the  second  terms  in  the  above  expressions  are  neglected  with 
respect  to  the  first,  then  (38)  and  (39)  reduce  to  (36)  and  (37) 


i 


respectively.  The  relative  errors  in  Z'  and  Y'  incurred  by  neglecting 
the  terms  in  L^,  and  1/C^,  are  respectively 

Ttg  .  Trh 

N  An(b/a)  N  4n(b/a) 

» 

where  g  and  h  are  given  in  tables  2  and  4.  For  typical  braided-shield 
cables,  these  relative  errors  are  less  than  1%. 

c.  Z'(s)  and  Y'(s)  for  Tape-Helix  Shielded  Coaxial  Cables 

The  internal  immittances  per  unit  length  Z'  and  Y'  for  tape-helix 
shielded  cables  are  given  by  [8] 


su  SU  r 

z'(-) 

(1  -  a^/b^)tan^  +  ^  (w/4b)^sec  \ p 
M 

j  (40) 

r  f . 

„  *1-1 

Y' (s)  ■  2irse  1  £n(b/a)  +  ^ 

2 

(w/4b)  sec  ip 

(41) 

when  resistive  contributions  to  Z*  are  neglected.  The  terms  proportional 
2 

to  (w/4b)  may  generally  be  omitted  with  negligible  error,  yielding 


Z'(s) 


sp 

c  £n(b/a) 


„  2. 

tan 


(42) 


Y'(s) 


e  -  ..jirea 
in(b/a) 


(43) 


for  the  tape-helix  shielded  cable.  The  relative  error  incurred  by 

2 

neglecting  terms  in  (w/4b)  is  less  than  0.1%  if  w/b  <  0.1  and  \p  <  60°. 

d.  Z'(s)  and  Y1 (s)  for  Eccentrically  Shielded  Cables 

When  the  center  conductor  is  not  coaxial  with  the  shield’,  the 
results  given  above  must  be  modified.  Let  the  distance  between  the  axes 
of  the  shield  and  the  internal  conductor  be  D.  Then  (36)  becomes 
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Sp  n2 

Z'(3)  «  —■  arccosh  —  ~+2^~  ° 


and  (37)  becomes 


Y*  (s)  “  2irse/arccosh 


a2  +  b2-P2\ 
2ab  ) 


Eq.  (42)  becomes 


Z’(s)  *  — —  arccosh 
Zir 


(-2"2^;~°2) + ( 1  - ‘2/b2 ) t“2*  <46> 


It  is  noted  that 


lim  arccosh 


2  2  2 
a  +b  -Dz 


a2  +b2 


arccosh  ^  ^ — J  -  in(b/a) 


e.  (s)  and  (s)  for  Shielded  Multiconductor  Cables 

For  a  shielded  multiconductor  cable  the  per-unit-length  series 
impedance  (Z^ )  and  shunt  admittance  (Y^ )  are  matrices.  Tables  5  and  6 
give  respectively  the  elements  Z^  and  Yj^  for  two-  and  three-conductor 
cables.  To  obtain  those  quantities  it  13  assumed  that  the  dielectric 
medium  inside  the  shield  is  homogeneous  and  lossless,  and  that  the  inner 
conductors  and  the  solid  tubular  shield  are  perfectly  conducting. 

2. 4. 1.2. 2  Solutions  of  the  Transmission-Line  Equations 

Let  a  cable  run  between  z  ■  0  and  z  ■  SL  and  be  terminated  by  impedances 
Zfco  at  z  -  0  and  z^  at  zm&.  The  characteristic  impedance  of  the  line 
Zc  and  the  complex  propagation  constant  Yc(s)  are  related  to  Z'  and  Y’  by 


Zc(s)  -  [Z'(s)/Y’(s)r 


Yc(s)  -  [Z* (s)Y' (s) ]A/^  (49) 

The  terminal  voltages  and  currents  will  be  given  in  terms  of  the  total 

(s)  (8) 

current  It  for  distributed  excitation,  and  in  terms  of  V  and  I  for 
discrete  excitation. 
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(D.D./r, 


)  FOR  A  SHIELDED  THREE-CONDUCTOR  CABLE 


a.  Distributed  Excitation 


General  formulas  for  the  currents  and  voltages  at  the  terminating 
impedances  of  a  cable  externally  excited  along  its  length  are  [8] 


Ko, s)  -  z^cft "  yo,s)  +  y°-8) 


«*■•>  ■  Ftf}  ■  i»<t’s)  +  ha-s) 

t  id 


1.(0, •)  .  d-ro)  y  ~ 

e  -  r  r  e 
o'  i 


-(1  +  r  )  f  e  u  +  r.g  e 
le(0,s)  -  -  -z— g-  - “I 

t0  e  c  -  r  r  e  c 
0  SL 


y*-8'  ■  a-V-T,~ 


i  +  r„  g  +r  f 

I-U.s)  "  -T±  °  ~'v  1 

zti  y  _  v 

e  V*e 


Fo  and  are  the  voltage  reflection  coefficients  at  z  ■  0  and  z  *  Z 


Z-Z 

n  -  -to — £. 

o  Z  +Z 
to  c 


r  .hLS. 

SL  Z„„+Z 
tZ  c 


V;» TJnaurr.t^:**  j 


and  fm,  g^,  f&,  and  gg  are  the  source  quantities  given  by 


Z' 

fm  “  2Z~  Q1 
c 


(58) 


(59) 


-zcflT  r  -y„* 


e  2s 


[e  Yc  It(£)  -  It(0)  +  ycQx  ] 


(60) 


where 


-ZC«T  T  Y.A 


se  2s 


[*C  It(£)  -  It(0)  -  ycQ2] 


ri  -yu 

Qj_  ■  e  It(u,s)du 

Jo 


(61) 


(62) 


rt  y  u 

Q2  "  I  e  C  It(u,s)du 

Jo 


(63) 


When  the  line  is  terminated  at  each  end  in  its  characteristic' 
impedance, 


1(0 


.a)  -  (Z^,/2Zc)Q1  +  2^  [e  Y°  It(£)  "  It<0)  +  YcQl]  (64) 


l(£,s)  ■  e 


*V 


(zi/2VQ2  -  s  [®Y°  it  oo  -  y<»  -  ycq2 


(65) 


When  Z.  m  Z  and  the  short-circuit  current  at  z  ■  t  is  twice 

to  c  t* 

that  given  in  (65)  and  when  Z  *Z  and  Z  ■«,  the  open-circuit  w  ltage 

to  C 

at  z mi  Is  (2Z^)  times  the  current  given  in  (65).  Terminal  currents 
and  voltages  may  be  obtained  for  any  other  desired  special  case  by 
appropriate  manipulation  of  (50)  -  (63). 
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b.  Discrete  Excitation 


The  point  of  entry  of  the  externally  excited  signals  is  taken  to  be 
z  * zQ  (0  <  zq  <  A) .  The  general  formulas  for  the  currents  and  voltages 
at  the  terminating  impedances  are 


1(0, s)  - 


rV(O.B) 

Zto<s> 


l  -  r 


i  (s)  - 

0  Y„Z 


-  -v  z 

CO  _  'c  0 
e  -Te 
o 


(66) 


V8> 

tv J 


l-  r. 


Yca'Zo)  -YCU-Z0) 

e  -  Tf 


(67) 


where  rQ  and  have  been  defined  in  (56)  and  (57)  and 


.  "I<0><Ze*  +  Za/2>  +  V<S)aeJ,+2a/2  +  2/Ya)Ya/2 

I°'8J  “  (ZM  +  Z„/2)(Za£  +  Za/2)y.  +  (2-#+Z_  +  Zj 


eo  a 


el  eo  a 


(68) 


I(3)(2e„^a/2)  +  V(a)(2aotZa/2t2/Ya)Ya/2 
1  '  ~Ze»'+  ZJ2)  <Zat  +  V2»a  +  ‘Zet  +  Zao  +  Za> 


(69) 


The  source  quantities  l^a\  V^G\  Z  ,  and  Y  are  given  in  (28)-  (31) 

cl  Qi 

and  Zfi0  artd  are  the  impedances  seen  at  z  *  zq  looking  toward  z»0 
and  z  »  l  respectively 


Z  “  Z 


y  z  -y  z 

'c  o  .  _  co 
e  4-  T  e 
o 


eo  c  y  z  -y  z 

c  o  P  Q  c  o 
e  -Te 
o 


(70) 


Y  (.1  -  z  )  -y  (l  -  z  ) 

c  o  c  o 

e  +  r^e 

“  Zc  Yc(&-z  )  -y  U"  zo) 
e  -  r  • 


(71) 


Eqs.(68)  and  (69)  for  I  and  I.  may  be  considerably  simplified  by 

(s )  (s) 

neglecting  terms  involving  products  of  I  ,  V  ,  Z  ,  and  Y  ;  under 
this  approximation 


i 
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i 


(72) 


2. 4. 1.3  Penetration 


The  voltages  and  currents  appearing  at  the  terminations  of  a 
coaxial  cable  which  Is  excited  from  its  exterior  through  imperfections 
in  the  shield  may  be  calculated  from  a  knowledge  of  the  Th£venin  and/or 
Norton  equivalent  circuits  which  represent  the  cable.  Such  equivalent 
circuits  are  given  In  the  following  two  sections.  In  2. 4. 1.3.1  equiva¬ 
lent  circuit  models  for  a  cable  with  distributed  coupling  are  presented; 
models  for  a  cable  excited  at  a  single  point  are  given  in  2. 4. 1.3. 2. 

In  each  case  equivalent  sources  and  immittances  are  given  for  the  zm  l 
termination  of  a  cable  which  extends  from  z  *  0  to  zmi. 

2. 4. 1.3.1  Penetration  Resulting  From  Distributed  Excitation 

The  parameters  of  the  Thdvenin  equivalent  circuit  for  the  cable 
termination  at  z  •  i.  are 


Z^C^.s)  “  Z 


y  £  -Y  £ 

1  c  c 

e  +  r  e 
_ o _ 

c  y  1  -y  l 

e  C  -Te  c 
o 


(78) 


U,s) 


+  2(g  +T  f  ) 
c  IB  o  m  e  o  e 


V 


-re 

o 


-v 


(79) 


where  r  has  been  defined  in  (56)  and  f  ,  g.  f  .  and  g  have  been 

O  Lu  til  G  6 

defined  in  (58)-  (63). 

The  parameters  of  the  corresponding  Norton  equivalent  circuit  are 


YNa,s)  "  z^a.s) 


(80) 


,,  v^a.s) 

4s)a,s)  - 


(81) 


Z^U,  s) 


Results  for  three  special  cases  are  given  below. 
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,  I 


(«)  2to-0 


ZTh^i,s^  “  Z^tanh 

wv*  yv 


(b>  Zto-zc 


cosh  v  i 
c 


(83) 


ZjfaU.s)  *  2 


-  z«A+8  ).'V 


(84) 

(85) 


(c)  Zfco  -  « 


2^>h(2,s) 

va  <»•■> 


*  Zceoth  Yca 

.  zc(z.-v  +  <«.♦*.> 

sinh  y„^ 
c 


(86) 

(87) 


2*4,1*3*2  ^gaetratlon  Resulting  From  Discrete 

The  parameters  of  the  ThSvenin  equivalent  circuit  for  the  cable 
termination  at  s  -  l  are 


V  ~v 

/  e  +  r  e  c 

^Th^ * a)  **  - 


c  V  ~Yci 
e  -re 
o 


(88) 


~Y  2 

'  A  A 


v^v.,.v«!^i4^!+2_1(8)«Vo  +  v 


•C  "Y  * 

e  “  r«e  c 
o 


V  “V 

e  -re 

O 


(89) 
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The  parameters  of  the  corresponding  Norton  equivalent  circuit  are 


Results  for  three  special 


Yn(*,s)  - 

i^s)a,s) 

cases  are 


_ i_ 

Z^^.s) 

_  V^a.s) 

’  W*‘S> 

given  below. 


(90) 


(91) 


<*>  zto  ■  0 


Z^U.s)  ■  Zctanh  y^Z 


(92) 


VTh><i,*>  "  v(S> 


C°*h  Vo  V„ 

cosh  y  i,  c  cosh  v  £ 
c  c 


(93) 


<b)  zto  ■  zc 

ZTh<‘-‘>  -  Zc 

(c)  Zto  -  » 


(94) 

(95) 


**  Z^coth 


(96) 


a,s)  -  v(s) 


sinh  y  z 
_ _ c  o 

sinh  y  l 
c 


+  Z  I ^ 
c 


cosh  Y  z 
_ 1  c  Q 

sinh  y  £ 
c 


(97) 
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2.4.2  OPEN  TRANSMISSION  LINES 


Another  class  of  cables  often  encountered  within  an  aeronautical 
system  consists  of  open  or  unshielded  wires,  as  opposed  to  the  coaxial 
lines  treated  in  the  previous  section.  Engineering  information  pertinent 
to  the  analysis  of  open  transmission  lines  is  presented  in  this  section. 


2. 4. 2.1  Determination  of  Line  Parameters 

The  analysis  of  transmission  lines  described  in  Sec.  1.3.2  requires 

a  knowledge  of  the  line  capacitance  and  inductance  per  unit  length,  or 

equivalently,  the  characteristic  impedance  Z£  and  propagation  constant 

Y  .  For  simple  two-conductor  systems  (one  conductor  plus  reference 
c 

conductor,  l.e.,  N-l),  the  usual  line  description  is  in  terms  of 
and  y  •  For  multiconductor  lines,  however,  the  inductance  and  capacitance 
coefficients  are  more  useful,  especially  when  modes  of  different  velocities 
can  exist  on  the  line. 

It  Is  assumed  in  the  following  that  the  transmission  lines  are  in 
a  homogeneous  medium  and  that  all  losses  can  be  neglected. 


2. 4. 2. 1.1  Isolated  Transmission  Lines 


for  i,j  “1,  .  .  .  ,  N.  It  is  assumed  that  all  values  of  D  and  r  satisfy 
the  relation  D  »  r.  Here  represents  the  distance  between  the 
centers  of  the  ith  and  jth  wires,  and  r^  is  the  radius  of  the  jth  wire. 
Note  that  the  matrix  (L^)  is  of  order  NxN. 

With  the  assumption  of  a  homogeneous  dielectric  of  relative 
permittivity  er  surrounding  the  line,  the  capacitance  coefficient 
matrix  may  be  evaluated  as 

^  -  h  (100) 

where  the  velocity  v  is  given  by  v  ■  c/ /eT  and  c  ■  3  x 10  m/sec  is  the 
free-space  wave  velocity.  Under  this  restriction  the  characteristic 
impedance  matrix  may  be  written 

(Z  )-v(L')  (101) 

ij  iJ 

and  the  propagation  constant  is 


wirt  N+l  (rtftrtnc#) 

Fig.  10.  Isolated  (N  +  l)-wire  transmission  linu. 
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Table  7  gives  these  values  for  a  two-,  three-,  and  four-wire  isolated 
line,  each  of  which  has  wire  radii  much  smaller  than  the  wire  separations. 

2. 4. 2. 1.2  Transmission  Line  Oyer  a  Ground  Plane 

Another  transmission-line  configuration  frequently  encountered  in 
EMP  problems  is  that  of  a  bundle  of  N  wires  located  near  a  perfectly 
conducting  ground  plane  (Fig.  11).  For  this  configuration  TEM  modes  can 
exist  on  the  transmission  line  without  the  requirement  that  the  total 
current  on  the  N  wires  be  zero;  the  return  current  flows  in  the  ground 
plane.  One  can  regard  this  as  an  (N  +  l)-wire  transmission  line  by 
considering  the  ground  plane  to  be  an  additional  wire. 

The  inductance  term  for  a  single  wire  over  a  ground  plane  is  [12] 

L'  -  in(2h/r)  (103) 

where  r  is  the  wire  radius,  h  is  the  wire  height  above  the  ground  plane, 
and  r  <<  h.  Similarly,  the  mutual  inductance  between  two  wires  above 
the  ground  is 

Lij  -if  *n<Dij-/V  (104) 
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where  is  the  distance  between  the  two  wires  and  ,  is  the  distance 
from  one  wire  to  the  image  of  the  other  in  the  ground  plane.  With  (103) 
and  (104)  the  capacitance  coefficient  matrix,  the  impedance  matrix  and 
the  propagation  matrix  can  be  calculated  from  (100)  -  (102) .  Table  8 
presents  these  quantities  for  one-,  two-,  and  three-wire  lines  over  a 
ground  plane. 

2. 4. 2. 2  Coupling  to  Open  Lines 

The  lumped  or  distributed  equivalent  voltage  and  current  sources 
which  drive  the  transmission-line  equations  of  open  lines  are  discussed 
in  this  section.  Two  types  of  excitation  illumination  by  a  plane  wave 
(Sec.  2. 4. 2. 2.1)  and  coupling  from  a  parallel  wire  (Sec.  2. 4. 2. 2. 2)  are 
discussed  in  detail;  excitation  by  an  aperture  is  briefly  discussed 
(Sec.  2. 4. 2. 2. 3). 

2. 4. 2. 2.1  Transmission  Line  Illuminated  by  Plane  Wave 

The  distributed  voltage  and  current  sources  for  TEM  excitation  of 
an  open  (N  + l)-wire  transmission  line  are  related  to  the  incident  magnetic 
and  electric  fields,  respectively.  One  of  the  assumptions  made  is  that 
the  separation  of  the  conductors  is  small  compared  with  a  wavelength. 

With  this  assumption  the  general  source  terms  for  TEM  modes  on  an  N-line 
are  (see  Sec.  1.3.2) 


(105) 

(I^(s))  =  -  s(qj)(l-Ei) 

(106) 

where  cl.  is  a  displacement  vector  between  the  electrical  centers  of  the 
ith  conductor  and  the  reference  conductor  [13]  and  E  and  H  are  the 
incident  electric  and  magnetic  fields.  For  wires  with  radii  much  smaller 
than  the  wire  separations,  these  distances  become  equal  to  the  geometrical 
separation  between  centers  of  the  wires. 


For  the  two-wire  line  illustrated,  in  Fig.  12  the  per-unit-length 
voltage  and  current  sources  take  the  form 
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V'(S)(Z)  «  su  d-H1.!*  0  e^Z  Sin  6 
o  l 


I' v  (z)  -  -  s  C'  d.E  e 


•  A  v1^2  sin  6 


where  y  -  s/e  /c, 
r 


and  the  line  capacitance  is  given  by 


C'  «  2t\e  arccosh 


_2  2  2  J-1 

D  ~  rl  ~  r2  \ 
2rlr2  / 


with  r^,^  being  the  wire  radii  and  D  the  wire  separation.  For  D  >>  r 
(109)  reduces  to 

C'  “  2Tre/£n(D2/r1r0)  ( 


i 


Fig.  12.  Section  of  two-wire  transmission  line  illuminated  by  an  incident 

-H 

plane  wave.  H  and  the  direction  of  propagation  lie  in  the 
y,2  plane. 
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2.4. 2. 2.2  Excitation  of  Transmission  Line  by  a  Parallel  Line 


A  common  type  of  transmission-line  excitation  in  internal  EMP 
interaction  problems  is  that  shown  in  Fig.  13.  A  wire  with  a  large 
current  (the  exciting  wire)  is  located  near  a  second  bundle  of  N  wires 
over  a  ground  plane.  This  entire  internal  interaction  problem  can  be 
viewed  as  N  + 1  wires  over  a  ground  plane  in  multiconductor  transmission¬ 
line  theory.  The  capacitance  and  inductance  coefficients  for  the  entire 
line  may  be  computed  or  estimated  using  (100)  -  (104).  It  will  be  assumed 
that  the  parasitic  currents  in  the  N  wires  do  not  substantially  modify 
the  driving  current  in  the  (N  +  l)st  wire. 


Defining  the  inductance  and  capacitance  coefficients  for  the  entire 
(N  +  2)-wire  system  as  +  ^  and  resPectively»  the  voltage 

and  current  sources  on  the  ith  wire  of  the  wire  bundle  can  be  expressed 
as 


q(s)(s,z) 

V^(s)(s,z) 


S  Ci,N  +  lVN  +  l(s,z:)> 


S  Li,N  +  lIN  +  l^8,Z^’ 


i-  1 . N 

i-  1 . N 


(111) 
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where  V„  ,  ,(s,z)  and  I„  ,  n(s,z)  are  the  voltage  and  current  at  position  z 
on  the  driving  line,  and  C'  .  and  L'  .  are  the  individual  capacitance 

1  y  il  T  X  lyW  T  1 

and  inductance  coefficients  between  the  ith  wire  and  the  driving  wire. 

The  N-wire  bundle  can  now  be  treated  as  a  multiconductor  line  and 
the  presence  of  the  (N  +  l)st  wire  ignored.  For  this  approach  to  be  valid 
it  is  necessary  that  the  loading  impedance  of  the  driving  line  be  connected 
only  Lo  the  reference  conductor  and  not  to  other  wires  within  the  N-wire 
bundle;  otherwise  the  driving  wire  is  strongly  coupled  to  the  N-wire  bundle 
through  the  load. 


In  Fig.  14  is  shown  the  cross-section  of  a  two-wire  line  located 
over  a  ground  plane  and  excited  by  a  third  wire.  From  table  8  the  induc¬ 
tance  coefficients  are 


_y, 

13  *  V(®1  +  D2)2+(h3-h1)2 


(112) 


L>  Zn  (°2+  (h3  +  h2)2 

23  4lr  \D2+(h3-h2)2 


(113) 


Fig.  14.  Two-wire  line  excited  by  a  parallel  wire. 


The  corresponding  capacitance  coefficients  are 


C13 


/(“j  +  Dj)2  +  <h3  +'»1)2 

ire  £n  | - r - - 

,(d1  +  d2)z  +  (hj-hjT 


In 


'2h, 


rl 


2h„ 


£n 


ire  In 


C23  ' 


'liivv! 

\pI  +  o»3-  v2 


2h„ 


2h. 


in  ~~ 


Un 


(114) 


(115) 


The  voltage  and  current  sources  on  wires  1  and  2  can  be  determined 
from  (111),  once  the  response  of  wire  3  is  known. 

2. 4. 2. 2. 3  Transmission  Lines  Excited  Through  Apertures 

Another  important  coupling  mechanism  results  from  an  aperture  in  a 
ground  plane  and  illuminating  a  multiconductor  transmission  line. 

In  general,  the  presence  of  the  aperture  will  not  only  provide 
excitation  to  the  line,  but  will  also  modify  the  transmission-line  para¬ 
meters  in  the  vicinity  of  the  line.  Engineering  formulas  are  presented  in 
Secs.  2.2.1  and  2.2.2  for  the  equivalent  sources  and  circuit  parameters  of 
an  aperture  in  a  ground  plane  passing  under  a  single  conductor.  No  comparable 
results  for  multiconductor  lines  are  available. 

The  case  of  a  transmission  line  excited  by  a  localized  source,  e.g., 
a  small  electric  or  magnetic  dipole  in  the  vicinity  of  the  line,  can  be 
treated  in  exactly  the  same  way  as  the  aperture  coupling  problem.  The 
principal  difference  is  that  any  orientation  of  the  dipole  moments  is 
permitted,  and  the  dipoles  need  not  reside  on  a  ground  plane.  There  exist 
no  readily  available  general  results  for  the  source  terms  for  this  type 
of  excitation. 
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2. 4. 2. 3  Propagation  Along  Open  Transmission  Lines 


When  the  equivalent  voltage  and  current  sources  have  been  determined, 
it  is  possible  to  evaluate  the  currents  and  voltages  along  the  line,  as 
described  in  Sec.  1.3.2.  In  this  section  data  for  a  number  of  cases  of 
excited  transmission  lines  are  given.  Particular  emphasis  is  given  to 
the  behavior  of  the  transmission-line  load  currents. 

2. 4. 2. 3.1  Two-Wire  Line  Response  to  Plane  Waves 

A  two-wire  line  illuminated  by  a  plane  wave  is  shown  in  Fig.  15. 

The  Incident  electric  field  is  parallel  to  the  load  terminations  (the 
x-dlrectlon) .  The  current  flowing  in  the  load  at  z  -  £  is  given  by  [1G] 


I(A,s)  - 


Ei(s)b 

“sSr 


_2Zc-(Zc-Zi 


)e-Y*(l  rsin  0)_  (zc  +  21)eY*(l‘3in  6)’ 


(116) 


where  Zc  ■  characteristic  impedance  of  the  line,  y  ■  s/c,  and 
M(s)  -  Zc(Z1  +  Z2)cosh(y£)  +  (Z*  +  Z^Z^sinMyi) 


Fig.  15. 


Two-wire  line  illuminated  by  plane  wave  with  E  parallel  to 
x-axis. 
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For  the  special  case  of  grazing  incidence  (0  -  90°),  Fig.  16a  shows 
the  frequency  response  of  the  load  current  normalized  with  respect  to  the 
incident  field  for  a  1-meter  line  having  a  characteristic  impedance  of 
635  ft.  Fig.  16b  shows  the  same  quantity  for  broadside  incidence  (6  -  0°) 


b  =  10cm, 

'  =6350  I 
c  I 

z,=io5A 


frequency  (Mhz) 


b  =  10cm 


Zi=Z,=IOe 


(b)  frequency  (Mhz) 

Fig.  16.  Normalized  load  current  for  a  1  meter  line  excited  by  a  plane 
wave  with  E*  ■  E*lx> traveling  (a)  in  z-direction  (0  ■  90°)  and 
(b)  in  -y-direction  (0  -  0°)  [16]. 


Note  that  for  each  of  these  figures,  various  combinations  of  load 
impedance  and  are  used. 

The  load  current  for  the  case  shown  in  Fig.  17  is  given  by  [16] 


I(M) 


YM(s) 


<zc  +  zl> 


<z=  -  V 


-Y*  - 


(117) 


where  K(s)  is  the  difference  of  the  two  incident  electric  fields  on  the 
two  parallel  wires  of  the  transmission  line  and  is  given  by 


K(s)  -  E±(b,s)  -  E1(0,s) 


(118) 


The  other  symbols  are  the  same  as  in  (116). 

Fig.  18  shows  the  ratio  |l/E^|  as  a  function  of  frequency  for  the 
same  transmission  line  used  in  Fig.  16a,  for  the  case  where  the  wave 
travels  in  the  x -direction  (6  “90°). 


Fig.  17. 


Two-wire  line  illuminated  by  plane  wave  with  E  parallel  to  z-axis 
-M 

and  H  in  x,y  plane. 


618 


¥  - 


; 


frequency  (MHz) 

Fig.  18.  Load  current  for  1  meter  line  excited  by  plane  wave  with 
E1  traveling  in  x-direction  [16]. 


The  current  I(Ots)  for  the  configuration  shown  in  Fig.  19  is  given 
for  various  values  of  Z 1  and  Z2  in  table  9  [17], 


1(0, •) 


Fig.  19.  Two-wire  line  illuminated  by  plane  wave  with  normal  to  the 
plane  of  the  line. 


TABLE  9.  LOAD  CURRENT  1(0, s)  FOR  CONFIGURATION  OF  FIG.  19 


Terminating 

Normalized  Current 

Impedances 

(2Zc/Eib)I(0,s) 

21-Zc 

!  _  e-y£(l  +  cos  6) 

Z2“Zc 

Zl"Zc 

1  -  e“2Yi 

z2  -  0 

Zl-Zc 

1  +  e~2Y*  -  2e“Y£^1  +  COB 

z2  ■  * 

Zl-° 

2 

Z2  -  0 

Zx  -  0 

2 .  2e-y*  »•  «.Mh(Yl) 

Z1  -  o 

2  _  2e-Yi(l  +  cos  0) 

z,  -  z 

2  c 

620 


J^uormi  -Miamgi1?.  r  J'Lii  lllii  JT.L  ill  ’  I '  SS  S  HT' 


"Ti 


2. 4. 2. 3. 2  Two-Wire  Lins  Response  to  Localized  Sources 


Fig.  20  shows  the  load  current  response  at  z  =  £  for  a  10  meter  lin 
which  is  excited  by  a  current  If  op  located  a  distance  R  =  2  meters  away 
from  the  center  of  the  line.  The  loop  is  located  along  the  midpoint  o[ 


-sboI 


:Z|  k  4RZ°  Zz: 


Jfc-IOm,  R  =  2m , 
b=O.OIm, 

Z„=  360X1,  Zo  =  360Xl 


'ol  frequency  (MHz) 

Fig.  20.  Current  transfer  function  for  a  10  meter  line  excited  bv  a 

7 

current  loop.  (a)  =  10  £2;  (b)  =  1  Q. 


the  transmission  line  at  the  point  2  =  5  meters  and  lies  in  the  plane  of 
the  wires  of  the  transmission  line.  The  corresponding  results  for  a  small 
point  electric  dipole  are  illustrated  in  Fig.  21. 


2 . 4 . 2 , 3 . 3  Multiconductor  Line  Response 


In  this  section,  we  present  the  analysis  of  a  rather  simple  network, 
a  sin?'*"  section  of  multiconductor  transmission  line,  using  the  BLT 
formalism  outlined  in  Sec.  1.3. 2. 3. 

A  two-wire  line  above  a  ground  plane  is  illustrated  in  Fig.  22.  The 
corresponding  linear  graph  for  this  simple  network  is  illustrated  in 
Fig.  22c.  Because  the  region  around  the  multiconductor  line  is  homogeneous. 


(b)  (c) 

Fig.  22.  (a)  Two-wire  line  over  ground,  excited  bv  voltage  sources; 

(b)  cross-sectional  view;  and  (c)  linear  graph  representation. 


isotropic,  and  lossless,  the  per-unit-length  inductance  matrix  (l/m)  is 

directly  proportional  to  the  inverse  of  the  capacitance  matrix  (C^  )~^~. 

All  current  moaes  propagate  at  the  same  velocity  and  the  transformation 

matrix  (T  )  of  Sec.  1.3. 2. 2. 3  may  be  taken  to  be  the  unit  matrix,  (6  ). 

nm  nm 

For  this  special  case  the  tube  propagation  matrix  (P  )  is  given  by 


(P  ) 
'  nm 


(119) 


Since  this  network  consists  of  only  one  tube,  the  propagation 
supermatrix  in  Sec.  1.3. 2. 3  is  just  a  2x2  block  supermatrix  which,  when 
expressed  in  terms  of  its  scalar  components,  has  the  form 


where  the  subscripts  on  the  reflected  or  incident  current  components  refer 
to  actual  wire  components,  due  to  the  degeneracy  of  current  modes  and  the 
particular  choice  of  the  transform  matrix  (1^). 

The  combined  current  sources  in  the  above  equation  are  due  only  to 

/  g  ^  ( s ) 

the.  physical  voltage  sources  and  on  the  line.  Following  (145) 

of  Chap.  1.3,  these  terms  are  expressible  as 


(121) 
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<***m.*m pfc.- 


-i .  ■ ...  r-  T&yr 

■_'y  _  •  ^  J  A,  rn 


mf/m 


and  an  evaluation  of  (125)  gives  numerical  values  for  (r  ) 


nm 


nm 


.44 

1 - 

o 

.  .07 

- 1 

CM 

(128) 


A  similar  relation  exists  for  the  reflection  coefficient  (r  )  at 
zmi,  involving  the  load  impedance  at  that  point.  From  Fig.  22  the  load 
impedance  can  be  found  to  be 


(Z 


150 

50 

50 

87.5 

ohms 


and  the  corresponding  current  reflection  coefficient  is 


r  .29 

-.15  ' 

<r2  >  “ 

: 

nm 

r 

1 

• 

O 

.60  . 

(129) 


(130) 


Hence,  using  (128)  and  (130)  the  scattering  equations  given  in 
Chap.  1.3  take  the  form 


(131) 


and  the 
becomes 


final  BLT  equation  for  the  incident  currents  given  in  Chap. 


1.3 


(132) 
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with  the  sources  given  by  (121)  and  (122). 

This  BLT  equation  may  be  solved  for  the  incident  currents  and  the 
total  load  currents  by  evaluating  (131).  Fig.  23a  illustrates  the 
normalized  currents  at  z  *  £  in  wires  1  and  2  as  a  function  of  frequency 
for  voltage  excitation  on  line  1  only.  Fig.  23b  shows  the  corresponding 
curves  for  excitation  on  line  2  only. 

Representative  numerical  results  are  shown  in  Figs.  24  and  25  for 
a  terminated  two-wire  line  located  over  a  perfectly  conducting  ground 
plane  and  excited  by  a  normally  incident  plane  wave  whose  electric 
vector  is  parallel  to  the  axis  of  the  line  [18], 

2.4. 2.4  Penetration 

The  penetration  problem  is  considered  to  be  the  transfer  of  energy 
from  the  transmission  line  to  the  load  imp'' lance  connected  to  the  line. 
The  effects  of  the  transmission  line  and  sources  are  represented  by  a 
Thdvenin  equivalent  circuit  at  the  load  in  question. 


20  40  60  80 

(a)  frequency  (MHz) 


( b)  frequency  (MHz) 


80  100 


Fig,  23.  Response  of  currents  in  wires  1  and  2  for  a  10-m  line  in 
Fig.  22  as  a  function  of  frequency.  (a)  V^(s)  excited, 

V 2 (s)  =  0;  (b)  V^(s)  =  0,  V2(s)  excited. 
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Fig.  25.  Two-wire  transmission  line  oriented  parallel,  to  a  perfect 

ground  plane  and  illuminated  by  a  plane  electromagnetic  wave. 
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2. 4. 2. 4.1  Two-Conductor  Transmission  Line 


For  the  case  of  a  single-wire  line  over  a  ground  plane,  or  for  an 
isolated  two-wire  line,  the  Thfivenln  impedance  and  voltage  source  for  a 
point  excitation  on  the  line  is  given  in  Sec.  2. 4. 1.3. 2,  which  deals 
with  the  coaxial  line.  For  distributed  excitation  the  Thdvenin  impedance 
remains  the  same,  and  the  .Thevenin  voltage  source  can  be  obtained  by 
integrating  that  of  a  point  source  excitation. 

2 . 4 . 2 . 4 . 2  Multiconductor  Lines 

For  a  multiconductor  line  the  Thdvenin  impedance  seen  at  the  end 
of  a  line  of  length  l  can  be  expressed  as 


(Z, 


Th 


)  -  <Z„  ) 


nm 


nm 


Y  1  -y  l 

e  C  (6  )  +e  c  (r  ) 
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y  a 
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v  nm 


-y  l 

e  (r  ) 

run  ■ 


(133) 


where  the  term  (F  j  is  the  current  reflection  coefficient  matrix 
given  by  (125). 


The  Thevenin  voltage  source  for  the  multiconductor  line  Is  given 


by 


,<•).  .[V 
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c  s,r  \  'c  s,„  \ 

e  (<$  )  -  e  O'  ) 
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(134) 


where,  as  before,  (vn^  (zg)  j  and  (i  ^s^(z^)j  represent  the  localized 

voltage  and  current  sources  on  the  transmission  line  at  the  position 

z  =  z  . 
s 

More  general  expressions  can  be  derived  for  the  Thevenin  Impedance 
and  voltage  using  the  general  results  In  section  1.3.2,  which  take  into 
account  the  multivelocity  nature  of  energy  propagation  on  the  lines. 
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a.  Open-Circuit  Termination 


For  the  special,  case  in  which,  the  load  at  the  end  of  the  multi¬ 
conductor  line  is  open  circuited,  the  reflection  coefficient  becomes 
the  negative  of  the  unit  matrix  and  the  Thevenin  impedance  and  voltage 
source  become 


(2^  >  “  (Z  )coth(y  2.) 

1  mu  nm  c 

(133) 


sinh(v  z  ) 

_ C  3 

sinh(Ycf) 


+  (Z 
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(a) 


cosh(ycZs) 

sinh(YcJl) 


where  zq  Is  the  source  location,  l  is  the  line  length, 
b.  Short-Circuit  Termination 


Here  the  termination  impedance  is  z^ro,  giving  a  reflection 
coefficient  of  unity.  The  resulting  Thevenin  quantities  are 


(ZTh  )  -  (Z  )tanh(Y  l) 

nm  xim 

(136) 
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c .  Matched  Termination 

For  a  matched  Jine,  (.2,  )  *  (Z^  ),  and  the  reflection  coefficient 

.  _  ,  ,  -nm 

is  zero.  The  Thevenin  quantities  then  become 
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nm 


nm 
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CHAPTER  3.1 

ASSESSMENT  AND  HARDENING 


The  purpose  of  this  part  of  the  document  is  to  illustrate  the 
application  of  the  interaction  technology  described  in  Parts  1  and  2  to 
composite  problems  representative  of  system  hardening  or  assessment 
problems.  In  Chap.  1.2  the  process  of  decomposing  a  complex  system 
into  volumes,  surfaces,  transmission  lines,  apertures  and  antennas  is 
discussed,  and  in  Part  2  the  responses  of  these  elementary  components  to 
electrical  excitations  are  presented  in  detail.  In  Part  3  we  illustrate 
the  recombination  of  the  solutions  for  these  elementary  components  to 
obtain  a  system  response,  with  error  estimates  on  the  calculations. 

In  this  chapter  we  discuss  the  assessment  and  hardening  problem  and 
hardening  concepts  in  general  terms.  Then  in  Chap.  3.2  are  presented 
several  illustrative  system  examples.  In  each  of  these  example  analyses 
we  begin  with  a  general  description  of  the  system  components  In  order  to 
identify  the  system  topology.  We  then  decompose  the  system  into  principal 
surfaces,  principal  volumes  and  elementary  components,  and  illustrate  with 
numerical  examples  the  system  response  to  the  EMP.  In  addition,  where 
system  susceptibility  to  the  EMP  is  identified  or  postulated,  techniques 
for  reducing  the  susceptibility  are  illustrated. 


3.1.1  THE  ASSESSMENT  AND  HARDENING  PROBLEM 


The  analysis  of  system  susceptibility  or  the  synthesis  of  system 
immunity  to  the  EMP  are  classical  source-interaction-response  problems. 

In  susceptibility  analysis  one  seeks  to  determine  the  response  for  given 
source  characteristics  and  intervening  structure,  whereas  in  synthesizing 
hardness  one  seeks  to  limit  the  response  to  an  acceptable  level  for  a 
given  source  by  appropriate  manipulation  of  the  intervening  structure. 

In  either  case,  an  understanding  of  the  EMP  interaction  with  the  inter¬ 
vening  structure  is  crucial.  A  fundamental  difficulty  in  acquiring  this 
understanding,  as  well  as  for  many  other  interference  analyses,  is  that 
the  electromagnetic  properties  of  the  intervening  structure  are  often  not 
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specified  (e.g.,  structural  materials,  plumbing,  etc.),  or  they  are  not 
specif  I-  tor  the  entire  spectrum  of  interest  (e.g.,  60  Hz  power  components 
or  voice  .  c  icy  communication  equipment,  etc.).  Thus  for  susceptibility 
jnnlysi..  one  must  identify  the  intervening  structure  and  estimate  or 
inea.-u  ■  its  electromagnetic  properties,  while  for  hardening  one  must 
specify  and  control  its  procedures. 

In  addition  to  understanding  the  structure,  one  must  also  know  the 
sensitivity  of  critical  circuits  to  the  response.  This  sensitivity  to 
upset  or  damage  varies  over  a  wide  range  and  depends  on  the  input-output 
circuit  design  and  the  shielding  quality  of  the  equipment  cabinet  or 
housing.  Thus,  considerations  of  circuit  design  and  shielding  also  enter 
into  an  integrated  approach  to  system  hardening. 

.  1 .  1. .  !  Severity  of  the  Problem 

To  put  the  EMP  interaction  and  hardening  problem  in  perspective,  we 
observe  that  the  high-altitude  EMP  can  induce  open-circuit  voltages  of 
the  order  of  MV  or  short-circuit  currents  of  the  order  of  10  kA  in  over¬ 
head  conductors  such  as  power  lines.  Small-signal  electronic  circuits 
i or  data  processing  typically  operate  with  switching  signals  of  a  few 
volts  or  a  few  tens  of  mA.  Thus,  to  prevent  EMP-induced  transients  on 
power'  lines  from  producing  circuit  upset,  sufficient  shielding,  attenua¬ 
tion,  or  other  interference  reduction  must  be  provided  to  reduce  these 
i.  ran';  lent  peaks  by  a  factor  of  10°  between  the  power  lines  and  the 
sin.i  11 -signal  circuits  operated  therefrom. 

i'or  airborne  systems  that  do  not  possess  long  exposed  conductors,  one 
'nav  rain  a  similar  perspective  by  deriving  the  effective  area  of  a  plate 
nr  loop  antenna  (Fig.  1)  (.hat  will  produce  the  switching  voltage  or  current 
when  exposed  to  the  incident  high-altitude  EMP.  The  quantities  of  interest 
are  the  short-circuit  current  induced  in  a  small  plate  antenna,  which  has 
,i  large  source  impedance,  and  the  open-circuit  voltage  induced  in  a  small 
loop  antenna,  which  has  a  small  source  impedance.  These  effective  areas 
.ne  approximately  1  cm  .  That  is,  a  plate  (or  loop)  antenna  of  this  area 
i  i  imected  directly  to  the  small-signal  circuits  will  have  sufficient  current 
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(or  voltage)  induced  on  it  by  the  incident  EMP  to  produce  switching-level 
transients  in  these  circuits.  Therefore,  one  must  virtually  eliminate 
electronic  circuit  exposure  with  shielding  and  insert  sufficient  attenua¬ 
tion  between  exposed  conductors  and  the  small-signal  circuits  to  limit 
the  transients  delivered  to  those  circuits  to  tolerable  levels. 

3. 1.1. 2  Shielding  Surfaces 

Because  of  the  great  disparity  between  the  EMP  source  strength  and 
the  circuit  sensitivity,  compatibility  between  them  can  only  be  achieved 
through  a  systematic  approach  to  interference  control.  The  foundation  for 
such  an  approach  is  described  in  Sec.  1.2.1.  The  space  about  the  sensitive 
electronic  circuits  or  devices  is  partitioned  by  shield  surfaces.  As 
illustrated  in  Fig.  2,  shielding  surfaces  may  be  used  to  control  inter¬ 
ference  of  external  origin,  such  as  EMP,  lightning,  power  switching 
transients,  etc.,  or  to  control  interference  of  internal  origin  such  as 
emanations  from  transmitters,  rectifiers,  counters,  and  other  switched 
high-current  or  inductive  loads.  Hence,  the  fundamental  approach  is 
applicable  to  controlling  the  EMP  and  all  other  types  of  interference. 


wave  V«,lecfed 
\ 

\ 


incident 
reflected 


conductor 


_  shield 
> surface 


(a) exclusion  of  external  waves 


(b)  confinement  of  internal  waves 


Fig.  2.  Shielding  surfaces. 


which  is  an  important  consideration  since  it  permits  an  integrated 
approach  to  interference  control  and  tends  to  eliminate  situations  in 
which  correction  of  one  interference  problem  aggravates  another.  The 
control  of  internal  and  external  interference  sources  with  a  two-layer 
shield  system  is  illustrated  in  Fig.  3. 

3.1.1. 3  Penetration  of  Shields 

The  shielding  surfaces  may  be  compromised  by  conductors  that  pass 
through  them.  Such  conductors  are  usually  necessary  to  supply  operating 
power  and  to  communicate  with  the  shielded  circuit  (i.e.,  to  accommodate 
input  and  output  data) .  Other  conductors  having  non-electrical  functions 
may  also  pass  through  the  shielding  surfaces.  Pipes  and  tubes  for 
utilities,  hydraulic  and  pneumatic  systems,  and  steel  cables  for  controls 
and  hoists  fall  into  this  category. 


Fig.  3.  Two-layer  shielding  topology  for  controlling  internal  and 
external  interference  sources. 
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The  shields  may  also  be  compromised  by  openings  for  personnel 
entrance  and  egress,  ventilation,  light,  and  access  for  assembly  or 
maintenance.  Smaller,  but  often  numerous,  openings  occur  at  riveted, 
bolted,  or  spot-welded  joints  in  shield  surfaces.  All  such  openings  (or 
apertures)  permit  some  of  the  interference  fields  to  penetra  e  through 
the  shield  surfaces. 

Finally,  because  all  practical  shielding  materials  are  imperfect 
conductors,  some  of  the  interference  fields  may  diffuse  through  the  shield. 
Except  for  very  long  slender  structures  such  as  cable  shields,  such  diffusion 
is  usually  important  only  at  low  frequencies  or  for  electrically  thin,  shields. 

In  summary,  interference  fields  may  penetrate  shields 

(a)  along  insulated  conductors  passing  through  the  shields; 

(b)  through  openings  or  imperfections  (apertures)  in  the  shields; 

(c)  by  diffusion  through  imperfectly  conducting  shields. 

The  objective  of  system  hardening  is  to  control  these  interference  penetra¬ 
tions  at  each  shield,  so  that  the  interference  reaching  the  sensitive  circuit 
is  within  the  tolerance  of  the  circuit . 

3. 1.1. 4  Coupling  and  Propagation 

For  a  quantitative  analysis  of  hardness,  the  current  and  charge 
distributions  on  conducting  appendages  (power  lines ,  trailing  wire  antennas , 
missile  plumes,  etc.)  and  on  the  shield  surfaces  must  be  determined.  The 
interaction  of  the  EMP  source  fields  with  these  shield  and  with  cables  and 
other  elements  outside  the  shield  produces  these  current  and  charge  distri¬ 
butions,  which  in  turn  are  the  excitation  sources  for  the  three  shield 
penetration  mechanisms  listed  above.  The  penetrant  fields  interact  with 
structures  inside  the  shield  to  produce  the  current  and  charge  distributions 
on  cables  and  other  structures  enclosed  by  the  shield  and  on  the  surface 
of  the  next  inward  shield.  The  latter  is  the  first  step  of  the  next  layer 
of  the  interaction  problem  that  deals  with  the  second  shield  surface. 

These  coupling  and  propagation  analyses,  which  are  the  subject  of 
Part  2  of  this  document,  often  become  more  complex  as  the  layer  of  shielding 
increases.  Outside  the  first  principal  shielding  surface  (e.g.,  outside 


the  building  shield  or  aircraft  skin)  there  are  only  a  few  power  lines, 
cables  and  antennas  which  are  often  of  a  simple  geometry  that  is  amenable 
to  analysis.  Between  the  first  and  second  shields  (i.e.,  inside  the  building 
or  aircraft  skin),  the  number  of  cables  and  other  structures  is  much  greater 
and  their  geometry  is  more  complicated.  Because  of  this  complexity,  the 
engineering  approach  is  frequently  that  of  "scoping"  the  intermediate 
interaction  problem  rather  than  obtaining  an  analytic  solution  to  it. 

Thus  representative  but  greatly  simplified  examples,  such  as  an  insulated 
wire  passing  through  both  shields,  or  a  cavity-backed  aperture,  may  be 
analyzed  to  obtain  representative  wire  currents  or  cavity  fields.  These 
analyses  may  then  be  used  *-o  estimate  the  surge  limiting  or  filtering 
required  on  wires. 


3.1.2  HARDENING  CONCEPTS 


3.1. 2.1  System  Topology 

The  essence  of  interference  control,  whether  for  the  EMP  or  for  other 
sources,  is  to  establish  shielding  integrity,  thereby  limiting  the  inter¬ 
ference  currents  and  fields  that  can  penetrate  the  shield  surfaces.  A 
first  step  in  interference  analysis  or  control  is,  therefore,  to  identify 
the  system  topology,  as  discussed  in  Chap.  1.2.  That  is,  the  principal 
shielding  surfaces  at  which  the  barrier  to  penetrating  interference  will 
be  established  must  be  identified  and  examined  for  compromising  apertures 
and  penetrating  conductors.  In  practical  systems,  there  are  often  several 
layers  of  shielding  that  form  a  set  of  nested  shield  surfaces,  as  shown 
in  Fig.  4,  each  of  which  serves  as  a  barrier  to  penetrating  interference. 

In  ground-based  systems,  the  first  principal  surface  might  be  a  building 
or  room  shield,  and  the  second  principal  surface  might  be  an  equipment 
cabinet,  and  the  third  principal  surface  might  be  a  box  that  contains 
the  small-signal  circuits.  In  airborne  systems,  the  first  surface  would 
usually  be  the  aircraft  or  rocket  skin,  and  the  second  surface  would  be 
the  housings  for  the  avionics  equipment.  These  surfaces  usually  serve 
as  successively  more  exclusive  barriers  to  the  interference,  so  that  as 
one  progresses  from  the  outside  toward  the  inside  of  Fig. 4  where  line  pene¬ 
trations  are  absent,  the  interference  environment  becomes  less  severe. 
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Fig.  4.  Principal  surfaces  Fig.  5.  Elementary  surfaces 

and  volumes.  and  volumes. 


In  addition  to  the  partitioning  of  space  into  principal  volumes  by 
the  nested  shield  surfaces  illustrated  in  Fig.  4,  the  principal  volumes 
may  be  partitioned  into  elementary  volumes  by  internal  dividers  as 
illustrated  in  Fig.  5  by  the  dashed  lines.  This  cellular  topology  is 
common  in  aircraft  and  ships,  where  the  interior  regions  are  partitioned 
by  bulkheads  and  decks.  The  cellular  topology  permits  controlled  grada¬ 
tions  of  interference  environment  within  a  region  between  shield  layers. 

For  nearly  perfect  shields  (thickness  large  compared  to  skin  depth) 
it  is  sometimes  convenient  to  visualize  the  shield  as  two  independent 
surfaces  —  an  outside  surface  on  which  reside  the  externally  induced 
current  and  charge  densities  and  an  internal  surface  on  which  reside  the 
internally  induced  current  and  charge  densities.  This  concept  is  depicted 
in  Fig.  6,  where  the  two-surface  idea  for  the  shield  layers  is  shown.  For 
uncompromised  shields  (no  penetrating  conductors  or  apertures),  each  cell 
Is  electromagnetically  independent  of  every  other  cell  and  of  the  external 
environment . 

3. 1.2. 2  Penetrating  Conductors 

Tho  two-surface  idea  is  particularly  useful  for  determining  how 
interference-carrying  conductors  should  be  connected  to  the  shield  to 
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Fig.  o.  Two-surface  idea  for  nested  cellular  shields. 


preserve  its  integrity.  If  an  external  interference-carrying  conductor  is 
connected  to  the  outside  surface  of  the  shield,  as  illustrated  in  Fig.  7, 
the  interference  current  flows  onto  the  outside  surface  of  the  shield  and 
thus  has  little  effect  on  the  volume  enclosed  by  the  shield.  However,  if 
the  conductor  is  connected  to  the  inside  surface  of  the  shield  as  in  Fig.  8, 
the  interference  current  flows  onto  the  inside  surface  of  the  shield  and 
contaminates  the  volume  enclosed  by  the  shield.  To  preserve  the  integrity 
of  the  shield,  therefore,  interference  current  of  external  origin  must  be 
diverted  to  the  outside  surface  of  the  shield  as  illustrated  in  Fig.  7. 

Several  examples  of  the  proper  application  of  this  principle  are 
given  in  Fig.  9  together  with  some  common  compromises  and  violations  of 
the  shield.  Note  that  each  of  the  compromises  and  violations  permits  the 
currents  on  the  outside  conductors  to  flow  into  the  protected  region  inside 
the  shield.  It  should  also  be  observed  that  filters  and  surge  arrestors 
behave  in  the  same  way  as  any  other  connection  of  a  penetrating  conductor 
to  the  shield;  that  is,  they  divert  the  interference  currents  to  the 
outside  surface  of  the  shield,  thereby  preventing  these  currents  from 
entering  the  protected  region.  Because  power  and  signal-carrying  conductors 
cannot  be  continuously  connected  to  the  shield,  they  must  be  momentarily 
connected  (when  a  certain  threshold  is  exceeded)  or  connected  only  at 
frequencies  not  used  for  power  or  signals  (i.e. ,  through  a  filter).  In 
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either  case,  the  diverted  interference  currents  must  flow  to  the  outside 
surface  of  the  shield,  as  illustrated  in  Fig.  9c,  if  shield  integrity  is 
to  be  preserved. 

Each  of  the  "proper"  methods  of  preserving  shielding  integrity  shown 
in  Fig.  9  involves  diverting  the  external  conductor  current  to  the  outside 
surface  of  the  shield.  Methods  of  interrupting  the  current  could  also  be 
employed,  but  at  the  first  layer  of  shielding  the  current-diversion  method 
may  be  more  reliable  and  less  expensive  than  the  current-interruption 

I 

approach.  This  is  particularly  so  for  ground-based  'stems  for  which 
the  external  conductors  may  be  power  lines  and  communication  cables  that 
can  carry  tens  of  kA  of  lightning  or  EMP-incuded  currents  toward  the 
shield.  Since  the  open-circuit  voltages  associated  with  these  currents 
are  of  the  order  of  MV,  current-interruption  techniques  for  treating 
these  conductors  would  require  insulation  capable  of  withstanding  these 
extremely  high  voltages  without  flashover.  Such  insulation  is  expensive 
to  install  and  it  requires  considerable  maintenance  to  ensure  reliability. 
(However,  dielectric  pipes  can  be  economical  for  water,  sewer,  and  other 
plumbing  penetrations.) 

At  secondary  and  tertiary  shields  where  the  open-circuit  voltages 
are  less  severe  (i.e.,  hundreds  of  volts  instead  of  MV),  current- 
interruption  techniques  are  illustrated  in  Fig.  10,  where  the  open-circuit 
voltage  impressed  across  the  current-interruption  device  is  also  indicated. 
Such  techniques  are  usually  applied  only  to  insulated  conductors  such  as 
power  and  signal  conductors;  "groundable"  conductors  such  as  cable  shields, 
plumbing,  and  waveguides  are  economically  and  reliably  treated  with  the 
current-diversion  approach  of  Fig.  9b. 

There  are,  of  course,  many  other  input/output  circuits  that  can 
serve  as  buffers  or  isolators  at  the  secondary  and  tertiary  shields.  Many 
of  these  are  functional  components  of  the  system  or  electronic  circuit 
that  can  be  adapted  to  shielding  purposes.  Rectifier  power  supplies  and 
dc-to-dc  converters  may  serve  to  isolate  the  primary  power  conductors 
from  the  conditioned  power  supplied  to  the  small-signal  circuits.  Tuned 
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3. 1.2. 3  Aperture  Control 


Most  facilities  require  windows,  doors,  ventilation  openings,  access 
hatches,  etc.,  which  may  also  compromise  the  integrity  of  the  shield.  The 
penetration  of  external  fields  through  apertures  that  are  small  compared 
to  a  wavelength  is  illustrated  in  Fig.  11.  As  shown  in  Fig.  11a,  part 
of  the  electric  field  that  would  otherwise  terminate  on  the  outside  surface 
of  the  shield  fringes  through  the  aperture  where  it  may  induce  charges  on 
internal  cables.  Similarly,  some  of  the  magnetic  field  ihat  would  other¬ 
wise  be  bounded  by  the  surface  current  in  the  shield  is  permitted  to 
fringe  through  the  aperture,  link  an  internal  cable,  and  thereby  induce 
a  voltage  in  the  cable  (Fig.  lib).  If  the  aperture  is  large  compared 
to  a  wavelength,  the  incident  wave  can  shine  through  the  aperture  as 
illustrated  in  Fig.  12.  Because  the  shortest  wavelengths  of  concern 


(a)  electric  field 


Fig.  11.  Electromagnetic  penetration  of  small  apertures. 
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in  EM?  hardening  are  of  the  order  of  1  meter,  the  shine-through  penetra¬ 
tion  mechanism  usually  occurs  only  at  large  windows  and  doors.  Because 
the  shine-through  wave  is  attenuated  'ery  little  in  the  direction  of 
propagation  of  the  incident  wave,  however,  almost  the  full  incident  EMP  , 
peak  field  strength  may  be  transmitted  to  the  interior  of  the  shield 
through  large  apertures. 

The  fields  penetrating  a  small  aperture  depend  on  the  aperture  size. 
Therefore,  if  a  given  area  of  wall  opening  is  subdivided  into  small 
openings,  the  penetrating  fields  at  an  interior  point  will  be  reduced. 

Thus  one  common  treatment  for  such  openings  is  to  cover  them  with  a 
conducting  screen  or  mesh,  so  that  the  large  opening  is  converted  into 
a  multitude  of  small  openings . 

More  reduction  can  be  obtained  with  sacrifices  in  optical  transparency 
and  increased  resistance  to  air  flow  by  adding  thickness  to  the  screen. 

Then  each  small  aperture  becomes  a  tube  through  the  wall  and  behaves  as 
a  waveguide  beyond  cutoff.  Fields  transmitted  through  a  waveguide  beyond 
cutoff  are  attenuated  exponentially  with  distance  alcng  the  guide,  so  that 
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vary  large  attenuation  may  be  achieved  by  using  many  small  tubes  welded 
or  brazed  together  in  a  honeycomb  structure.  Sketches  of  the  magnetic 
field  in  the  vicinity  of  a  single  aperture,  an  array  of  small  apertures, 
and  an  array  of  waveguides  beyond  cutoff  are  shown  in  Fig.  13. 


shield 


aperture'.* 


shield 


beyond  cutoff 


Fig.  13.  Magnetic  field  penetration  of  apertures. 
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CHAPTER  3.2 

ILLUSTRATIVE  SYSTEM  EXAMPLES 

In  this  chapter  we  present  illustrative  analyses  for  four  example 
systems:  a  rocket  vehicle  in  flight,  an  aircraft,  a  ground-based  system, 
and  a  satellite.  In  each  case  we  discuss  the  system  in  general  terms, 
decompose  the  system  topologically,  and  then  illustrate  with  numerical 
examples  the  system  response  to  the  EMP. 

3.2.1  ROCKET  VEHICLES  IN  FLIGHT 

Typical  elements  of  a  multistage  long-range  rocket  vehicle  are  shown 
in  Fig.  1  together  with  a  representative  electrical  wire  harness  and 
external  cable  raceway.  The  external  cable  raceway  for  interconnecting 
the  guidance  and  control  system  with  the  downstage  components  is  commonly 
used  with  monocoque  motor  construction.  The  raceway  cable  is  used  by  the 
guidance  and  control  system  to  control  motor  ignition,  thrust  vector  (or 
other  steering),  stage  separation,  interstage  jettison,  and  in  some  cases 
engine  shutdown  or  thrust  termination.  The  cable  is  also  used  to  provide 
feedback  on  engine  pressure,  nozzle  position,  and  other  status  or  perfor¬ 
mance  parameters  to  the  control  system.  At  staging,  the  wiring  associated 
with  the  expended  motor  is  jettisoned  with  the  motor  casing.  The  cable  is 
usually  provided  with  pull-away  connectors  to  accommodate  this  operation, 
but  mechanical  and  explosive  cable  cutters  have  also  been  used. 

Smaller  rocket  vehicles  used  for  ground-to-air,  air-to-air,  or  air- 
to-ground  missiles  have  similar  components,  but  these  are  often  one  or 
two-stage  vehicles  and  are  usually  smaller  than  the  long-range,  multistage 
vehicle.  Smaller  vehicles  using  forward-looking  radar,  infrared,  or  other 
target-seeking  systems  may  also  have  the  guidance  and  control  package 
forward  of  the  payload,  rather  than  aft  of  the  payload,  as  is  usual  in 
long-range  vehicles.  Finally,  because  the  time  of  flight  of  the  smaller 
vehicles  is  short,  the  in-flight  characteristics  of  these  vehicles  are 
often  less  important  than  the  pre-launch  characteristics,  insofar  as 
interaction  with  the  EMP  is  concerned.  The  electromagnetic  characteristics 
of  the  long-range  multistage  vehicle  will  be  examined  in  this  section. 
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Fig.  1.  Multistage  rocket  vehicle,  wiring,  and  cable  raceway. 

Representative  wiring  in  the  vicinity  of  the  payload  and  guidance 
and  control  system  is  illustrated  in  Fig.  2.  As  illustrated,  the  raceway 
cable  originates  in  the  guidance  and  control  system  and  then  branches 
to  supply  the  downstage  motor  and  staging  functions.  Other  wiring 
associated  with  the  guidance  and  control  system  may  include  telemetry 
or  communication  antenna  cables  and  cabling  to  provide  payload  cover- 
removal,  activation,  and  ejection.  An  umbilical  connector  to  accommodate 
ground  checkout  and  pre-launch  functions  is  also  located  on  or  near  the 
guidance  and  control  system.  When  the  umbilical  cable  is  removed  during 
launch,  the  pins  of  the  umbilical  connector  may  be  exposed  to  the  EMP 
environment.  Deadfacing  connectors  that  cover,  retract,  or  break  contact 
with  the  pins  may  be  used  to  reduce  this  exposure. 
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Fig.  2.  Typical  payload  and  guidance  cabling. 


Representative  wiring  in  an  interstage  area  is  shown  in  Fig.  3. 

The  wiring  in  this  region  supports  engine  ignition  and  engine  pressure 
monitoring,  staging  ordnance  initiation,  and  perhaps  thrust  termination 
or  motor  destruction  (for  aborting  the  mission)  on  the  downstage  motor, 
and  nozzle  or  thrust  vector  control  and  interstage-removal  ordnance 
initiation  for  the  upstage  motor. 

The  sensitive  circuits  in  a  rocket  vehicle  are  mainly  in  the  guidance 
and  control  package,  which  contains  small-signal  digital  electronics  for 
computing  the  vehicle  trajectory  and  providing  error-correction  commands 
to  the  rocket  steering  system.  Additional  sensitive  circuits  may  be  found 
in  the  steering  system  (near  the  motor  nozzles)  and  in  the  staging  ordnance 
system  (electro-explosive  devices) . 
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Fig.  3.  Typical  interstage  cabling. 


3. 2.1.1  System  Topology 

The  first  principal  shield  for  the  all-metal  rocket  vehicle  is  the 
vehicle  skin  and  raceway  cover.  Because  high  strength-to-weight-ratio 
composite  materials  are  displacing  metals  for  large  motor  casings,  however, 
it  is  common  for  one  or  more  of  the  motors  to  be  electromagnetically  trans¬ 
parent.  As  illustrated  in  Fig.  4,  the  first  principal  shield  is  then 
transferred  from  the  metal  motor  casing  shown  on  the  left  in  the  figure 
to  the  raceway  and  interstage  structure  shown  on  the  right.  The  current 
density  on  the  raceway  will  usually  be  larger  on  the  nonmetallic  rocket 
than  on  the  all-metal  vehicle,  and  unless  particular  care  is  exercised  in 
maintaining  the  shielding  integrity  in  the  interstage  area  and  at  raceway 
joints,  the  effectiveness  of  the  first  principal  shield  on  the  nonmetallic 
vehicle  may  be  considerably  less  than  that  on  the  all-metal  rocket. 

Compromises  in  the  first  principal  shield  often  occur  at  joints  in 
the  vehicle  skin  between  stages,  at  joints  in  the  cable  raceway  covers,  and 
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Fig.  4.  First-layer  shielding  for  rocket  vehicles. 


at  access  ports  on  the  interstage  structure  or  on  the  skin  of  the  guidance 
and  control  system.  The  shield  is  also  compromised  at  the  aft  end  of  the 
vehicle  where  the  end  of  the  raceway  cable  and  some  of  its  branches  may 
be  exposed.  In  addition,  the  umbilical  connector  and  any  openings  for 
antennas  on  the  vehicle  are  also  potential  penetration  points. 

A  portion  of  the  second  principal  shield  for  a  typical  rocket  vehicle 
is  illustrated  in  Fig.  5.  The  second  principal  shield  is  composed  of  the 
raceway  cable  shield;  the  housings  for  the  electro-explosive  devices, 
transducers,  and  nozzle  control  systems;  and  the  guidance  system  container. 
The  umbilical  connector  may  constitute  an  abrogation  of  the  two-layer 
shielding  topology  if  conductors  from  this  connector  are  connected  directly 
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Fig.  5.  Second-layer  shielding  for  rocket  vehicle  circuits. 


to  small-signal  circuits  inside  the  guidance  system.  Deadfacing  or  wire¬ 
cutting  operations  may  partially  restore  the  two-layer  shielding  after 
the  umbilical  cable  from  the  launch  equipment  is  removed. 

Leakage  through  the  second  principal  shield  may  occur  at  connectors 
and  along  the  raceway  cable  shield.  EMP-induced  interference  penetrating 
the  connector  shells  and  cable  shield  can  propagate  along  the  internal 
conductors  to  the  guidance  and  control  system  and  to  the  electro-explosive 
initiators  and  nozzle  control  systems.  EMP-induced  interference  can  also 
enter  the  guidance  and  control  system  by  means  of  leads  from  the  umbilical 
connector  and  antennas. 

In  Sec.  3. 2. 1.2  through  Sec.  3. 2. 1.4  numerical  example  calculations 
will  be  made  for  each  of  the  events  shown  in  the  interaction  sequence 
diagram  (Fig.  6). 

3. 2. 1.2  External  Interaction 

The  interaction  of  an  all-metal  rocket  with  the  incident  EMP  can  be 
analyzed  using  the  theory  of  cylindrical  antennas.  Because  the  configura¬ 
tion  of  the  vehicle  changes  as  the  motors  are  expended  and  jettisoned, 
the  antenna  analysis  may  have  to  be  repeated  for  several  different 
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Interaction  sequence  diagram  for  a  rocket  vehicle  in  flight 


configurations.  A  3-stage  rocket  may  have  3,4,  or  5  <  mfigurations  during 
its  flight  (4  if  the  third  stage  is  jettisoned,  5  if  the  payload  cover  or 
shroud  is  also  removed) .  These  configuration  changes  primarily  affect  the 
amount  of  analysis  required,  rather  than  the  techniques  to  be  used.  In 
the  final  configuration  with  the  third  stage  and  shroud  removed,  however, 
the  vehicle  may  be  more  accurately  characterized  as  a  satellite  than  as  a 
rocket. 


A  serious  complication  of  the  analysis  is  encountered  if  the  effects 
of  the  motor  exhaust  plume  are  to  be  included.  This  complication  results 
from  the  facts  that  the  conductivity  of  the  plume  is  much  smaller  than 
th  c  of  the  metal  skin  and  varies  spatially  within  the  plume,  that  the 
size  and  shape  of  the  plume  vary  with  altitude  (Fig.  7),  and  that  the 
electrical  properties  of  the  plume  are  not  thoroughly  understood.  Never¬ 
theless,  the  .plume  has  the  effect  of  extending  the  effective  length  of 
the  vehicle  and  causing  the  current  density  at  the  aft  end  of  the  vehicle 
to  be  enhanced  (see  Sec.  2. 1.2. 3. 2),  as  illustrated  in  Fig.  8. 

For  the  rocket-vehicle  example  discussed  here,  an  all-metal  vehicle 
is  considered  and  the  effects  of  the  plume  are  neglected.  In  addition,  it 
is  assumed  that  all  Joints  and  access  openings  are  optically  opaque,  so  that 
only  the  magnetic  field  significantly  penetrates  the  first  principal  shield. 
The  external  interaction  problem  then  reduces  to  that  of  determining  the 
surface  current  density  on  the  vehicle  skin. 

The  current  density  at  low  and  intermediate  frequencies  consists  of 
two  parts.  The  first  part  is  produced  by  the  interaction  of  the  incident 
magnetic  field  with  the  conducting  skin  and  is  given  by  (ree  Eq.(12)  of 
Chap.  2.1) 


J 


o 


COS 


(1) 


when  the  electric  vector  is  parallel  to  the  axis  of  the  vehicle.  The  net 
axial  current  produced  by  this  interaction  is  zero,  since  the  current 
induced  on  the  front  side  Is  in  the  direction  opposite  to  that  of  the 
current  on  the  back  side. 
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The  second  part  of  the  induced  current  is  the  electric  dipole  current 
produced  by  interaction  of  the  vehicle  with  the  axial  electric  field.  At 
low  frequencies  (h  <<  X) ,  this  current  is  of  the  form  (see  Eq.(12)  of  Chap. 
2.1) 


J 
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j<iieoaE'i' 

2U^) 


(2) 


at  the  center  of  the  vehicle,  where  a  is  the  radius  of  the  vehicle.  For 
E^/H1  -  Zq  -  120n,  max(JQ)  >.  jJj  when 
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For  a  typical  ICBM  (L**2hs20m,  a  a  lm) ,  then  aQ  is,  according  to  (14)  of 
Chap.  2.1,  approximately  0.9797  and  the  skin  interaction  current  density  Jq 
is  greater  than  for  f  £  4  MHzl  Thus,  for  fields  that  diffuse  through 
the  raceway  cover,  the  current  density  Jq  induced  by  the  magnetic  field 
will  dominate.  On  the  other  hand,  the  high-frequency  penetration  through 
joints  and  apertures  and  coupling  to  the  raceway  cable  will  be  dominated 
by  the  dipole  or  "antenna"  current  J^f  because  the  coupled  voltage  has  the 
form  jmJ^,  which  emphasizes  the  high  frequencies. 

The  complete  dipole  current  at  intermediate  frequencies  is  given  by  (17) 
of  Chap.  2.1.  The  EMP  spectrum  displays  a  1/f  behavior  in  the  vicinity  of 
the  half-wave  resonance  at  7.5  MHz.  Hence,  the  first  resonance  response  of 
the  vehicle  to  the  incident  EMP  can  be  represented  by  the  step  responses 
in  Fig.  4  of  Chap.  2.1.  For  our  example  we  will  assume  H^  ■  eVi20tt  *=  133  A/m, 
and  the  peak  current  at  the  midpoint  of  the  vehicle  is  then  5.8  kA,  from 
Fig.  4  of  Chap.  2.1. 

3 . 2 . 1 . 3  Penetration  of  First  Shield  and  Intermediate  Interaction 

The  intermediate  internal  interaction  problem  is  to  determine  the 
current  induced  on  the  shield  of  the  raceway  cable.  The  cable  and  raceway 
are  treated  as  a  leaky  coaxial  transmission  line  in  which  the  shield  is 
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the  raceway  and  covers,  and  the  center  conductor  is  the  raceway  cable. 
This  model  is  illustrated  schematically  in  Fig.  9  for  three  vehicle  con¬ 
figurations,  The  leakage  through  the  shield  occurs  by  diffusion  through 
the  covers,  by  a  distributed  longitudinal  polarizability  per  unit  length 


hi 


all  stags* 


Fig.  9.  Excitation  of  raceway  cable  through  apertures  at  cover  joints. 
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a '  representing  the  longitudinal  raceway  joints,  and  by  a  distributed 

IQp  ZZ 

polarizability  per  unit  length  ^  representing  the  annular  joints 
between  adjacent  sections  of  the  raceway  cover,  as  illustrated  in  Fig.  10a. 

The  joint  polarizabilities  and  the  skin  current  density  are  used 
together  with  transmission-line  theory  to  obtain  the  voltage  and  current 
induced  on  the  raceway  cable.  Two  solutions,  one  for  distributed  longitudinal 
joints  and  one  for  each  of  the  distributed  annular  joints  can  be  obtained 
for  the  raceway  cable  illustrated  in  Fig.  10a.  However,  for  illustrative 
purposes  we  will  use  only  one  uniformly  distributed  transfer  inductance 
L^.  to  represent  all  leakage  through  the  shield.  To  further  simplify  this 
example,  we  will  Ignore  the  interstage  regions  and  the  associated  lumped 
impedances  anc*  %21  ^us  we  will  model  the  three-stage  vehicle 

raceway  as  a  single  segment  of  a  le&ky  transmission  line,  instead  of  three 
segements  ^s  illustrated  in  Fig.  9. 


(a)  polarizability  per  unit 
length  of  raceway 
cover  joints 


(b)  small  dipole  equivalent 
of  umbilical  connector  pins 


Fig.  10.  Coupling  parameters  for  raceway  cover  and  umbilical  connector. 
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In  addition,  we  will  make  an  estimate  of  the  open-circuit  voltage 
induced  on  the  pins  of  the  umbilical  connector  illustrated  in  Fig.  10b. 

3. 2. 1.3.1  Diffusion  Through  Skin 

For  a  continuous  metal  raceway  cover,  the  penetration  of  the  missile 
current  through  the  raceway  cover  is  by  diffusion  only.  To  examine  this 
effect  we  can  use  (4)  of  Chap.  2.4.  The  diffusion  time  constant  for  a 
40  mil  (1  mm)  thick  aluminum  cover  is 


=  po  d  =  44.5  pis 


and  from  Fig.  1  of  Chap.  2.4  the  frequencies  that  freely  penetrate  the 
cover  are 


£  <  i/\i 


22.5  kHz 


Therefore,  we  are  primarily  concerned  with  frequencies  well  below  the  missile 

resonance  frequency  of  7.5  MHz  (the  diffused  fields  at  7.5  MHz  are  smaller 
13 

by  a  factor  of  10  than  those  below  22.5  kHz  because  of  shield  attenuation 
at  7.5  MHz).  Furthermore,  at  22.5  kHz,  the  20-m  long  vehicle  is  electrically 
short,  and  because  the  EMP  pulse-width  tq  is  short  compared  to  the  EMP 
appears  to  be  an  impulse  of  magnitude  Hqto,  where  Hq  is  the  peak  incident 
magnetic  field  strength. 

The  open-circuit  voltage  induced  at  one  end  of  the  raceway  cable  when 
the  other  end  is  connected  to  the  missile  skin  is  then 


V  =  J  w  Z  '  £ 
oc  T 


where  w  is  the  perimeter  of  the  raceway  cover,  ^  is  the  length  of  the  missile 
and  Z^,  is  the  transfer  impedance  of  the  raceway  cover  given  by  (4)  of  Chap. 
2.4  with  w  replacing  27rb.  Making  this  substitution  one  gets 

2h  t  a 

V  (s)  *  - : —  /sr,  csch  /st~,  (7  J 

oc  od  d  d 


M  — 


which  has  the  spectral  form  shown  in  Fig.  1  of  Chap.  2.4.  The  time-domain 
curve  for  V (t)0dT^/ (2Hotq£)  is  given  in  Fig.  113b  oi  Chap.  2.1,  from  which 

2H  T  Z  , 

V  .  -  5.9  — *  4.56  x  10  v,  at  t  «  4.0  ys  (8) 

pk  ad  ’ 

It  is  thus  evident  that  a  continuous  flawless  raceway  cover  would  provide 
adequate  shielding  for  the  raceway  cable, since  4.6  mV  on  this  cable  should 
cause  no  damage  or  upset  in  the  missile  electronic  equipment.  A  similar 
conclusion  can  be  reached  if  a  flawless  cylindrical  raceway  cable  shield 
(or  conduit)  were  used  instead  of  the  raceway  cover. 


3. 2. 1.3. 2  Leakage  Through  Joints 

In  practical  applications  the  raceway  covers  are  attached  with  threaded 
fasteners  or  quick-disconnect  fasteners.  Thus  the  cover  is  not  electro- 
magnetically  flawless  because  the  cracks  between  fasteners  permit  the 
magnetic  field  to  penetrate  the  covers.  Such  bolted  joints  characteristi¬ 
cally  permit  magnetic  fields  to  penetrate  through  the  seam.  This  effect 
can  be  represented  by  a  transfer  impedance  Z^  m  ju)L,J,,  as  described  in 
Sec.  2.4.1,  Eq.(8).  Note  that  in  contrast  to  the  diffusion  case  discussed 
above,  this  jo)L^  leakage  increases  with  frequency;  hence  the  high-frequency 
part  of  the  spectrum  is  more  important  for  this  case. 


Although  the  value  of  L'  is  not  calculable  for  bolted  and  riveted 

*  —6  2 
joints,  a  typical  value  for  the  equivalent  polarizability  a'  is  10  m  , 
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which  implies  values  of  L^,  of  the  order  of  1.0  -  1000  pH/m. 


The  voltage  induced  per  unit  length  on  raceway  cable  is  of  the  form 


V’ 


(t)  =  L 


,  2L 

T  dt 


(9) 


where  I  is  the  raceway  current.,  a  fraction  of  the  total  current  on  the 
missile.  At  the  midpoint  of  the  missile,  this  current  is  a  damped  7.5  MHz 
sinusoid  of  5.8  kA  peak  amplitude.  Approximately  1/20  of  this  current  would 
flow  on  a  1-foot  wide  raceway.  Thus  the  peak  raceway  current  is  approximately 
290  A,  and 
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dl 

dt 


peak 


(10) 


2irflIpeak 


,37  x  1010A/s 


Hence,  the  voltage  induced  per  meter  is  13.7  V/m  for  the  larger  value 
of  14. 

Because  of  propagation  delays  and  nonuniform  current  distribution, 
the  total  open-circuit  voltage  induced  on  the  cable  is  less  than  i,xi3.7 
volts  ™  274  volts;  nevertheless,  a  voltage  of  this  magnitude  is  large 
enough  to  be  of  concern  for  small-signal  electronic  circuits  operating  at 
signal  levels  of  the  order  of  1  volt.  Therefore,  it  is  apparent  that  the 
second  layer  of  shielding  is  necessary  to  provide  a  safe  margin  of  protec¬ 
tion  for  circuits  at  the  ends  of  the  raceway  cable. 

Usually  the  cable  shield,  which  forms  the  second  principal  shield  for 
the  raceway  cable  conductors,  is  connected  to  the  vehicle  structure  at 
both  ends.  The  current  and  voltage  (or  charge)  on  the  shielded  cable  short- 
circuited  at  both  ends  must  thus  be  known  in  order  to  perform  the  next 
stage  of  the  analysis  —  the  penetration  of  the  cable  shield  and  interaction 
with  the  internal  conductors.  Although  straightforward,  the  analysis  of 
the  transmission  line  with  distributed  sources  is  long  and  tedious  (see 
Chap.  2.4)  and  is  best  performed  with  the  aid  of  a  computer. 

We  may  obtain  an  estimate  of  the  current  in  the  shield  at  low  fre¬ 
quencies  (A  <<  A)  by  observing  that  the  impedance  of  the  cable  shield  shorted 
at  both  ends  is  primarily  inductive  and  is  approximately  given  by 


juL  »  j co  &L' 


(11) 


where  L'  is  the  inductance  per  unit  length  of  the  cable  and  raceway.  For 
broadside  incidence  the  induced  voltage  in  the  loop  formed  by  the  cable 
shield  and  its  short-circuit  terminations  is 


V(w)  -  ju  JU^I  (12) 

where  I  is  the  current  flowing  in  the  raceway.  Hence  the  cable  current  at 
low  frequencies  is 
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(13) 
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For  a  typical  characteristic  impedance  of  40  ohms,  L'  is  0.133  yH/m,  and 
-9 

for  L^,  -  10  H/m,  the  t.'  1  cable  current  i3 

I„  «  7.5 x 10~3Ipeak  *  2.2A  (14) 


If  the  cable  were  not  shielded,  this  current  would  flow  on  the  wire  bundle. 


As  the  first  resonance  frequency  f^  is  approached,  however,  the  cable 
shield  circuit  can  no  longer  be  accurately  represented  by  a  lumped  source 
V  driving  a  lumped  inductance  ZL' . 


3. 2. 1.3. 3  Voltage  on  Connector  Pins 


If  the  umbilical  connector  is  not  deadfaced  when  the  umbilical  cable 
is  removed,  the  pins  may  behave  as  small  electric  dipole  antennas  inter¬ 
acting  with  the  surface  electric  field  (or  the  surface  charge  density 
p  -  eE)  as  illustrated  in  Fig.  10b.  To  estimate  the  open-circuit  voltage 
induced  on  the  pins,  we  need  to  know  the  effective  height  hfi  of  the  pins 
(as  dipole  antennas)  and  the  surface  electric  field  strength  E.  From  the 
dimensions  of  typical  umbilical  connectors,  we  can  estimate  the  effective 
height  of  the  pins  to  be  about  1  cm.  Also,  from  the  properties  of  cylinders 
having  aspect  ratios  (Z/a)  of  20  it  is  known  that  the  surface  field  is  on 
the  order  of  the  incident  axial  field  except  very  near  the  ends  or  corners 
(where  it  is  larger  than  the  incident  field)  and  near  the  center  (where 
the  surface  field  vanishes).  If  the  umbilical  connector  is  at  neither  of 
these  locations,  the  open-circuit  voltage  induced  on  the  pins  is  on  the 
order  of 


V 

oc 


(15) 


-  500  volts  (peak) 


for  the  canonical  50  kv/m  EMP.  The  antenna  impedance  (jrnC)  ^  is  very  large 
at  most  frequencies  of  interest  (C“0.3  -  1  pF)  and  the  antenna  is  loaded 
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with  the  characteristic  impedance  of  the  internal  wire  (-  100  ohms),  so 
that  the  decay  time-constant  for  the  voltage  delivered  to  the  wire  is 
30  to  100  ps  (i.e.,  much  less  than  the  EMP  rise  time).  Hence,  even 
though  the  induced  voltage  on  the  pin  is  much  larger  than  that  induced 
by  the  raceway  cover  leakage,  its  effect  on  internal  components  may  be 
less  important  because  of  the  very  short  time-constant  of  the  circuit . 

The  use  of  deadfaced  umbilical  connectors  ensures  that  this  penetration 
path  will  be  ineffective. 

3. 2. 1.4  Penetration  of  Second  Shield  and  Internal  Interaction 

As  illustrated  in  Fig.  11a,  the  internal  interaction  analysis  for 
the  rocket  vehicle  consists  of  repeating  the  transmission  line  analysis 
using  the  raceway  cable  shield  transfer  characteristics  driven  by  the 
cable  current  to  obtain  the  voltage  and  current  of  the  internal  conductors 
of  the  raceway  cable.  For  the  internal  conductors,  only  the  current  and 
voltage  at  the  cable-ends  (i.e.,  those  delivered  to  the  sensitive  compo¬ 
nents)  are  of  interest.  These  quantities  arise  from  distributed  diffusion 
and  aperture  leakage  through  the  cable  shield  (Fig.  lib),  and  from  discrete 
leakage  at  the  cable  connectors  (Fig.  11c).  As  was  noted  in  the  inter¬ 
mediate  interaction  analysis,  however,  only  the  aperture  leakage  is 
significant  for  the  EMP.  The  distributed  transfer  impedance  and  transfer 
admittance  for  most  cable  shield  configurations  are  given  in  Sec.  2.4.1. 

The  discrete  transfer  impedance  for  connectors  may  be  obtained  from 
empirical  data. 

Although  the  raceway  cable  is  a  multiconductor  cable,  it  will  be 
treated  as  a  single-conductor  cable  (with  shield)  to  simplify  the  analysis, 
and  only  the  common-mode  open-circuit  voltage  at  the  end  of  the  cable  will 
be  determined.  This  voltage  induced  by  the  interaction  of  the  incident 
EMP  with  the  rocket  vehicle  will  constitute  the  final  result  for  this 
analysis.  In  addition,  as  was  the  case  for  the  raceway,  the  current  in 
the  cable  varies  with  position  and  frequency  (or  time) .  Because  the 
solution  of  the  transmission-line  equations  for  the  distributed  raceway, 
shield,  and  internal  wire  currents  calculated  at  sufficient  frequencies 
to  obtain  an  inverse  Fourier  transform  is  very  cumbersome,  only  a  rough 
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Fig.  11.  Voltage  and  current  delivered  to  loads  in  guidance  system 
and  interstage  components,  (a)  Shielded  raceway  cable  and 
connectors;  (b)  voltage  and  current  from  distributed  coupling 
(cable  shield) ;  and  (c)  voltage  and  current  from  discrete 
coupling  (connectors) . 
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estimate  of  the  currents  will  be  made.  Estimates  similar  to  those  made 
above  for  the  voltage  and  current  induced  in  the  raceway  cable  will  also 
be  made  for  the  internal  wire  current  and  voltage. 

3. 2. 1.4.1  Cable  Shield  Parameters 

The  leakage  through  the  braided  wire  shield  of  the  raceway  cable  is 
determined  by  the  transfer  inductance  and  the  charge  transfer  frequency 
defined  in  Sec.  2.4.1.  For  our  example,  we  will  assume  the  following 
cable  shield  properties: 

cable  radius  b  ■  1  cm  wire  size  in  braid  d  ■  0.15  mm 

weave  angle  ■  30°  no.  wires  per  carrier  n  ■  10 

coverage  K  ■  0.9  no.  carriers  in  shield  N  -  50 

Then  from  (14)  and  table  2  of  Chap.  2.4,  the  transfer  inductance  is 


L^c  -  0.275  nH/m 

and  from  (19)  and  table  4  of  Chap.  2.4  (ey  *2.3)  the  charge  transfer 
frequency  is 

-  j  9.9  X106U)C' 


where  C'  is  the  capacitance  per  unit  length  between  the  inner  conductors 
and  the  shield.  These  transfer  parameters  are  used  to  define  the  series 
and  shunt  sources  driving  the  internal  conductors  in  the  cable.  These 
sources,  given  by  (1)  and  (2)  of  Chap.  2.4  are 


V'(8)  «  jwl4cIt(z,s),  (wl4c  »  R£) 
I,(B)  -  nTQ;<Z.8) 


(16) 


where  1^.  and  are  the  total  current  and  total  charge  per  unit  length  on 
the  cable. 
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3. 2. 1.4. 2  Internal  Wire  Voltage 


The  driving  sources  given  by  (16)  are  space-  and  frequency-dependent, 
and  because  the  cable  is  electrically  long  at  the  frequencies  that  freely 
penetrate  the  shield,  a  transmission-line  solution  of  the  type  described 
in  Sec.  2.4.2  is  required  to  obtain  the  current  and  voltage  on  the  internal 
conductor.  A  crude  estimate  of  the  internal  wire  voltage  is  obtained  from 
the  low-frequency  approximation 

V(t>  ■  “4c  3T 


u.’ 

*xc  L'  dt 


(17) 


where  1  is 
Using  (10) 
to  be 


the  raceway  current  which  is  approximated  by  a  290A  sinusoid, 
for  the  value  of  dl/dt  one  finds  the  peak  open-circuit  voltage 


“  0.57  volts  (18) 

peak 

This  is  to  be  compared  with  274  volts  calculated  earlier  for  the  unshielded 
raceway  cable.  The  addition  of  the  braided  wire  shield  has  thus  reduced 
the  open-circvit  induced  voltage  on  the  raceway  conductors  by  a  factor  of 
almost  500. 


Voc<c> 


This  example  has  provided  some  insight  into  the  interaction  of  a  rocket 
vehicle  with  the  EMP  and  some  representative  excitation  levels  at  points 
of  interest  in  the  vehicle.  However,  the  low-frequency  approximations  used 
for  the  internal  conductor  analysis  are  very  crude  and  should  be  used  only 
for  a  rough  estimate  of  the  response.  In  a  rigorous  application  to  a  system, 
the  skin  current  density  and  the  raceway  cable  current  and  voltage  must  be 
determined  at  enough  points  along  the  vehicle  to  define  standing  waves  at 
the  highest  frequency  of  interest.  That  is,  the  distributed  driving  sources 
must  be  defined  and  the  transmission-line  theory  must  be  used  to  calculate 
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the  internal  wire  current  or  voltage.  Such  an  approach  is  particularly 
important  in  the  rocket  vehicle  example  because  the  resonances  of  the 
vehicle  and  the  cable  shield  occur  at  approximately  the  same  frequencies, 
and  may  have  the  effect  of  a  double-tuned  transformer  in  enhancing  the 
interaction  of  the  interior  wire  with  the  EMP  field  at  selected  frequencies. 

3.2.2  AIRCRAFT 

3. 2. 2.1  General  Description  of  Aircraft 

3. 2. 2. 1.1  Airframe  and  Fquipment 

Although  aircraft  interaction  with  the  EMP  has  some  similarities 
with  rocket  vehicle  interaction,  there  are  many  significant  differences. 
Aircraft  undergo  fewer  configuration  changes  in  flight  than  do  multistage 
rocket  vehicles;  their  principal  axes  (wirg  and  fuselage)  are  horizontal 
rather  than  vertical;  their  engines  produce  no  conductive  plume;  and  their 
flight  trajectory  in  the  atmosphere  is  predominantly  horizontal  rather 
than  vertical.  Until  recently,  most  military  and  commercial  aircraft 
were  of  all-metal  construction.  While  the  all-metal  airframe  is  still 
the  norm,  the  introduction  of  composite  materials  such  as  glass  fiber  or 
carbon  fiber-reinforced  epoxy  is  an  increasingly  common  deviation  from 
this  norm. 

Aircraft  are  also  equipped  with  extensive  systems  designed  to 
accommodate  the  flight  personnel  —  a  fact  that,  on  the  one  hand,  makes 
the  aircraft  more  complicated  than  the  rocket  vehicle  and,  on  the  other 
hand,  makes  the  aircraft  somewhat  less  dependent  on  automatic  navigation 
and  control  systems.  In  the  intermediate  interaction  regions,  aircraft 
are  considerably  more  complex  than  rocket  vehicles  because  of  the  ubiquitous 
wiring,  hydraulic  tubing,  control  cables,  and  heat  and  ventilation  ducting. 

In  addition  to  elaborate  environmental  control  systems,  the  aircraft  contains 
a  power  plant  and  its  derivatives,  flight  controls,  and  radio  systems  for 
communication  and  navigation.  Except  for  some  of  the  radio  antennas,  these 
systems  are  all  within  the  mold  lines  of  the  airframe. 
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In  addition  to  these  flight  systems,  the  aircraft  will  have  "payload" 
systems  related  to  its  mission.  Thus,  for  example,  the  aircraft  may  be 
equipped  with  fire  control  systems,  bomb  sights,  terrain  following 
systems,  electronic  countermeasures,  IFF  transponders,  and  many  other 
mission-oriented  systems.  Fighters  and  bombers  may  carry  external  stores' 
of  weapons  or  fuel  in  pods  on  wing  tips  or  on  pylons  under  the  wings. 

Such  external  stores  may  be  jettisoned,  thereby  altering  the  shape  of 
the  vehicle,  and  they  may  contain  electronic  circuits  that  are  critical 
to  the  aircraft  mission. 

Although  the  wide  variety  of  mission  payloads  precludes  a  detailed 
description  of  each  here,  it  is  observed  that  the  systems  that  require 
greatest  EMP  immunity  are  those  containing  small-signal  electronic  circuits. 
Since  many  of  these  circuits  are  digital  in  modern  systems,  they  tend  to 
be  more  susceptible  to  transients  than  the  older  analog  circuits.  It  is 
also  remarked  that  mission-oriented  systems  have  grown  increasingly 
sophisticated  and  susceptible  to  EMP  effects  with  the  development  of 
high-performance,  low-power  Integrated  circuit  components.  The  same 
remarks  apply  to  flight  systems.  Hence,  ensuring  the  ability  of  the 
aircraft  to  perform  its  intended  functions  in  an  EMP  environment  (or 
after  exposure  to  one)  is  made  more  difficult  by  these  advances  in 
technology . 

3 . 2 . 2 . 1 . 2  Power  Plant  and  its  Derivatives 

The  power  plant  usually  consists  of  one  or  more  turbine  engines  which 
provide  the  power  for  propelling  the  aircraft  as  well  as  for  generating 
electricity,  hydraulic  power,  and  auxiliary  power  in  the  form  of  compressor 
bleed  air.  Supporting  the  power  plant  are:  (a)  the  fuel  system,  which 
consists  of  the  fuel  tanks,  pumps,  gauges,  and  purging  or  venting  systems; 
(b)  engine  controls  such  as  the  throttle,  afterburner,  and  thrust  reverser 
controls;  (c)  performance  monitoring  systems  for  engine  pressure  ratio, 
temperature,  oil  pressure,  engine  speed,  etc.;  and  (d)  protection  systems 
such  as  fire  warning  sensors  and  fire  extinguishers.  Some  of  these  items 
are  illustrated  in  Fig.  12.  The  power  plant  is  composed  of  mechanical  and 
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Fig.  12.  Typical  elements  and  cabling  associated  with  the  aircraft 
power  system. 


electromechanical  components  that  are  relatively  immune  to  electrical 
transients.  However,  alternator  controls,  rectifiers,  and  controls  for 
aircraft  electrical  power  derived  from  the  engine  power  often  contain 
small-signal  electronic  circuits  that  require  considerable  protection. 

3. 2. 2. 1.3  Flight  Control 

The  flight  control  cystem  is  made  up  of  the  control  surfaces, 
control  cables,  the  stick,  rudder  pedals,  trim  controls  and  servomechanisms 
associated  with  flight  control.  The  control  surfaces  are  shown  in  Fig.  13 
and  include  the  ailerons,  elevators,  rudder  and  speed  brakes  used  in  flight, 
and  the  flaps  and  spoilers  used  in  takeoff  and  landing.  Steel  cables  from 
the  crew  cabin  to  the  control  surfaces  are  used  as  the  primary  link 
between  the  crew  and  the  control  surfaces.  However,  actual  movement 
of  a  control  surface  may  be  done  by  hydraulic  or  electrical  actuators  or 
by  an  aerodynamic  boost  device.  In  addition,  because  human  reflexes  are 
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Fig.  13.  Control  surfaces  on  a  modem  jet  transport. 


often  incompatible  with  the  aerodynamic  responses  of  the  aircraft,  servo¬ 
mechanisms  and  autopilots  are  used  to  aid  the  crew  in  maintaining  stable 
flight.  Gyros,  compasses,  altimeters,  and  other  instruments  used  with 
these  servomechanisms  thus  become  a  part  of  the  flight  control  system. 

The  flight  controls  are  typically  mechanical  or  electromechanical  systems, 
but  servomechanisms  and  autopilots  contain  small-signal  electronic  circuits 
that  require  protection  from  EMP-induced  currents. 

3. 2. 2. 1.4  Radio  Systems 


The  radio  communication  and  navigation  systems  permit  the  crew  to 
communicate  with  the  ground  and  with  other  aircraft,  and  assist  in  fixing 
the  aircraft  position  and  in  identifying  and  avoiding  flight  hazards  such 
as  thunderstorms,  enemy  aircraft,  or  other  aircraft  on  a  collision  course. 
The  communication  systems  in  common  use  are  VHF  and  UHF  radio,  but  HF  is 
often  used  on  over-the-ocean  flights,  and  VLF  ra 'io  is  used  on  some 
special-purpose  aircraft.  The  antennas  for  some  of  these  systems  are 
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illustrated  in  Fig.  14.  Navigation  aids  in  common  use  are  radio  direction 
and  range-finding  systems  (VOR,  ADF,  DME) .  Sophisticated  ground-mapping 
and  terrain-following  systems  are  found  on  some  advanced  military  aircraft. 
Most  aircraft  also  carry  weather  radar,  and  military  aircraft  often  have 
IFF  and  ECM  systems.  All  of  these  systems  contain  extensive  small-signal 

\ 


Fig.  14.  (a)  Some  antennas  on  aircraft;  (b)  wire  antennas  and  flush-mounted 


antennas . 


electronic  circuits  that  require  protection  from  the  EMP.  Furthermore, 
all  of  these  systems  use  antenna  elements  that  are  directly  exposed  to 
the  external  charges  and  currents  induced  on  the  airframe  by  the  EMP. 

3. 2. 2. 1.5  Environmental  Control  Systems 

Environmental  control  equipment  required  to  accommodate  the  flight 
crew  and  passengers  includes  cabin  pressurization,  heating  and  air  condi¬ 
tioning,  oxygen  supply  systems,  lavatories,  ejection  systems,  windows 
and  similar  accouterments.  Most  of  these  items  are  relatively  immune 
to  the  EMP,  and  many  are  not  critical  to  the  aircraft  mission.  Neverthe¬ 
less,  examination  of  these  components  is  always  prudent.  For  example, 
a  window  may  be  presumed  to  be  immune  to  the  EMP,  but  the  compromise  it 
makes  in  the  shielding  ability  of  the  skin  may  be  important  to  other 
onboard  equipment.  Also,  seemingly  unimportant  changes  in  technology 
may  produce  significant  ramifications  in  the  susceptibility  of  the 
aircraft  to  the  EMP.  As  an  example,  the  low-cost  and  flexibility  of 
microprocessors  has  led  to  widespread  applications  of  these  components 
in  areas  not  heretofore  considered.  Therefore,  many  devices  that  were 
formerly  mechanically  or  electromechanically  operated  and  were  therefore 
immune  to  the  EMP  are  now  electronically  controlled  and  potentially 
susceptible. 

3. 2. 2. 2  Aircraft  Topology 

Most  electronic  components  in  conventional  all-metal  aircraft  can  be 
viewed  as  having  two  principal  electromagnetic  shielding  surfaces.  The 
first  principal  shield  is  provided  by  the  metal  skin  of  the  aircraft,  and 
the  second  is  provided  by  the  metal  equipment  cases.  For  structural  and 
functional  reasons,  "he  volume  inside  the  skin  is  often  partitioned  by 
bulkheads  and  decks,  as  illustrated  in  Fig.  15.  Thus  the  volume  inside 
the  first  principal  shielding  surface  is  cellular,  or  in  the  terminology 
of  Part  1,  it  is  divided  into  elementary  volumes  or  subvolumes.  For 
example,  the  equipment  bays  near  the  nose  of  the  aircraft,  the  pressurized 
crew  compartments,  the  bomb  bays,  the  wheel  wells,  etc,  are  each  nominally 
closed  elementary  volumes  inside  the  first  shield.  Similar  partitions 
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Fig.  15.  Elementary  volumes  within  the  aircraft. 


occur  in  the  wings  and  empennage  between  the  fixed  and  moving  parts  (see 
Fig.  13)  and  between  the  fuel  cells  and  the  leading  and  trailing  edge 
regions  of  the  wings. 

Compromises  of  the  first  principal  shield  occur  at  windows,  doors, 
cable  and  plumbing  penetration  points,  and  at  riveted  joints  in  the  skin. 

The  pressurized  main  cabin  in  Fig.  15,  although  potentially  well  shielded, 
may  receive  EMP  fields  through  windows  and  imperfect  door  seals  and  skin 
joints,  but  probably  more  important  will  be  the  currents  entering  the 
cabin  on  electrical  wiring  and  control  cables  that  are  exposed  to  the 
external  EMP  in  the  wings  or  under  non-metal.lic  skin  sections  or  fairings. 

In  the  equipment  bays,  electrical  wiring,  hydraulic  tubing,  heating  and 
ventilation  pipes,  control  cables,  and  other  plumbing  may  permit  inter¬ 
ference  to  propagate  from  one  elementary  volume  to  another.  Therefore, 
the  environments  in  elementary  volumes  that  are  potentially  Independent 
of  one  another  may  in  fact  be  closely  related  because  of  the  many  conducting 
wires  and  tubes  passing  through  the  separating  walls. 


The  second  principal  shield,  the  equipment  cases,  houses  the  small- 
signal  circuits.  The  equipment  is  packaged  for  installation  in  equipment 

racks  in  the  crew  cabin  or  is  mounted  in  one  of  the  equipment  bays.  , 

/ 

Therefore,  each  item  of  equipment  is  usually  small  enough  to  be  hand- 
placed  and  each  carries  its  own  shield.  A  typical  avionic  system  is  made 
up  of  several  such  packages  interconnected  with  cables  as  illustrated  in 
Fig.  16.  The  second  principal  shield  is  thus  composed  of  several  poten¬ 
tially  independent  regions;  however,  unlike  the  first  principal  shield, 
these  regions  do  not  often  share  a  common  wall,  although  they  may  be 
separated  by  a  common  first  wall  as  in  Fig.  16.  Alternatively,  the 
individual  equipment  shields  may  be  interconnected  through  the  cable 
shields  to  form  a  single  shield  of  irregular  shape,  as  shown  in  Fig.  17. 


external  environment 


Fig.  16.  Typical  aircraft  topology  with  unshielded  interconnection 
cables . 
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fig.  18.  Topology  for  a  radio  system. 
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The  topology  for  a  radio  system  with  an  external  antenna  in  particu¬ 
larly  Interesting  because  of  the  external  environment  inside  the  antenna 
cable.  Fig.  18  illustrates  a  radio  receiver  with  a  dipole  antenna 
connected  to  the  receiver  by  a  coaxial  cable.  The  receiver  cabinet  and 
RF  terminal  structure  must  provide  two  layers  of  shielding  to  be  topo¬ 
logically  consistent  with  the  remainder  of  the  two-layer  shield  system. 

As  shown  in  Fig.  18,  this  may  be  achieved  by  employing  a  tuned  matching 
network  or  coupler  and  a  tuned  RF  stage,  although  in  practice  these 
shield-preserving  components  may  not  be  as  distinct  as  those  shown  in 
the  illustration. 

Because  avionic  equipment  is  often  supplied,  already  packaged  and 
ready  to  mount,  the  airframe  manufacturer  may  have  little  control  over 
the  equipment  case  and  its  interior.  He  usually  controls  the  inter¬ 
connecting  cable  design  and  installation,  however,  "so  that  he  may  be 
required  to  determine  whether  the  cables  should  be  unshielded,  as  in. 

Fig.  16,  or  shielded  as  in  Fig.  17.  The  correct  choice  will  depend  on 
the  sensitivity  of  the  equipment,  the  quality  of  the  environment  inside 
the  first  shield,  and  on  the  cost  and  weight  of  cable  shielding  compared 
to  equipment  terminal  protection  (or  other  techniques  for  maintaining  the 
integrity  of  the  second  principal  shield^ . 

;  To  provide  further  EMP  hardness  for  certain  components  a  third 
principal  shield  may  be  required,  an  example  of  which  is  the  cable  shield 
with  a  cable  conduit.  In  principle,  one  may  Introduce  a  third  principal 
shield,  and  so  on,  to  reduce  the  interference  to  as  small  an  amount  as  one 
pleases,  but  the  penalty  of  cost  and  weight  of  shielding  will  be  increased. 

In  the  two  sections  that  immediately  follow,  example  calculations  will 
be  made  for  several  interaction  paths.  Fig.  19  is  the  interaction  sequence 
diagram  that  threads  all  the  example  calculations  together. 

3. 2. 2.3  External  Interaction 

3. 2. 2. 3.1  Airframe 

The  interaction  of  a  flying  aircraft  with  the  EMP  induces  current  flow, 
and  therefore  charge  displacement,  on  the  airframe.  Typical  quasi-static 
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Fig.  19.  Interaction  sequence  diagram  for  the  aircraft 
example  calculations. 
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airframe  currents  and  charge  displacements  are  shown  in  Fig.  20  for  the 
fuselage  and  wing  excitations.  Because  the  airframe  of  a  medium-sized 
transport  aircraft  resonates  at  a  few  MHz  (e.g.,  the  KC-135  resonates 
at  about  2.5  MHz),  the  high-altitude  EMF  spectrum  excites  the  first 
resonance  and  many  higher  order  natural  modes. 

These  induced  skin  currents  and  charges  determine  the  interaction  of 
the  EMP  with  the  aircraft's  interior.  That  is,  the  penetration  of  the  EMP 
through  a  window,  the  excitation  of  a  small  antenna,  and  the  diffusion  of 
fields  through  the  skin  are  all  dependent  on  the  nature  of  the  local  EMP- 
induced  currents  and  charges  on  the  airframe.  Because  the  aircraft's 
outer  skin  is  for  the  most  part  composed  of  a  highly  conducting  metal, 
such  as  aluminum  or  titanium,  the  metal  skin  can  be  considered  a  perfect 
conductor  for  determining  the  skin  current  and  charge  density.  The 
mathematical  problem  of  calculating  the  skin  currents  and  charges  is  then 


Fig.  20.  Quasi-static  current  paths  and  charge  distributions  induced 
on  an  airframe. 
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a  problem  in  electromagnetic  scattering  by  a  perfectly  conducting  body. 

The  difficulty  of  such  a  problem  depends  on  the  complexity  of  the 
scattering  object,  which  in  the  case  of  aircraft  is  very  great.  In 
aircraft  external  interaction  analysis,  one  is  usually  limited  to  modeling 
an  aircraft  with  simple  geometrical  shapes  sucn  as  crossed  pipes.  For  the 
stick  (or  crossed  pipe)  model  illustrated  in  Fig.  21,  computer  codes  have 
been  developed  to  predict  the  values  of  induced  currents  and  charges  at 
low  and  intermediate  frequencies  (see  Sec.  2. 1.2. 1.4). 

If  a  substantial  fraction  of  the  skin  is  composed  of  partially 
conducting  composite  materials  such  as  carbon  fiber  laminates,  the 
resulting  reduction  of  the  skin  conductivity  complicates  the  response 
characteristics  of  the  aircraft  skin  to  an  EMP.  Consequently,  the  external 
interaction  problem  for  an  aircraft  equipped  with  a  partially  composite 
skin  is  more  difficult  than  the  corresponding  problem  for  an  entirely 
metallic  skin.  Nonconducting  composites  such  as  glass  or  aramid  fiber 
laminates  are,  of  course,  transparent  to  the  EMP.  Small  nonconducting 
composite  sections  may  be  treated  as  apertures  in  the  metal  skin. 


interaction  calculation. 
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The  external  interaction  of  aircraft  equipped  with  long  traillng-wire 
antennas  for  low-frequency  communication  systems  (e.g.,  LF-VLF)  is  unique 
because  in  this  case,  the  characteristics  of  the  antenna  rather  than  the 
airframe  dominate  the  low-iraqueocy  response.  In  the  context  of  electro 
magnetic  scattering,  the  airframe  behaves  as  a  small  blob  at  the  end  of  a 
very  long  wire  (Fig.  22).  Thus  wavelengths  of  several  kilometers,  which 
are  associated  with  low-frequency  and  quasi-static  responses  for  most 
aircraft,  are  associated  with  the  intermediate  frequencies  on  aircraft 
with  trailing-wire  antennas  (see  Sec.  2. 1.2. 3.1). 

Another  Important  configuration  to  be  considered  is  the  "ground-alert" 
configuration  in  which  the  aircraft  is  parked  on  the  ground  with  ground 
support  equipment  attached.  In  this  configuration,  the  wheels  are  down, 
the  external  stores  are  installed,  the  canopy  (or  cabin  door)  is  open,  and 
a  ground  power  cable  and  ground  wire  are  attached.  The  excitation  of  the 
parked  aircraft  by  the  BMP  also  differs  from  that  of  the  aircraft  in  flight 
in  that  the  incident  wave  is  reflected  by  the  ground,  after  which  the 
reflected  wave  also  interacts  with  the  aircraft  (Bee  Sec.  2.1.2.1.4d). 

In  either  the  flight  or  ground-alert  configurations,  the  complete 
response  of  the  airframe  to  the  EMP  is  very  complex  and  difficult  to 
describe  comprehensively.  This  difficulty  results  from  the  complex  shape 
of  the  aircraft  and  the  broadband  spectrum  of  the  EMP  excitation.  Because 
of  these  factors,  a  complete  description  of  the  surface  charge  and  current 


Fig.  22.  Aircraft  with  LF/VLF  trailing-wire  antenna  deployed. 


densities  everywhere  on  the  aircraft  is  almost  never  attempted.  It  is 
adequate  for  EMP  interaction  studies  to  obtain  the  charge  and  current 
densities  at  a  few  specific  points  on  the  airframe,  such  as  the  points 
where  antennas  are  mounted,  where  windows  or  albedo  or  sextant  ports  are 
located,  where  there  are  doors  or  access  plates,  or  where  there  are  cracks, 
seams,  or  nonmetallic  skin  sections. 

3. 2. 2. 3. 2  UHF  Antenna 

As  an  example  we  will  examine  the  current  and  charge  in  the  vicinity 
of  an  antenna  such  as  a  UHF  blade  antenna  near  the  nose  of  the  aircraft. 

The  charge  density  at  the  nose  of  an  EC-135  aircraft  is  shown  in  Fig.  30 
of  Chap.  2.1.  From  Fig.  65  of  Chap.  2.1  one  can  find  the  effective  height 
he  and  the  impedance  of  the  UHF  blade  antenna.  The  open-circuit 
voltage  induced  at  the  terminals  of  the  antenna's  connector  is 

Voc  -  hep/eo  (19) 

where  p  is  the  charge  density  which  would  exist  on  the  skin  of  the  aircraft 
at  the  location  of  the  antenna  if  the  antenna  were  removed. 

It  is  apparent  from  Fig.  65  of  Chap.  2.1  that  the  effective  height 
of  the  UHF  antenna  is  small  (less  than  0.5  cm)  for  frequencies  below 
100  MHz.  It  is  also  apparent  from  Fig.  30  of  Chap.  2.1  that  the  charge 
density  p  is  very  large  (10eQEi  -  100eQEi  for  the  frequencies  shown) . 
Because  the  EMP  source  spectrum  is  weak  above  20  -  100  MHz,  the  antenna 
response  in  this  region  of  the  spectrum  is  also  weak.  However,  in  the 
vicinity  of  2.5  MHz,  the  source  is  significant  and  the  charge  density  on 
the  skin  is  enhanced  by  the  fuselage  first  resonance. 

Because  of  the  shunt  across  the  UHF  blade  antenna  (Fig.  64,  Chap.  2.1) 
the  antenna  characteristic  at  low  frequencies  is 

h  -  h'(Jm)2LC  (20) 

6  6  & 

where  L  is  the  inductance  of  the  shunt  (L  -  27.6  nH) ,  C  is  the  antenna 

a 

capacitance  (C&  “  2pF) ,  and  h^  is  the  ef  fe»  ive  height  of  the  antenna 
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before  shunting  (h '  “  0.2m).  Because  L,  C  and  h'  are  all  nearly  independent 

6  3  S  2 

of  frequency  at  frequencies  below  20  MHz,  h  increases  approximately  as  to 

e  _i 

in  this  region,  whereas  the  EMP  spectrum  is  falling  as  to  throughout  most 
of  this  region.  Thus,  if  the  normalized  p"(to)  in  Fig.  30  of  Chap.  2.1 
represents  the  impulse  spectrum  of  the  charge  density,  the  antenna  response 
to  the  EMP  will  look  like  the  derivative  of  the  impulse  response;  that  is, 


VQc(io)  a  K  jto  p (to) 

V(t>  ■  K  JF 


(21) 


where  K  ■  E  h*LC  *  5.5  x  10  ^  and  E  “5  x  10^V/m  -  amplitude  of  E^t). 
o  e  a  o 

While  the  Inverse  transform  of  the  charge  density  spectrum  can  be 
obtained  numerically,  an  estimate  of  the  transient  charge  density  can  be 
obtained  from  the  spectral  peak  magnitudes  and  bandwidths  of  the  two 
resonances  displayed  in  Fig.  30  of  Chap.  2.1. 

A  simple  resonant  circuit  may  be  represented  by  the  transfer  function 


M _ i _ 

V  2  .  Or  ,  2 

O  S  +  2Cu)  Q  +  0J 
o  o 


V(t) 

v 

o 


to 


o 


-C»  t  / - 2 

e  sin(too/l  -  C  t)u(t) 


(22) 


where  to  is  the  undamped  natural  frequency  and  c  is  the  damping  ratio  for 

°  -1/2 
the  circuit  (e.g.,  for  an  RLC  circuit,  to  ■  (LC)  and  ?  *  1/ (2Q)  » 

RCioq/2  “  R/(2tooL)).  The  properties  of  the  resonance  that  are  important 

are  the  magnitude  of  the  spectrum  at  the  peak  (s  *  ju>o),  namely 


|v(JtoQ) 


(23) 
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the  resonance  frequency  w  ,  and  the  bandwidth  Aw  at  3  dB  below  the  peak. 
These  properties  are  illustrated  in  Fig.  23a.  The  impulse  response  of  the 
circuit  is  shown  in  Fig.  23b  where  it  is  apparent  that  the  impulse  response 
is  a  damped  sinusoid  with  a  peak  value  of  about  VQ / u)Q . 

For  the  two  resonances  shown  in  Fig.  30  of  Chap,  2.1  for  p"(w),we  have 

#1  #2 

magnitude  110  90 

bandwidth  0.4  MHz  1  MHz 

frequency  2.5  MHz  4.2  MHz 


and  in  the  time  domain  wr  have  two  damped  sinusoids  superimposed  on  one 
another.  The  damped  sinusoids  stimulated  by  the  incident  field  have  the 
properties 


peak  amplitude 
damping  time  constant 
fundamental  frequency 


1 1 

276  x  106 
0.795  x  10"6sec 
2.5  MHz 


£2 

565  x  106 
0.318  x  10  ^sec 
4.2  MHz 


Fig.  23.  Simple  resonant-circuit 


(b)  impulse  response 

pectrum  and  impulse  response. 
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The  time  derivatives  of  these  impulse  responses,  which  approximate  the  open- 
circuit  voltage  at  the  antenna  terminals,  give  the  EMP  responses: 

ill  #2 

peak  amplitude  2.4  volts  8.2  volts 

damping  time  constant  0.795  x  10  sec  0.318x10  sec 

fundamental  frequency  2.5  MHz  4.2  MHz 

Therefore,  it  appears  that  the  response  of  the  UHF  antenna  to  the  EMP 
is  dominated  by  the  aircraft  resonances  and  has  a  peak  open-circuit  voltage 
of  a  few  volts.  This  result  is  consistent  with  the  observations  that  the 
antenna  is  small  and  effectively  shorted  by  the  transmission-line  stub 
throughout  most  of  the  EMP  spectrum.  The  response  calculated  is  for  the 
antenna  mounted  on  the  nose  where  the  charge  density  is  enhanced.  At  more 
common  locations  on  the  fuselage,  the  charge  density  is  lower  by  an  order 
of  magnitude. 

This  behavior  is  fairly  typical  of  small  antennas  with  built-in 
lightning  protection  and  coupling  networks.  The  few  volts  delivered  to  the 
coaxial  center  conductor  are  usually  well  within  the  tolerance  of  the 
receiver/transmitter  terminals;  furthermore,  this  signal  is  shielded  from 
the  interior  of  the  aircraft  by  the  coaxial  cable  shield.  Thus  EMP  coupling 
to  such  antennas  is  usually  not  a  major  problem. 

3. 2. 2. 3. 3  HF  Fixed-Wire  Antennas 

To  estimate  the  response  of  the  HF  fixed-wire  antenna  to  an  incident 
EMP  let  us  examine  Fig.  91  of  Chap.  2.1  and  the  spectrum  of  a  double¬ 
exponential  pulse.  The  asymptotic  behavior  of  a  double-exponential  pulse 
is  shown  in  Fig.  24,  where  it  is  noted  that  for  frequencies  below  f^  (times 
greater  than  t„) ,  the  Incident  pulse  behaves  as  an  impulse  of  magnitude 
EoTf,  wh^e  f°r  frequencies  between  and  f2  (times  between  xr  and  t^)  , 
the  pulse  behaves  as  a  step  function  of  magnitude  Eq.  For  the  double¬ 
exponential  EMP,  f^  -  0.6  MHz  and  f2  -  40  MHz,  so  that  the  large  5  MHz 
resonance  in  in  Fig.  91  of  Chap.  2.1  falls  in  the  step-function  region 
of  the  EMP  spectrum.  Thus  we  may  estimate  the  antenna  response  by  obtaining 
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El(t)=E0(e't/Tf-e”t/rr)u(i) 

rL,_Eo(l/Tf-l/Tr)  . 


E^«)  =  .  (Tr«Tf) 

(s+l/Tf)(S+l/Tr)  r  f 


f.  =  i/(27TTi} 


A 
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Fig.  24.  Double-exponential  pulse  spectrum  in  log-log  scale. 


the  step-function  response  of  the  simple  resonant  circuit  described  above. 
For  the  unit-step  function  excitation,  the  response  is 


1  -  ;  t  -<p)  u(t) 


-icoot 

e  sin(u> 


-1  /  2 

where  9  ■  tan  (/1-?  /{;)•  For  high-Q  circuits  (c  <<  1)  the  step-function 

2 

response  consists  of  a  sinusoid  of  peak  magnitude  VQ/mo  superimposed  on 
a  step  of  the  same  amplitude  as  illustrated  in  Fig.  25. 

The  "resonance"  of  hg  in  Fig.  91  of  Chap.  2.1  at  5.2  MHz  has  a  peak 
magnitude  of  about  1000  m  and  a  bandwidth  of  about  0.2  MHz.  The  bandwidth 


and  resonance  frequency  lead  to  a  damping  ratio  C  K  0.02  (Q  =■  26),  and 
so  the  high-Q  approximation  can  be  used.  Also,  5.2  MHz  is  in  the  "step- 

4 

function"  region  of  the  EMP  spectrum;  thus  the  response  to  a  5  x 10  V/m 
step  excitation  will  be  used.  Since 


V 

o 

m  Aw 
o 


1000 


when  w  =* 
o 


2tt  x  5.2  x  10 


6 


2 

we  have  Vq /oj^  =  38.5.  The  peak  open-circuit  voltage  induced  at  the 
terminals  of  the  fixed-wire  antenna  by  the  50  kv/m  Incident  EMP  is  then 


V(t) 


pk 


5  x  104  x  2V  /a)2  *  3.85  MV 
o  o 


(25) 


There  is  also  a  smaller,  broader  resonance  at  1.7  MHz  in  Fig.  91  of 
Chap.  2.1;  this  is  apparently  the  airframe  first  resonance,  and  the  peak 
induced  voltage  at  this  frequency  is  about  0.4  MV.  Thus  the  response  at 
5.2  MHz  dominates  the  antenna  response. 

In  Fig.  91a  of  Chap.  2.1  it  is  seen  that  the  antenna  input  impedance 
4 

is  approximately  6x10  ohms  at  5.2  MHz.  Hence  the  antenna  behaves  as  a 

£ 

current  source  supplying  a  short-circuit  current  V  /Z,  **  3.85  x 10  /6  x 

,  rr  J  oc  in 

»  A 

10  *  64A  to  any  load  impedance  small  compared  to  6xl0^ohms.  If  a 
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50-ohm  matched  coaxial  cable  is  used  between  the  antenna  and  the  receiver, 
this  cable  will  carry  64A  on  the  center  conductor  and  the  braided-wire 
shield.  As  indicated  in  Fig.  26,  the  voltage  between  the  center  conductor 
and  the  shield  would  be  3.2  kV,  certainly  enough  to  damage  the  receiver 
if  the  TR  switch  was  not  activated  by  the  EMP  induced  pulse. 

3. 2. 2. 4  Internal  Interaction 

3 . 2 . 2 . 4 . 1  Fixed-Wire  Cable  Crosstalk 

A  question  remains  regarding  the  effect  this  EMP-induced  voltage  might 
have  on  other  avionics  on  the  same  aircraft.  Some  of  the  EMP-induced 
signal  will  leak  out  of  the  braided  wire  shield  used  on  typical  coaxial 
transmission  line  and  excite  other  nearby  cables.  A  typical  leakage 
inductance  for  the  50-ohm  RG-213  cable  is  0.25  nH/m.  The  voltage  per 
meter  developed  outside  the  cable  by  the  64A  current  inside  is 

V'  «  a)  Lil  -  0.52  V/m  (26) 

O  36 


skin 


Fig.  26.  Voltages  and  current  induced  by  a  50  kV/m  double-exponential 
pulse  on  HF  fixed-wire  antenna  components. 


Electric  coupling  between  the  braid  shield  and  the  external  conductor  has 

been  neglected  in  this  analysis.  For  the  E-4  aircraft,  20  m  of  this  cable 

may  be  required  between  the  antenna  and  the  receiver,  so  that  as  much  as 

10  volts  could  be  developed  on  other  conductors  in  the  same  bundle  by 

leakage  out  of  the  antenna  feed  cable  as  indicated  in  Fig.  26.  This 

assumes  no  coupler  at  the  antenna  terminals;  a  coupler  is  usually  installed 

near  the  antenna  terminals  which,  unless  it  were  tuned  to  u  ,  would  attenuate 

o 

the  EMP-induced  signal. 

Although  10  volts  is  not  a  large  transient  for  the  interior  of  the 
aircraft,  it  is  large  enough  to  upset  logic  circuits  unless  the  circuits 
are  protected  by  an  additional  layer  of  shielding.  Furthermore,  because  of 
uncertainties  in  the  estimates  leading  to  the  10-volt  result,  a  safety 
margin  of  perhaps  an  order  of  magnitude  is  desired. 

3 . 2 . 2 . 4 . 2  Wires  Near  Aperture 

Interaction  of  the  EMP  with  conductors  inside  the  aircraft  by  means 
of  fields  penetrating  apertures,  such  as  windows,  hatches,  or  doors,  is 
also  of  interest.  Such  interaction  is  particularly  likely  in  the  vicinity 
of  the  cockpit  where  windows  or  canopies  are  required  for  operator 
visibility,  and  in  wheel  wells  and  bomb  bays  where  large  doors  and  poor 
''.lectromagnetic  seals  can  permit  significant  penetration. 

Let  us  consider  a  wire  bundle  routed  near  a  window  as  illustrated 

in  Fig,  27a.  The  window  and  wire  bundle  can  be  represented  as  an  aperture 

and  a  wire  as  shown  in  Fig.  27b.  For  the  wire  close  to  the  wall  (h/R^O.l) 

and  not  too  close  to  the  edge  of  the  window  (£/Rq  <  2),  the  data  of  Figs.  2 

and  3  of  Chap.  2.2  can  be  used.  The  open-circuit  voltage  induced  on  the 

wire  by  a  surface  tangential  magnetic  field  H  perpendicular  to  the  wire 

s  c 

is 

V  ■  f  jcoy  ha  H  /(ttR^)  (27) 

oc  s  o  m  sc  o 

where  f  is  the  small-hole  correction  factor  given  in  Fig.  3  of  Chap.  2.2, 
s 

and  affi  is  the  magnetic  polarizability  of  the  aperture.  For  a  round  hole 
of  diameter  £,  the  polarizability  nf  the  hole  is 
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(a)  physical  problem  (b)  canonical  problem 


Fig.  27.  Aperture  penetration  and  interior  wire  interaction. 

a  “  l3/6  (28) 

m 

At  airframe  fundamental  resonances,  the  short-circuit  surface  magnetic  field 
Hac  is  several  times  the  incident  magnetic  field  at  points  not  too  close 
to  the  extremities  of  the  airframe. 

For  the  EC-135  data  of  Fig.  32  of  Chap.  2.1,  the  airframe  first 

resonance  occurs  at  about  2.5  MHz  and  the  surface  field  is  20  times  the 

incident  field  strength.  Eecause  the  incident  double-exponential  EMT 

varies  as  1/w  at  2.5  MHz  and  the  induced  open-circuit  voltage  varies  as 

w,  these  frequency  dependences  cancel  and  the  open-circuit  voltage  is 

directly  proportional  to  the  impulse  response  of  the  airframe.  The  impulse 

response  whose  frequency-domain  properties  are  shown  in  Fig.  32  of  Chap.  2.1 

£ 

is  a  damped  sinusoid  of  normalized  peak  magnitude  25m  x 10  at  the  fundamental 

3 

frequency  of  2.5  MHz.  For  a  0.5  m  diameter  window,  a  =  0.0208  m  ,  and  for 

m  ’ 

a  typical  wire  position,  the  damped  sinusoidal  open-circuit  voltage  on  the 


wire  has  a  peak  value  of  about  110  volts.  This  is  a  significant  voltage;  it 
illustrates  the  importance  of  either  treating  windows  to  reduce  the 
penetrating  fields  or  routing  wiring  far  from  such  openings. 

3. 2. 2. 5  Hardening  Approaches 

On  aircraft  there  appears  to  be  little  that  can  be  done  to  control 
the  charge  and  current  density  induced  on  the  skin  by  the  incident  EMP 
(with  the  possible  exception  of  aircraft  with  trailing-wire  antennas) . 
Therefore  most  of  the  hardening  concepts  depend  on  establishing  and 
controlling  the  first  principal  shield  at  the  skin  or  at  some  other 
natural  or  deliberate  shield  surfaces.  The  pressure  hull  of  the  aircraft 
may  be  chosen  because  it  is  already  a  controlled  surface  and  most  sensitive 
avionics  are  in  the  pressurized  region.  Adding  EMP  control  to  the  pressure 
barrier  thus  requires  less  special  attention  than  imposing  EMP  requirements 
on  otherwise  uncontrolled  skins  and  bulkheads. 

As  the  above  examples  have  illustrated,  the  principal  offenders  in 
EMP  interaction  are  large  antennas  (or  other  line  conductors  that  act  as 
antennas)  and  large  apertures.  These  devices  allow  the  EMP  energy  to 
penetrate  the  first  principal  shield  and  to  Interact  directly  with  equip¬ 
ment  or  indirectly  through  mutual  coupling  to  other  internal  wiring.  The 
topological  approach  to  hardening  requires  that  the  apertures  in  the  first 
principal  shield  be  closed  and  that  the  currents  on  the  penetrating  con¬ 
ductors  be  diverted  to  the  outer  surface  of  the  shield. 

The  apertures  may  be  closed  by  covering  them  with  metal  skin  if  no 
penalty  is  incurred  by  doing  this .  For  many  apertures  (notably  the  cockpit 
windows),  however,  visibility  must  be  maintained.  In  such  cases,  several 
alternatives  are  available.  A  fine  mesh  that  does  not  appreciably  degrade 
visibility  may  be  used  to  break  the  large  aperture  into  many  small  apertures 
thereby  reducing  the  total  aperture  penetration.  A  conducting  coating  of 
stannous  oxide  having  a  surface  resistivity  of  2  to  5  ohms/square  can  be 
applied  to  significantly  reduce  the  EMP  penetration  without  seriously 
degrading  transparency.  Finally,  one  can  simply  avoid  routing  cables 
serving  sensitive  circuits  near  the  large  apertures.  The  latter  approach 
may  require  somewhat  more  control  over  cabling  practices  than  is  normally 
exercised  in  aircraft  manufacture. 
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Conductors  that  penetrate  the  first  principal  shield  are  often  more 
serious  compromises  of  the  shield  than  the  large  apertures.  It  is  important 
in  EMP  hardening  to  trace  the  system  topology  and  identify  all  penetrating 
conductors,  whether  they  are  electrical  cables  or  pipes,  tube3,  control 
cables,  etc.  Each  must  be  treated  in  some  manner  to  prevent  externally 
induced  currents  from  passing  through  the  skin  to  the  interior  of  the 
aircraft.  Techniques  for  treating  groundable  stationary  pipes  and  tubes 
and  signal-carrying  conductors  are  suggested  in  Fig.  9  of  Chap.  3.1.  An 
additional  treatment  for  electrical  wiring  is  to  distort  the  first  principal 
shield,  so  that  the  shield  encloses  the  "external"  wiring;  that  is,  to 
enclose  the  external  wiring  in  a  conduit  or  other  shield  that  is  topologi¬ 
cally  part  of  the  first  shield.  This  approach  can  be  used  for  wiring  in 
the  wings,  bomb  bays,  and  wheel  wells  where  natural  shielding  afforded  by 
the  airframe  is  very  poor  during  parts  of  the  mission. 

3.2.3  GROUND-BASED  SYSTEM 

Permanent  ground-based  installations  such  as  rocket  vehicle  launchers 
and  communication  facilities  are  generally  characterized  by  large  external 
appendages  such  as  power  lines  and  communication  cables,  and  by  facility 
shields  of  various  qualities.  For  the  present  example,  we  will  use  the 
rocket  vehicle  launcher  illustrated  in  Fig.  28.  Commerical  power  is 
normally  used  to  operate  the  system  and  to  perform  expendable  station¬ 
keeping  operations.  Communication  and  monitoring  from  a  remote  location 
is  done  through  a  buried,  shielded  communication  cable.  An  alternative 
communication  channel  may  be  a  radio  system;  hence,  an  external  radio 
receiving  antenna  and  feed  cable  may  be  provided. 

The  system  illustrated  in  Fig.  28  is  considerably  simplified;  opera¬ 
tional  systems  often  contain  many  other  external  elements  such  as  outside 
lighting,  WWV  receivers,  local  radio  communications  systems,  external  power 
outlets,  intrusion  alarm  sensors,  radiation/EMP  monitors,  local  telephone 
cables,  etc.,  as  well  as  plumbing  for  water,  sewage,  fuel,  etc.  However, 
the  elements  shown  are  representative  of  the  external  interaction  elements, 
and  they  will  be  used  to  illustrate  EMP  interaction  with  long  overhead 
conductors,  long  burled  conductors,  and  "local"  antennas  and  antenna  feeds. 
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Fig.  28.  Components  of  a  ground-based  launcher. 


In  addition,  as  will  be  discussed  later,  it  will  be  assumed  that  the 
launch  tube  lid  is  imperfect,  so  that  external  magnetic  fields  may  penetrate 
through  the  joints  between  the  lid  and  the  launch  tube  walls.  Thus,  this 
example  will  also  demonstrate  the  effect  of  penetration  through  the 
apertures  in  the  shield. 

3. 2. 3.1  System  Topology 

The  first  principal  shield  for  the  system  will  be  the  welded  steel 
walls  of  the  launch  tube  and  ground  equipment  compartment.  This  shield  is 
identified  in  Fig.  29  as  Sq  Except  for  the  launch  tube  lid  and  the 
holes  for  cable  entries,  the  outside  envelope  of  Sn  .  is  considered  to 
be  continuous  steel  plate. 

Within  Sn  1  there  are  secondary  principal  shields  that  form  the 
housings  for  power  and  signal  processing  circuits.  These  secondary  shields 
are  identified  as  ^  in  Fig.  29,  and  are  usually  metal  equipment  cabinets. 
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Within  the  launch  tube  the  vehicle  skin  ^  is  also  a  secondary  prinicpal 
shield  that  separates  the  rocket  vehicle  circuits  from  the  environment  of 
the  equipment  room  and  launch  tube. 

The  pertinent  system  topology  is  illustrated  in  Fig.  30,  where  the 
l&ft  half  of  the  diagram  represents  the  equipment  room  and  the  right  half 
represents  the  launch  tube.  The  first  principal  shield  on  the  left  side 
is  compromised  by  the  penetrating  cables,  while  on  the  right  side  the 
shield  is  compromised  by  the  leaky  lid  apertures.  The  divider  between 
the  left  and  right  sides  represents  the  wall  separating  the  launch  tube 
from  the  ground  equipment  room;  this  divider  is  compromised  by  the  umbilical 
cable  between  the  support  equipment  and  the  vehicle. 
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Fig.  29.  Identification  of 

shielding  surfaces. 


Fig.  30.  System  topology. 
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All  sensitive  circuits  and  components  are  presumed  to  be  in  the 
small-signal  regions  enclosed  by  the  second  principal  shields.  That  is, 
all  small-signal  circuits  are  housed  in  the  ground  support  equipment 
cabinets  (shield  S.  . )  or  in  the  vehicle  guidance  and  control  compart- 
ment  (shield  ^  •  Less  susceptible  circuits  (lighting,  heating/air 
conditioning,  power  conditioning)  may  be  compatible  with  the  equipment 
room  environment. 

3. 2. 3. 2  External  Interaction 

Four  important  external  interaction  problems  that  can  be  identified 
on  the  first  principal  shield  Sq  ^  of  Fig.  30  are  (1)  the  overhead  power 
lines,  (2)  the  buried  communication  cable,  (3)  an  on-site  antenna  and 
feed  cable,  and  (4)  the  external  fields  exciting  the  apertures  about  the 
launch  tube  lid.  These  example  problems  will  be  worked  out  in  this  section. 

3 . 2 . 3 . 2 . 1  AC  Overhead  Power  Lines 

The  elements  of  the  power  line  problem  are  illustrated  in  Fig.  31a. 

The  exposed  elements  are  a  semi-infinite  overhead  conductor  with  a  vertical 
down  lead.  These  elements  drive  a  shielded  feeder  that  leads  to  the  main 
distribution  panel.  At  the  main  distribution  panel  the  power  circuits 
branch  out  to  the  various  system  loads,  one  of  which  is  the  equipment 
within  the  first  principal  shield.  All  circuits  are  assumed  to  be  enclosed 
in  tight  metal  conduit,  so  that  negligible  additional  interaction  occurs 
between  the  feeder  and  the  facility  shield.  Within  the  main  distribution 
panel  the  power  conductors  leave  the  conduit  and  are  routed  to  circuit 
breaker  terminals.  This  portion  of  the  conductors  has  been  represented 
by  an  inductance  in  Fig.  31a;  it  could  also  be  represented  by  a  segment 
of  transmission  line  whose  characteristic  impedance  is  larger  than  that 
of  the  conductors  in  the  conduit. 

a.  Overhead  Line 

Fig.  31b  illustrates  the  problem  geometry  for  the  determination  of 
the  Norton  equivalent  source  characteristic  of  the  incident  EMP  and  the 
exposed  conductor.  The  induced  terminal  current  can  be  obtained  from 
scattering  theory  or  approximated  using  transmission-line  theory.  In 
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Fig.  31.  External  coupling  and  propagation  through  AC  power  system. 

(a)  AC  overhead  power  line  circuits;  (b)  equivalent  source 
for  overhead  lines;  and  (c)  source  transferred  to  facility 
shield  penetration. 

either  case,  the  short-circuit  current  will  depend  on  the  incident  EMP 
waveform  and  azimuth  and  elevation  angles  of  incidence,  and  the  current 
and  admittance  will  depend  on  both  the  conductor  size  and  height,  and  soil 
conductivity  and  permittivity. 

For  this  example,  consider  a  power  line  that  extends  to  infinity  (away 

from  the  facility)  and  is  10  m  above  soil  of  conductivity  10  mho/m.  Also 

for  simplicity,  assume  that  the  power  lines  can  be  represented  by  a  single 

-t/x 

conductor  of  radius  0.1  m.  Then  for  an  exponential  pulse  E  e  (with 
x  ■  250  ns)  incident  at  an  elevation  angle  of  20°  ( ^  •  20°)  end-on  (<£  ■  0) , 
the  line  is  characterized  by  (see  Sec.  2.1.2.3.3a) 
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(29) 


Z 

Z  -  ~  An( 2h/a)  -  217  ohms 
c  zu 

t  /t  -  —  sin  ^  -  0.0912  (30) 

O  CT 

_q 

a t  ■  0.250  x10  mho  -  sec/m 

D(tfi,<J>)  -  5.67  (vertical  polarization) 

The  short-circuit  current  at  the  terminals  is  given  by  (93)  of  Sec.  2. 1.2. 3. 3a. 4 

and  is  plotted  in  Fig.  32  for  E  ■  10^  V/m.  The  source  admittance  Y^  is  the 

0  ns  m  o 

Inverse  of  the  characteristic  impedance  Z  ,  i.e.,  Y''  ■  Y„  ■  1/Z„  .  These 

esc  c 

define  the  Norton  equivalent  source  representing  the  above-ground  power  line, 
as  illustrated  in  Fig.  31b. 


Fig.  32.  Short-circuit  current  induced  in  power  line  by  exponential 
pulse  of  incident  field. 
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b.  Low-Voltage  Wiring 


The  propagation  of  the  induced  current  through  the  feeder ,  distribu¬ 
tion  panel,  and  essential  load  conduit  is  illustrated  in  Fig.  31c.  The 
stray  inductances  in  the  distribution  panel  and  the  other  circuits  in  the 
support  building  (outside  the  first  principal  shield)  are  represented  by 
a  Tee  network  in  Fig.  31c.  Generally,  the  electrical  wiring  consists  of 
several  conductors  in  a  conduit  and  thus  the  transmission  lines  shown  in 
Figs.  31a  and  31c  are  multiconductor  transmission  lines.  As  suggested  in 
Fig.  31c,  the  transmission-line  problem  is  solved  as  a  two-conductor  line 
to  obtain  the  common-mode  Norton  equivalent  source  (I^,Y^)  at  the  point 
where  the  conduit  penetrates  the  first  principal  shield. 


c.  Service  Entrance  Conduit 

The  equivalent  source  1^  drives  the  line  end  of  the  service  entrance 

conduit  conductors.  For  this  example,  we  will  consider  only  the  common-mode 

currents  on  these  conductors,  and  assume  that  the  conductors  and  feeder 

conduit  form  a  uniform,  lossless  transmission  line.  The  Norton  equivalent 
(2)  (2) 

source  I  ,  Y'  '  at  the  end  of  the  service  entrance  conduit  entering  the 

S  8 

main  distribution  panel  is  then 


(2^  -  p(0)e~J2k& 
C  1  +  p(0)e~J2U 


(31) 


Id)e-JW  1  ±  P(0) 


1  +  p (0)e 


j2k* 


(32) 


where  p (0)  -  (Y^  -  Y(1^)/(Y(2^  +  Y^),  Y^2)  and  l  are,  respectively,  the 
c  c  c  c  c 

characteristic  admittance  and  length  of  the  conductors  in  the  service  entrance 
conduit,  and  Y^  is  the  source  admittance  of  the  Norton  equivalent  source 
driving  the  conduit.  £qs.(31)  and  (32)  above  thus  transfer  the  Norton 
current  source  from  the  line  end  of  the  conduit  to  the  main  distribution  end. 


For  a  feeder  conduit  3G-m  long  with  a  common-mode  characteristic 
impedance  of  25  ohms,  p(0)  **  0.85  and  the  conduit  is  a  quarter-wavelength 


long  at  2.5  MHz.  The  waveform  and  spectrum  of  the  short-circuit  current 

1^  are  shown  in  Fig.  33. 
s 

d.  Main  Distribution  Panel  and  Loads 

(2) 

The  source  1^  drives  the  Tee  network  consisting  of  Y^,  Y2>  and  Y^ 
in  Fig.  31c.  We  may  represent  the  stray  inductance  of  the  incoming  and 
outgoing  wiring  at  the  main  distribution  panel  by  lumped  inductances  Y^ 
and  Y^  in  series  with  the  lines.  The  input  admittances  of  non-essential 
station-keeping  circuits  are  represented  by  a  shunt  admittance  Y^  as 
illustrated  in  Fig.  31c.  The  transfer  function  for  the  Tee  network  is  then 


1 


I 


(3) 

s _ 

(2) 

s 


Y1Y2 


y^2)(y1  +  y2  +  y3)  +y1(y2  +  y3) 


(33) 


(2) 

where  YN  is  the  source  admittance  of  the  Morton  equivalent  source  given  in 
.  8 

(31)  above.  Of  particular  interest  here  is  the  early-time  effect  of  the  Tee 
network  on  the  transient.  To  examine  this  let 


Fig,  33.  Short-circuit  current  at  end  of  feeder  conduit. 


702 


1 


*  — 


Y,  “  nY  , 
3  c 


(t  <  2  l/c) 


(34) 


v(2)  .  Y 

s  c* 


Yl  -  Y2  «  (sL)' 


where  n  is  the  number  of  parallel  circuits  that  make  up  Y^  (each  has  length 


l  and  characteristic  admittance  Y  ) ,  and  L  is  the  lumped  inductance  of  the 


wiring  inside  the  distribution  panel.  Then 


ns  +  (2  +  n)s/r  +1/t^ 
s  s  s 


where  t  =  LY  and  the  inductance  in  series  with  the  branch  circuits  has 
s  c 


been  neglected.  This  transfer  function  has  poles  at 


-(2  +  n)  ±  /4  +  n 


For  L  «■  1  pH,  1/Yc  *  25  ohms,  and  the  number  of  station-keeping  circuits 


n-5,  the  time  constant  t  ■  40  ns.  For  these  nominal  values  of  character- 

s 


is tic  impedance  and  wiring  inductance,  the  poles  occur  at 


fx  -  0.64  MHz,  f2  -  4.9 


Although  the  transfer  function  may  not  be  valid  at  frequencies  as  low  as 
the  pole  frequencies,  we  have  nevertheless  demonstrated  the  effect  of  the 
stray  inductance  in  rejecting  the  high-frequency  content  of  the  incoming 
transient  (frequencies  above  f  2  are  highly  attenuated) . 

For  very  late  times  (t  >>  2  £/c),  Y^  -  Y2  ■+  °°  and  the  n  branch  circuits 
appear  to  be  open  circuits  (unless  a  green-wire  ground  is  used) ,  and 


x(3)  2  j(2) 
s  s 


y<3>  Y«) 

s  3  s 


m 


That  is,  the  short-circuit  current  at  the  output  side  of  the  distribution 
panel  is  the  same  as  that  at  the  input  side,  but  the  source  admittance  has 
changed  because  of  the  inclusion  of  the  station-keeping  circuits  Y^. 


At  intermediate  frequencies  the  natural  resonances  of  the  n  +  1 
conduits  will  produce  multiple  oscillations  superimposed  on  the  oscilla¬ 
tions  shown  in, Fig.  33  which  were  caused  by  the  service  entrance  conduit. 
Because  the  branch  circuits  are  predominantly  reactive  in  the  common  mode 
but  possess  a  Q  of  less  than  20,  these  oscillations  are  damped  out  rather 
rapidly.  (The  number  of  cycles  required  for  a  1/e  reduction  in  amplitude 
is  Q/ir.)  For  initial  estimates,  therefore,  it  will  be  assumed  that 

I  =  I^3)  and  Y  *  Y(3). 
p  S  P . 8 

3. 2. 3. 2. 2  Buried  Communication  Cable 


The  buried  communication  cable  is  assumed  to  be  a  shielded,  multi¬ 
conductor  cable  buried  at  a  uniform,  shallow  depth  in  the  soil.  As 
illustrated  in  Fig.  34a,  the  cable  shield  is  in  contact  with  the  soil  and 
is  circumferentially  connected  to  the  first  principal  shield  where  the 
cable  enters  the  facility. 


The  external  interaction  problem  for  the  buried  cable  may  be  separated 
into  three  parts:  (a)  determination  of  the  ambient  fields  in  the  soil 
(Fig.  34a),  (b)  determination  of  the  total  current  induced  in  the  cable  by 
these  fields  (Fig.  34b),  and  (c)  determination  of  the  common-mode  internal 
conductor  currents  from  the  total  current  and  shield  properties  (Fig.  34c). 
For  common  installations,  the  cable  can  be  treated  as  though  it  extended 
to  infinity  (away  from  the  facility)  and  the  shield  is  terminated  in  a 
short  circuit  at  the  facility  shield.  The  cable  shield  may  be  composed 
of  two  or  more  shields;  these  are  3horted  together  at  the  facility  shield. 
The  shields  are  usually  continuous  cylindrical  shields  (no  apertures);  thus, 
only  diffusion  through  the  shields  need  be  considered. 


The  total  current  induced  in  the  buried  communication  cable  shown  in 

Fig.  34  can  be  estimated  from  Figs.  59  and  60  of  Sec.  2. 1.2. 3. 3  b.2.  For 
-3 

a  *  10  ,  b  ■  1  m,  and  the  50  kV/m  exponential  pulse  (x  »  250  ns)  incident 
at  ip  ~  90°,  <j>  *  0  on  the  soil,  the  following  parameters  are  obtained: 
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Fig.  34.  External  coupling  and  propagation  through  shielded  underground 
communication  cable,  (a)  Underground  communication  cable;  (b) 
bulk  cv  'Tint  in  cable;  and  (c)  wire  current  at  facility  shield 
penetration. 


2  -10  -9 

x.  =  yob  =  4tt  x  10  sec,  x  =  e  /o  *  8 . 85  x  10  sec 
D  e  o 

p  “  x^/CAt)  =*  1.26x10  ,  D C41  * 4>)  “  cos  <{>  =  1  (vertical  polarization) 


»  1.33  kA  (b  »  1  m) 


The  waveform  of  the  current  I(t)  is  shown  in  Fig.  59  of  Sec.  2. 1.2. 3. 3  b.2. 

Let  us  now  assume  that  this  cable  has  a  single  steel  shield  (u  ■  100, 
0=6  x 10^mho/m)  which  is  0.5  mm  thick  and  5  cm  in  diameter.  Then  the 
diffusion  constant  for  the  shield  is 
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x^  -  ycr  d  -  37.7  ys 


and  the  dc  resistance  per  unit  length  of  the  cable  shield  is 


R'  -  (2tt  a  od)-1  -  2.12  x  10~3£}/m 
dc 


Therefore  x^  >>  x  and  the  incident  field  EQe  '  produces  the  same  response 
as  an  impulse  Eqt  6 (t ) .  The  short-circuit  current  induced  in  the  core  wires 
at  the  end  of  a  cable  of  length  J l  matched  at  the  opposite  end  is 


I  (0)  «  I\a)Z' Jl/Z 
SC  T  c 


2R'  E  x  /TT, 

dc  o  >T _ e  d 

cLs  sinh/sx”. 


for  i  <<  2tt  cx,  “  71  km.  Here  L'  is  the  external  inductance  per  unit  length 
Cl  s 

of  the  cable  (see  (102)  of  Sec.  2. 1.2. 3. 3)  and  is  the  characteristic 
impedance  of  the  core/shield  transmission  line.  In  the  time  domain,  the 
current  waveform  is  shown  in  Fig.  35a  normalized  to  the  coefficient  given 
by  (42)  as  a  function  of  normalized  time  t/x^.  For  our  example. 


Ex  D(^,$)R^  FT 

■— - —  /  —  -  0.0406  A/m 

ZcLs  V  Td 


Thus,  a  10-km  long  cable  would  have  a  peak  short-circuit  current  of  406  Ax 

1.85  =*  751  A  induced  on  its  core  wires  if  Z  -  10  ft  and  L’  -  2  yH/m. 

c  s 

For  a  wide  pulse  (step  function  or  x  >>  x^) ,  the  current  induced  at 
the  end  of  the  cable  is 


2R\  ®  E  DOM)  , _ 

i  (0)  -  - dc  ■  s- - /TT 

sc  Z  L  e  d 

c  s 


s  sinh  /sx". 


and  the  time-domain  current  waveform  is  shown  in  Fig.  35b,  which  evidently 
increases  without  limit  as  cable  current  is  drawn  from  an  ever-increasing 


•*  — 


I(t)  ZE0rnUJH\lf, 


I(t)4E0D(^,^>)Rdci 


Fig.  35.  Short-circuit  current  induced  on  core  conductor  of  a  buried 
shielded  cable.  (a)  Short-pulse  response, and  (b)  wide-pulse 


response. 


radius  in  the  soil  and  diffuses  through  the  electrically  thin  shield.  In 
practical  problems,  the  finite  dimensions  of  the  cable  and  area  of  illumina 
tlon,  the  finite  pulse  width,  and  the  effects  of  propagation  time  place  an 
upper  limit  on  the  induced  short-circuit  current.  For  most  cables  and 
soils,  the  impulse  response  of  Fig.  35a  is  appropriate  for  high-altitude 


EMP  excitation. 


The  Norton  equivalent  source  just  inside  the  facility  shield  thus 


consists  of  the  current  I  (0)  given  by  (43)  and  the  characteristic  admit- 

sc  -1 
tance  of  the  core/shield  transmission  line  by  Y  »  (Z  ) 


3. 2. 3. 2. 3  Communication  Antenna  and  Feed 


The  communication  antenna  and  feed  cable  are  illustrated  in  Fig.  36a. 
In  this  simplified  model,  the  external  interaction  elements  consist  of  the 
antenna  and  its  base  or  ground  plane,  and  the  coaxial  cable  between  the 
antenna  and  the  facility  shield.  In  practice,  the  antenna  system  may  also 
contain  an  antenna  coupler  (matching  network)  and  preamplifier  at  the  base 


sag  gg=gs^ms3Ba^3«aBaHS£2a£ 


Fig.  36.  External  coupling  and  propagation  through  external  antenna  and 
feeds,  (a)  Communication  antenna  and  feed;  (b)  contribution  of 
antenna  element;  (c)  contribution  of  antenna  base  and  cable  current 
and  charge;  and  (d)  equivalent  source  at  facility  shield  penetration. 

of  the  antenna;  these  components  are  not  included  in  the  example,  ihe 
coaxial  cable  between  the  antenna  and  the  facilrf  ty  shield  is  assumed  to  be 
RF  coaxial  transmission  line  with  a  braided-wire  shield.  Thus,  aperture 
penetration  through  the  cable  shield  will  contribute  to  the  externally 
induced  current  in  the  cable. 
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The  EMP-induced  current  in  the  feed  cable  will  consist  of  two  parts: 

that  induced  in  the  antenna  and  propagated  through  the  cable  (Fig.  36b), 

and  that  induced  through  the  cable  shield  along  its  exposed  length  between 

the  antenna  and  the  facility  shield  (Fig.  36c).  For  the  first  part,  the 

transient  response'  of  the  antenna  is  then  used  to  transfer  the  antenna 

characteristics  (I^.Y^)  t0  t^e  penetration  point  to  obtain  the  Norton 

equivalent  source  (I^,  Y  )  driving  the  internal  cable. 

a  a 

For  the  second  part  of  the  problem  the  current  and  charge  induced  in 

the  finite-length  cable  must  be  determined.  This  will  include  any  current 

caused  by  interaction  of  the  external  fields  with  the  antenna  base  (I^,Y^) 

as  well  as  the  distributed  current  induced  by  the  fields  along  the  cable. 

The  cable  current  and  charge  and  the  shield  transfer  characteristics  will 

(2) 

then  be  used  to  determine  the  Norton  equivalent  source  (I  ,Y  )  at  the 

a  a 

penetration  point.  (It  will  be  assumed  that  the  leakiness  of  the  shield 

has  a  negligible  effect  on  the  source  admittance  Y  .)  The  resultant  source 

a 

(I  ,Y  )  at  the  penetration  point  is  then  obtained  by  superposition  of  the 
a  a 

two  sources  (Fig.  36d) . 

a.  Communication  Antenna 

If  the  antenna  is  a  biconical  antenna  with  a  30°  cone  half-angle  and 
0.3  m  length,  the  antenna  may  be  considered  an  electrically  small  dipole 
and  its  capacitance  will  be 

2ire  d 

Ca  ■  must  3'r)  “  30-4  "F  <“> 


The  effective  height  h^  of  the  antenna  will  be  approximately  d/2  =*  0.15  m 
and  the  short-circuit  current  available  from  the  antenna  will  be 


I  -sCh  E(s)  -  4.56  x  10"12sEi(s) 
d  a  e 


or 


I,(t)  =  h  C  —*4.56x10  12 
d  e  a  dt  dt 


(45) 

(46) 


and  the  source  admittance  is  Y,  *  sC  • 

d  a 
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b.  Antenna  Base 


The  current  induced  on  the  antenna  base  is  the  total  current  on  the 
antenna  structure  less  the  current  on  the  conical  element  (1^  above) . 

The  total  current  is  approximately 

lfc  “  irr^eosEi(a)  (47) 


where  r^  is  the  radius  of  the  metal  base  plate.  The  net  current  to  the 
base  plate  is  thus 

I.  -  (  tt  r2e  -  h  C  )sEi(s)  (48) 

b  bo  e  a 

-12  i 

If  r^  -  0.6  m,  then  1^  “  5.45  x 10  sE  (s) ,  which  is  about  the  same  as  the 
current  in  the  antenna  element.  It  turns  out  that  the  effect  of  this 
current  is  insignificant  compared  to  that  of  the  antenna  current,  because 
the  base  current  flows  to  the  cable  shield  rather  than  to  the  center 
conductor. 

The  Norton  equivalent  circuit  (Fig,  36d)  just  inside  the  facility 
shield  consists  of  the  source  1^  transferred  to  the  opposite  end  of  the 
coaxial  cable  through 


I  =  I.e 
a  d 


-jia  l  +  p(o) 


1  +  p(0)e-;S2kil 


where 


P(0)  “ 


Y  -  sC 

c _ a 

Y  +  sC 

c  a 


auu  the  admittance  Y  is  obtained  from 

a 


Y  -  Y  1  ~  P<°>e 
a  C  1  +  p(0)e~j2ia 


-j2ia 


For  the  double-exponential  EMP  waveform,  the  current  waveform  I^(t)  is 
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(51) 


Id(0 


A  -t/Tf 
E  h  C  §-  (e  £ 
o  e  a  dt 


For  Eq  ■  5  x 10^V/m,  »  2  ns  and  x^  ■  250  ns,  this  current  has  a  peak 

value  of  57  A  and  a  very  short  duration,  as  illustrated  in  Fig.  37. 
Because  the  significant  current  lasts  for  only  about  10  ns,  it  occupies 
only  about  10  feet  of  cable  (air  line).  Thus,  if  the  coaxial  cable  is 
over  10  feet  long,  the  complete  waveform  is  transmitted  undistorted. 
However,  the  initial  waveform  will  be  followed  by  "echos"  of  the  initial 
pulse  as  the  reflections  from  the  cable  ends  arrive  at  later  times. 

3. 2. 3. 2. 4  Summary  of  Penetration  Currents 

The  peak  currents  and  times  to  reach  peak  are  summarized  in  table  1 
for  the  three  conductors  penetrating  the  primary  shield  of  the  facility. 

3. 2. 3. 2. 5  Lid  Excitation 

The  aperture  penetration  problem  associated  with  the  launcher  lid 
is  illustrated  in  Fig.  38.  An  exact  solution  of  the  problem  is  very 
difficult  because  the  apertures  are  at  a  discontinuity  in  the  cylindrical 


Fig.  37.  Short-circuit  current  induced  at  antenna  terminals. 
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Table  1.  SUMMARY  OF  CURRENT  SOURCES  REPRESENTING  CONDUCTORS 


PENETRATING  THE  FIRST  PRINCIPAL  SHIELD 


External 

Source 

Peak  Short- 

Circuit-Current 

Time  to 

Peak 

Source  Impedance 

Early  Late 

Power  Lines 

“  15  kA 

K  100  ns 

25  ohms  300  ohms 

Communication 

Cable 

<*  750  A 

-  6  us 

10  ohms  10  ohms 

Communication 

Antenna 

“  50  A 

<  10  ns 

50  ohms  - 

E  SSL  E 

;n  - 


.3- point 

_ _  eontoct 

]/AV>  between  lid 

r  •  •  M;:  and  |jner 


umbilical 

cable 


b-' i 


■base  contact 


Fig.  38.  Aperture  coupling  configuration. 
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surface.  In  an  operational  facility,  the  geometry  is  even  more  complicated 
because  the  lid  makes  a  sliding  contact  with  the  top  of  the  launch  tube, 
so  that  the  aperture  has  depth  as  well  as  area.  In  addition,  the  crack 
between  the  lid  and  the  tube  may  be  partially  filled  with  lubricants  and 
RFI  gasket  material.  For  this  example,  however,  we  will  assume  a  simple 
circumferential  aperture  divided  into  three  segments  by  the  lid/ tube  contact. 

The  external  interaction  problem  consists  of  determining  the  surface 
fields  (Fig.  39a)  and  the  current  density  J  flowing  across  the  top  surface 
of  a  metel  cylinder  immersed  in  the  soil  due  to  the  incident  EMP  (Fig.  39b). 
A  second  mode  of  excitation  is  for  longitudinal  current  to  flow  from  the 
lid  to  the  walls  of  the  tube;  this  current  will  be  driven  by  the  vertical 
component  of  the  electric  field,  whereas  the  current  flowing  across  the 
top  is  driven  by  the  horizontal  component  of  the  magnetic  field. 

The  remainder  of  the  external  interaction  problem  is  the  calculation 
(or  estimation)  of  the  magnetic  polarizability  of  the  apertures  of  Fig.  39c 
(see  table  15,  Sec.  2. 1.3. 2).  It  will  be  assumed  that  the  electric 
polarizability  of  the  aperture  is  negligible  in  the  practical  case  of  a 
wide,  low- impedance  flange  contact  between  the  lid  and  the  cylindrical 
launch  tube. 


Fig.  39.  External  coupling  to  launcher  lid  apertures,  (a)  Surface  fields, 
(b)  surface  magnetic  field  at  lid,  and  (c)  dipole  moments  of 
slots. 


713 


The  radial  current  at  the  edge  of  the  lid  Is 

I  «  ju>  2e  E^  (52) 

r  o 

due  to  the  vertical  electric  field  when  the  elevation  angle  of  Incidence 
is  small.  The  current  across  the  lid  produced  by  the  horizontal  magnetic 
field  Ht  is,  to  the  same  degree  of  approximation, 

X  «  a(2Ei/Z_)  (53) 

z  o 

where  a  is  the  radius  of  the  lid,  ZQ  m  /po/eQ  and  A  ■  ira  .  The  ratio  of 
these  currents  is 


Ir/Iz  a  j it  ka  (54) 

where  k  -  u)/c.  Thus,  when  ka  <<  1,  for  which  these  approximations  are 

valid,  the  current  I  dominates.  The  surface  current  density  exciting  the 

z  1 

lid  apertures  is  predominantly  given  by  2E  /Zq. 

3. 2. 3. 3  Internal  Interaction 

For  the  most  part,  the  internal  interaction  consists  of  propagation 
along  conductors;  however,  there  are  some  special  internal  Interaction 
cases  that  are  of  interest.  The  first  is  the  case  in  which  a  coupling 
between  the  input  and  output  cables  occurs  at  a  cabinet  or  junction  box. 
This  coupling  occurs  at  high  frequencies  because  of  the  capacitance 
between  the  input/output  cables  and  the  intervening  circuit  mass.  Fig. 

40  illustrates  this  coupling  circuit  in  simplified  form.  The  input 


I: 


C,  C, 


in  _ 

Vir*^€I 


2  I 
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ZC  P 
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ryftr 


Fig.  40.  Internal  cable  segment  and  capacitive  coupling  network. 
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cable  is  represented  by  a  transmission  line,  and  the  capacitance  between 
the  input  cable  and  the  circuits  in  the  cabinet  circuits  are  represented 
by  C^.  The  capacitance  between  the  output  cable  and  the  cabinet  circuits 
is  represented  by  C^,  and  is  the  capacitance  between  the  circuits  and 
ground,  or  cabinet,  chassis. 


For  illustrative  purposes  let  us  assume  that  “  C£  «  C^,  and  that 
the  small  capacitances  and  appear  to  be  open-circuit  terminations 
at  the  ends  of  the  input/output  cables  for  times  of  interest  in  the  EKP 
analysis.  Then 


C1C2 

C 


1  _  e~ju22./c 


(55) 


where  Z£  is  the  characteristic  impedance  of  the  cable  and  &  is  its  length. 
In  the  time  domain 

2C  C  00  -» 

■  -tf  lml  { h  hn“  -  ““  -  “l/c)  (56) 

where  m  =  2n  -  1 . 

Note  that  if  the  input  current  l^n  has  a  large  derivative,  the  output 
current  will  be  large.  Consider,  for  example,  a  power  lead  with  the 
current  of  Fig.  33  rising  to  15  kA  in  0.1  ys.  The  rate  of  current  rise 
is  15  x  10^A/s ,  and  for  **  10  pF,  ■  200  pF,  and  ■  100  ohms,  the 

peak  output  current  is  15  A.  Hence  we  have  15  A  delivered  to  an  output 
conductor  that  is  ostensibly  isolated  from  the  power  lead. 

A  second  internal  interaction  phenomenon  involves  leakage  out  through 
cable  shields,  propagation  along  the  shields,  and  leakage  back  through  the 
shield  to  internal  conductors.  A  simple  example  is  illustrated  in  Fig.  41, 
where  a  larger  EMP  induced  current  X  flowing  on  internal  conductors  induces 
currents  I  ^  and  on  the  cable  shields  and  a  voltage  V  on  the  internal 
conductors  of  the  second  cable.  This  phenomenon  is  most  effective  at  high 
frequencies  because  the  braided-wire  shields  are  leaky  at  high-frequencies 
and  the  inductance  L  of  grounding  conductors  allows  high-frequency  com- 
ponents  of  the  shield  current  I  ^  to  flow  onto  the  second  cable  as  I^. 
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Fig.  41.  Interference  propagated  on  cable  shields. 


For  a  cable  shield  transfer  Impedance  Z^,  -  JojL^  per  unit  length, 
the  current  I  ^  in  the  shield  is  approximately 


(57) 


at  early  times  (l.e.,  before  reflections  from  the  ends)  and  for 

IZ  «  L  dl/dt.  If  the  second  segment  of  cable  is  the  same  as  the 
c  g 

first,  the  early-time  voltage  induced  on  the  internal  conductor  of  the 
second  cable  will  be 


V  (t)  « 
oc 


cCLp' 

2L' 


I(t) 


(58) 


For  an  inductance  per  unit  length  L'  of  0.2  yH/m  and  a  leakage  inductance 
per  unit  length  of  1  nH/m,  the  open-circuit  voltage  impulse  Induced 
in  the  second  cable  by  a  15  kA-s  impulse  in  the  first  cable  is  11  V-s. 

For  a  cable  impedance  of  about  100  ohms,  this  induced  voltage  would  corre¬ 
spond  to  0.1  A  (for  a  short  pulse)  compared  with  15  A  for  capacitive 
coupling  between  conductors.  Such  coupling  phenomena  as  these  are 
responsible  for  the  apparent  permeation  of  facilities  by  the  high- 
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frequency  responses  even  though  stray  series  inductance  and  higher  losses 
in  dielectrics  and  conductors  tend  to  attenuate  the  high  frequencies. 

It  is  also  noteworthy  that  the  leakage  through  the  shields  is  signi¬ 
ficantly  smaller  than  the  capacitive  coupling  between  cable  ends. 
Topologically,  the  shielded  conductors  are  separated  by  two  layers  of 
shielding,  whereas  the  capacitively  coupled  conductors  are  in  the  same 
shielded  volume. 


3.2.4  SATELLITES 

Satellites  used  as  observation  platforms  or  communication  relay 
stations  are  rather  complex  vehicles  topologically  because  of  their  solar 
cell  arrays  and  their  gossamer  nature.  Because  the  stresses  on  the  vehicle 
structures  in  space  are  minimal  and  weight  is  at  a  t remium,  the  satellite 
vehicles  are  often  rather  flimsy  and  skeletal  in  comparison  to  aircraft 
and  rocket  vehicles.  Communication  satellities  may  also  contain  large 
apertures  to  accommodate  gimballed  antennas  or  other  adjustable-position 
components.  These  vehicles  also  often  contain  sensitive  electronic  systems 
to  maintain  the  proper  vehicle  altitude  and  to  store,  relay,  or  read  out  data. 

The  basic  features  of  a  communication  satellite  are  illustrated  in 
Fig.  42.  The  main  structure  of  the  satellite  is  a  hollow  right  circular 
cylinder.  It  spins  steadily  on  its  axis  to  maintain  orientation  stability. 

Its  cylindrical  surface  is  covered  with  solar  cells.  Two  dish  antennas 
are  mounted  on  the  cylinder's  top  end.  This  end  is  a  movable  platform 
detached  from  the  rest  of  the  cylinder.  It  is  kept  despun  from  the  cylinder 
by  a  motor  to  achieve  antenna  aim  control.  A  biconical  horn  antenna  is 
mounted  at  the  end  of  an  axial  shaft  which  extends  through  a  circular 
aperture  beyond  the  bottom  end  of  the  cylinder.  Electronic  components 
necessary  for  satellite  operation  are  housed  in  the  cylinder's  interior. 

They  are  shown  in  Fig.  42  as  "black  boxes"  connected  to  a  circumferential 
cable  bundle. 


Fig.  42.  Some  basic  features  of  a  communication  satellite  model. 


3. 2. 4.1  EMP  Environment  for  Satellites 

Because  satellites  are  exoatmospheric  vehicles,  their  EMP  environment 
is  significantly  different  from  that  of  the  surface  and  near-surface  systems 
The  high-altitude  EMP  is  generated  in  the  lower,  more  dense  region  of  the 
atmosphere  well  below  the  ionosphere.  In  order  for  this  wave  to  reach 
satellite  altitudes,  it  must  propagate  through  the  ionosphere;  in  so  doing 
its  characteristics  are  noticeably  altered.  For  example,  because  the 
ionosphere  is  a  good  reflector  for  frequencies  in  or  below  the  HF  band, 
these  components  of  the  EMP  spectrum  incident  on  a  satellite  are  largely 
filtered  out  by  the  ionosphere.  For  frequencies  above  the  HF  band,  the 
electron  inertia  causes  the  effective  dielectric  constant  and  the  electrical 
thickness  of  the  ionosphere  to  vary  with  frequency,  so  that  this  portion  of 
the  EMP  spectrum  is  dispersed  by  the  ionosphere.  The  EMP  waveform  incident 
on  the  satellite  therefore  has  a  smaller  peak  field  strength  and  is  more 
oscillatory  than  the  waveform  observed  below  the  ionosphere. 


Perhaps  more  important  than  the  dispersed  EMP  wave  incident  on  the 
satellite  is  the  flux  of  gamma  aid  X-radiation  produced  by  the  nuclear 
detonation.  ?7'ce  there  may  be  little  intervening  media  between  the 
weapr  and  the  satellite  for  a  high-altitude  burst  directly  illuminating 
the  satellite,  there  is  little  attenuation  of  the  radiation  propagating 
toward  the  satellite  (except  that  caused  by  distance) .  This  flux  of 
radiation  can  interact  with  the  satellite  structure  and  components  to 
cause  system- generated  EMP  (SGEMP)  and  transient  radiation  effects  on 
electronics  (TREE) .  These  effects  are  often  more  severe  than  the  dispersed 
EMP  itself  on  satellites.  In  the  following  discussion  of  satellite  inter¬ 
action,  only  the  EMP  interaction  is  considered. 

3. 2.4. 2  EMP  Interaction 

The  central  problem  of  the  satellita-EMP  interaction  analysis  is  to 
evaluate  the  voltages  and  currents  induced  on  the  cables  by  the  EMP.  One 
source  of  cable  voltages  and  currents  arises  from  the  direct  excitation 
of  external  wiring  and  ..itennas.  The  antennas  pick  up  energy  from  the  EMP 
and  inject  it  directly  inLO  the  cables.  Note  that  the  solar  panels  act 
like  antennai .  A  second  source  >f  cable  excitation  arises  from  the 
penetration  of  the  EMP  fields  through  the  open  apertures  on  the  satellite 
skin.  These  fields  then  interact  with  the  cables  in  the  satellite's 
Interior. 

The  skin  of  the  satellite  in  Fig.  42  can  shield  most  of  the  energy 
of  an  impinging  EMP  from  the  satellite's  interior.  However,  some  EMP 
energy  can  penetrate  through  the  skin  by  way  of  the  antennas  and  the 
apertures.  The  apertures  include  the  circumferential  slot  at  the  rim  of 
tne  antenna  platform,  the  vertical  slits  at  tne  joints  of  adjacent  solar 
panels,  and  the  circular  hole  for  the  biconical  horn  antenna.  These 
apertures  are  illustrated  in  Fig.  43. 

Altnough  the  shape  of  the  vehicle  and  its  apertures  are  different 
irom  those  of  the  rocket  vehicle  and  aircraft,  the  electromagnetic  inter¬ 
action  problem  is  quite  similar  to  those  already  discussed.  Furthermore, 
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Fig.  43.  A  geometrical  model  applicable  to  the  calculation  of  EMP  penetration 
through  the  apertures  on  the  satellite. 


because  the  EMP  problem  is  only  part  of  the  satellite  interaction  problem 
involving  SGEMP  and  TREE  considerations,  only  a  simple  numerical  example  will 
be  worked  out  below. 

When  the  satellite  is  illuminated  by  an  incident  EMP  whose  magnetic 
field  is  parallel  to  the  satellite  axis,  significant  magnetic-field  penetra¬ 
tion  into  the  interior  can  occur  via  the  slots  and  the  hole  shown  in  Fig.  43. 
The  maximum  open-circuit  voltage  that  can  be  induced  between  the  internal 
conductors  and  the  shield  of  the  circumferential  cable  bundle  shown  in 
Fig.  42  will  be  estimated  in  the  following.  It  will  be  assumed  that  all 
of  the  magnetic  flux  which  penetrates  the  satellite  through  the  slots  and 
hole  also  .links  the  cable  loop.  The  electromotive  force  associated  with  the 
rate  of  change  of  the  magnetic  flux  will  cause  a  total  current  1^  to  flow 
in  the  cable  loop;  this  total  current  will  then  induce  currents  and  voltages 
on  the  internal  conductors  of  the  cable  bundle.  The  open-circuit  voltage  is 
estimated  by  treating  all  the  internal  conductors  as  a  single  conductor  and 
by  ignoring  the  presence  of  the  "black  boxes"  shown  in  Fig.  42. 

The  system  top.  jgy  for  this  elementary  problem  is  shown  in  Fig.  44. 

The  first  principal  shield  is  the  outer  skin  of  the  satellite.  The  penetra¬ 
tions  of  this  shield  to  be  considered  in  this  example  calculation  are  the 
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S  _  (cable  bundle  shield) 
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internal  conductors 


Fig.  44.  Elementary  satellite  system  topology. 


vertical  slot  apertures  in  the  outer  skin.  The  second  principal  shield  is 
the  shield  of  the  cable  bundle.  This  shield  is  typically  a  mylar-aluminum 
film,  penetration  through  which  occurs  via  diffusion.  An  interaction 
sequence  diagram  for  this  elementary  problem  is  given  in  Fig.  45.  The 
following  notations  are  used: 

Z  “  length  of  vertical  slots 
w  =»  width  of  vertical  slots 
n  =  number  of  vertical  slots 


=  resistance  of  cable  loop 
=  inductance  of  c«..ble  loop 
b  *  radius  of  cable  loop 


r  =  radius  of  cable  bundle 
o 


Z'  -  transfer  impedance  per  unit  length  of  cable  shield 


Fig.  45.  Elementary  interaction  sequence  diagram  for  satellite 
example  calculation. 


It  is  shown  in  table  8  of  Sec.  2. 1.2. 1.2  that  the  short-circuit  magnetic 
field  Hsc  on  the  outer  surface  of  the  satellite  skin  is  approximately 

H  “  II1  (59) 

sc 

where  H  denotes  the  incident  magnetic  field.  The  magnetic  flux  which 
penetrates  the  vertical  slot  apertures  is  related  to  Hgc  and  to  ot^,  the 
magnetic  polarizability  of  a  single  aperture,  by 


3>  = 

m 


3n 

21  am^o  sc 


3n  „i 
97 

v  ni  o 


(60) 


The  permeaDility  of  free  space  is  denoted  as  usual  by  p  .  The  magnetic 
polarizability,  of  a  long  slot  aperture  is  given  in  table  14  of  Chap.  2.1  by 
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(61) 


Tri," 


m  24  An(44/w) 


Therefore,  substitution  of  (61)  into  (60)  yields 


$ 


np 

_ o _ 

m  16  &n(4£/w) 


(62) 


which  is  an  approximate  expression  for  the  total  flux  linking  the  interior 
of  the  satellite  via  the  vertical  slots. 

It  is  assumed  that  all  of  the  penetrant  magnetic  flux  4>m  links  the 
circumferential  cable  bundle.  This  assumption  will  lead  to  an  overestimate 
of  the  total  current  induced  in  the  cable  loop.  The  electromotive  force 
driving  the  cable  loop  is  then  simply  -s$  ,  and  the  current  induced  in  the 
loop  is  this  emf  divided  by  the  loop  impedance  R^  +  sL^.  It  can  be  shown 
that  may  be  neglected  in  comparison  to  sL^  in  the  frequency  range  of 
interest  (i.e.,  f  Z  30  MHz  because  of  the  presence  of  the  ionosphere 
between  the  source  region  and  the  satellite).  From  table  16  of  Chap.  2.1, 
we  have 

1^  =  pQb  ta(8b/rQ)  (63) 

so  that  the  loop  current  1^  is 


_ -  nir&^H^ _ 

t  16b  ftn(4£/wHn(8b/ro)~ 


(64) 


Now  the  maximum  open-circuit  voltage  Vqc  which  can  be  developed 
between  the  shield  and  the  internal  conductors  of  the  cable  bundle  is 
found  from  (117)  of  Chap.  1.3  and  (1)  of  Chap,  2.4  to  beUft. 


V 

oc 


2ubZ^Ifc 


(65) 


Using  (5)  of  Chap.  2.4  and  assuming  that  the  cable  bundle  shield  is  electri¬ 
cally  thin  over  the  frequency  range ^pf  interest,  we  find  that  Vqc  is 
approximately 
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UJ"  *-r .^3 


(66) 


s  _ -  mrA1 _ 

oc  16  r  od£n(8b/r  )&n(4£/w) 
o  o 

in  which  a  and  d  denote  the  shield  conductivity  and  thickness  respectively. 
The  time  dependence  of  Vqc  is  thus  seen  to  be  identical  to  that  of  H  ; 
and  the  peak  value  of  Vqc  is  given  by  (66)  when  H*'  is  replaced  by  its  peak 
value. 

For  purposes  of  numerical  illustration,  let  Z  ■  2m,  w  ■  0.5  cm,  n  ■  4, 
b  »  lm,  rQ  -  2  cm,  o  =  3.7  x 10^mho/m,  and  d  =  0.025  mm.  Then  the  open- 
circuit  voltage  Vqc  is  givei  by 

V  =  -  6.6  x  lO^tH1]  volts  (67) 

oc 

in  which  [H^]  denotes  the  numerical  value  of  H^.  It  has  already  been  pointed 

out  that  the  presence  of  the  ionosphere  causes  the  incident  EMP  to  have  a 

smaller  peak  value  than  that  which  would  be  observed  below  the  ionosphere. 

Thus  the  peak  value  of  V  will  be  less  than  that  which  would  occur  were 

oc  ^ 

the  ionosphere  absent;  choosing,  for  example,  [H  ]  ■  133,  which  would 
correspond  to  a  peak  electric  field  strength  below  the  ionosphere  of 
50  kV/m,  we  find  that 


V 


oc,peak 


<  0.9  volts 


(68) 


3.2.5  ERROR-ANALYSIS  EXAMPLES 

In  this  section  we  present  the  application  of  the  error-analysis 
formulas  described  in  Chap.  1.6  to  some  of  the  results  obtained  in  the 
foregoing  illustrative  system  analyses. 

3. 2. 5.1  Induced  Voltage  on  Rocket  Raceway  Cable  (cf.  Secs.  3. 2. 1.3. 2,  3. 2. 1.4) 

Eqs.  (9)  and  (10)  of  Sec.  3. 2. 1.3. 2  for  the  voltage  induced  per  unit 
length  of  raceway  cable  on  a  rocket  vehicle  yield  the  following  approximate 
expression  for  the  peak  value  of  this  voltage:  ^ 

'*> 
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(69) 


pk 


LTflIpkW//a 


in  which  w  is  the  raceway  perimeter  and  a  is  the  missile  radius.  The 
quantity  w/(2na)isa  purely  geometrical  parameter  used  to  estimate  the 
fraction  of  the  total  missile  current  flowing  on  the  raceway  cover. 

The  root-mean-square  (rms)  relative  errors  in  each  of  the  quantities 
L^,  f^,  w/a  and  I  ^  are  respectively  denoted  by 

,~2  „2 

lt  ri 


h 


<Xw/a>  * 


> 


and  from  (41),  Chap.  1.6, 
given  by 


the  relative  rms  error  in  V 


pk’ 


is 


<  V 

pk 
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(1 


+  <\,>)(1  +<*t  >> 

h  w/a  pk 


-  1 


(70) 


!  % 
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We  briefly  discuss  each  of  the  input  quantities  in  (70). 

The  transfer  inductance  per  unic.  length  represents  the  aggregate 

effect  of  the  bolted  and  riveted  raccway-cover  joints.  It  is  very  difficult 

to  calculate  both  L^,  itself  and  the  effect  of  combining  the  axial  and 

circumferential  polarizabilities  into  a  single  equivalent  L'.  Thus,  an 

optimistic  estimate  of  ^x.  ,  ) *  would  be  0.5,  or  50%.  We  use  this  value 

~  "T  c 

in  the  calculation  of  <[ x )>2. 

pk 

The  frequency  can  be  accurately  calculated  for  an  idealiced  model 
of  the  rocket  vehicle;  measured  natural-frequency  data  for  given  vehicleo 
arc  also  available.  Thus  we  assign  the  value  0.05,  or  5%,  to  ( x .  }  , 

The  fraction  w/a  can  be  determined  almost  exactly  for  a  given  vehicle, 
but  it  is  used  In  (69)  to  denote  the  fraction  of  the  total  missile  current 
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which  flows  in  the  raceway  cover.  This  current  fraction  and  the  geometrical 

~2  h 

fraction  may  not  be  identical;  thus  we  will  use  ,\xw/a)>  "  0.10,  or  10%, 

for  the  relative  error  in  w/a. 


The  peak  missile  current  I^*  like  the  frequency  f^,  can  be  calculated 
quite  accurately  for  an  idealized  model  of  the  vehicle.  Following  the 

•v  2  v 

discussion  in  Sec.  2. 1.2. 1.1,  we  assign  the  value  0.13,  or  15%.  to  <(x  /  ■*. 

pk 

It  is  now  a  simple  matter  to  evaluate  the  relative  error  3n  V'^.  We 
find  that 


<x^;,  >  =  54% 

vpk 


(71) 


If  the  value  of  L^,  were  exact,  i.e.,  if  <(x^,  were  set  equal  to  zero, 

then  would  be  less  than  20%.  It  isTapparent  that  the  large  relative 

v  pk 


error  in  L'  is  the  dominant  contribution  to  that  in  V',  ,  and  that 
T  pk 

''pk  LT 


The  open-circuit  voltage  developed  on  the  internal  cable  conductor 
pproximately 
is  approximately 


Is  approximately  given  by  (17)  of  Sen.  3. 2. 1.4.  The  peak  value  of  (t) 


V  (t.) 
oc 


pk 


T  < 

f  ?  T  *  —  T  — 

1  '  xc  L'  pk  a 


—r  V. 
Tc  L ’  pk 


(73) 


where  Vp^  is  given  above  in  (69) .  Using  the  assumed  relative  error  values 


<x^  >  *  0.00,  >** 

-  lTc 


0.10 


(74) 


<*?, T  ,>  -  0.10,  >2  =  0.54 

1/L  vpk 
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we  obtain 


ir 

'U 


<x^  >  =>  56% 

oc. 


(75) 


for  the  relative  error  in  V  (t) 

oc  'pk 

It  is  apparent  that  calculations  of  relative  error  in  a  given  quantity 
are  straightforward  when  the  relative  errors  in  the  constituents  of  that 
quantity  are  known.  What  is  far  more  difficult  to  quantify  is  the  error 
caused  by  the  use  of,  say,  a  low-frequency  approximation  such  as  that 
used  to  obtain  (12)  of  Sec.  3. 2. 1.3. 2,  when  the  solution  to  the  same 
problem  without  the  low-frequency  approximation  is  not  known.  It  is  at 
this  point  where  engineering  judgement  and  experience,  as  well  as  analyses 
which  are  as  accurate  as  possible,  must  be  used  to  develop  estimates  of 
the  errors  incurred  in  approximate  analyses, 

3. 2. 5. 2  Aircraft  HF  Fixed-Wire  Antenna  Response  (cf.  Sec.  3,2, 2.3.3) 

The  peak  open-circuit  voltage  developed  at  the  terminals  of  an  HF 
fixed-wire  cnteima  is  estimated  in  Sec.  3. 2. 2, 3. 3  to  be 


V  (t) 
oc  ' 


pk 


«  4E  ,  (Aw  /  2u)  )h  (uj  ) 
pk  o  «  o 


(76) 


in  which 

13  peak  value  of  incident  EMP  electric  field 
u)o  =  center  frequency  of  resonant  response  of  effective,  uelght  h 
Aw  =  3  dB  bandwidth  of  resonance  response 
he(wQ)  -  effective  height  at  frequency  wq 

The  principal  assumptions  used  in  obtaining  this  result  are 

(a)  The  dominant  contribution  to  the  frequency-domain  response 
arises  from  the  resonance  in  effective  height  which  occurs 
near  f  =  5.2  MHz. 
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(b)  An  equivalent  step-function  response  can  be  used  to  derive  (76) 
since  the  resonance  near  5.2  MHz  lies  in  the  "step-function" 
region  of  the  EMP  spectrum  (cf.  Sec.  3. 2. 2. 3. 3,  Fig.  24). 

The  relative  rms  error  in  the  peak  voltage  Vqc  is  given  by 

>*-[(l+<£2  >)(1  +  <£2  »(1  +<£?  »  -  l]1*  (77) 

oc  L  pk  ^  e  -* 

in  which  £  ^  Au)Q/2 ix>q.  We  assign  example  values  to  the  ms  relative  errors 
in  the  input  quantities  as  follows: 

<  Xg  >^  =  0.0,  <x2  y*  *  0.25,  <  x2  >  -  0.50 

pk  ^  e 

yielding 

<x2  >^-  0.57  (78) 

voc 


The  short-circuit  current  1  will  have  peak  value 

sc  e 


V  /  z.(wj 

oc  in  o 


(79) 


where  2^n(ojQ)  is  real.  Assuming  that  the  relative  error  in  the  admittance 

1/Z.  (w  )  is  25%,  we  find  the  relative  error  in  the  current  I  to  be 

in  o  >  sc  pk 

<i2  N  *  -  |  [l  +  (0.57)2  ]  [l  +  (0.25)2]  -  1  |  ** 
sc  I  ' 

-  0.64  (80) 


3. 2. 5. 3  Satellite  Cable-Bundle  Induced  Open-Circuit  Voltage  (cf.  Sec.  3. 2. 4. 2) 


The  open-circuit  voltage  developed  between  the  shield  and  the  internal 
conductors  of  the  circumferential  cable  bundle  shown  in  Fig.  42,  due  to 
electromagnetic  penetrations  of  the  vertical  slot  apertures  in  the 
satellite  skin,  is  given  in  (66)  of  Sec.  3. 2. 4. 2. 


All  quantities  in  (66)  can  presumably  be  determined  exactly.  The  errors 
associated  with  that  result  arise,  therefore,  entirely  from  the  modeling 
concept  and  the  approximations  used  in  its  derivation.  The  principal 
assumptions  used  are  that 

(a)  The  short-circuit  magnetic  field  on  the  outer  surface  of  the 
satellite  can  be  approximated  by  the  incident  magnetic  field. 

(b)  The  aperture  penetrations  can  be  treated  as  if  the  apertures 
were  located  in  an  infinite  ground  plane,  rather  than  in  the 
surface  of  a  cylinder  of  finite  length. 

(c)  All  the  penetrant  flux  links  the  cable  loop. 

The  first  assumption  is  valid  for  a  long  cylinder  whose  length  greatly 
exceeds  its  diameter.  The  satellite  is  modeled  as  a  cylinder  whose  length 
and  diameter  are  roughly  equal;  thus  some  error  is  introduced  by  assumption 
(a) .  This  assumption  leads  to  an  underestimate  of  the  true  surface  current 
density;  the  error  could  be  as  large  as  a  factor  of  two. 

Assumption  (b)  introduces  error  because  the  slots  extend  almost  the 
entire  length  of  the  satellite.  The  curvature  effect  is  probably  not  an 
important  source  of  error,  by  virtue  of  the  results  in  Sec.  2. 3. 1.1.1. 
However,  the  fact  that  the  slots  are  comparable  in  length  to  that  of  the 
cylinder  tends  to  yield  a  low  estimate  of  the  penetrant  flux.  This  may 
be  partly  compensated  by  assumption  (c) ,  which  would  overestimate  the 
flux  linkages  of  the  cable  bundle.  It  is  suggested  that  an  error  of  +  5  dB 
be  associated  with  assumptions  (b)  and  (c) .  Thus  Vqc  as  given  in  (66) 
probably  contains  a  systematic  error  of  a  factor  of  roughly  1.5  (i.e.,  Vqc 
as  given  in  (66)  is  too  low  by  a  factor  of  1.5)  and  an  undetermined  error 
of  plus-or-minus  a  factor  of  2. 
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To:  Defense  Technical  Information  Center 
Attn:  DTIC-DDR 

1.  We  request  that  the  report  number  on  "EMP  Interaction  2-1"  be  changed  from 
AFWL-TR-80-402  to  BMO/TR-84-34 .  Also  add  OPR  BMO/MGEM,  Norton  APB,  CA  92409 
to  block  16.  Also  please  forward  BMO/MGEM  2  copies  as  soon  as  possible. 
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